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Summary

The main goal of this work is to formalize the
use of fuzzy systems represented by Takagi�
Sugeno form� so that the use of membership
functions is well understood when designing
the rules� It also aimed to apply these ideas
later when designing fuzzy controllers� where
dynamic models are used� First� static mod�
els are introduced� Second� some useful de
�
nitions are presented� Third� the main prop�
erties of normalized fuzzy systems are shown�
Fourth� we give examples of application in
which we use these fuzzy systems for func�
tion approximation� Fifth� we extend the re�
sults to dynamic systems� We 
nish with an
improvement of Takagi�Sugeno fuzzy model
that allows to obtain universal approxima�
tors for dynamic systems�

Keywords� T�S model� Fuzzy control� Dy�
namic models� Universal approximators�

� STATIC FUZZY SYSTEMS

We will consider systems with n input variables
x�� x�� � � � � xn� and one output y �in the case of mul�
tiple outputs� the superposition principle may be ap�
plied�� If each input variable xl� is given rl fuzzy val�
ues X�

l � X
�
l � � � � � X

rl
l � then the fuzzy system contains

r�r� � � � rn rules� each one of the form


Ri����in 
 IF �x�isX
i�
� �AND � � � AND�xnisX

in
n �

THEN �yi����in�x�� � � � � xn� � yi����in

with i� � f�� � � � � r�g� � � �� in � f�� � � � � rng�

If the input array x is de
ned as x � �x�� � � � � xn�
T �

then the following compact notation may be used


Ri����in 
 IF �xisXi����in�THEN �yi����in�x� � yi����in

with Xi����in �
�
X i�

� � � � X in
n

�T
and

�
xisXi����in

�
�

ANDn
l��

�
xlisX

il
l

�
� Attention may be paid to the fact

that� in general� �yi����in�x� will be a function of x� ex�
cept in the static case that is being considered now�

Finally� the output of the set of rules is obtained as


y�x� �

Pr�
i��� � � �

Prn
in�� w

i����in�x��yi� ���in�x�
Pr�

i��� � � �
Prn

in�� w
i����in�x�

so

y�x� �

Pr�
i��� � � �

Prn
in�� w

i����in�x�yi����in
Pr�

i��� � � �
Prn

in�� w
i����in�x�

where wi� ���in�x� is the weight of the rule �i� � � � in�
th�

for a speci
c value of x� If we de
ne �
X

il
l

�xl� as the

membership function associated to the fuzzy set X il
l �

then the previous weight may be calculated as

wi����in�x� �

nY

l��

�
X

il
l

�xl�

with � � �
X

il
l

�xl� � �� �xl� �l � f�� � � � � ng�

� DEFINITIONS

De�nition � A fuzzy system is considered normal�
and is denoted by Normalized Fuzzy System �NFS��
when �l � f�� � � � � ng�

rlX

il��

�
X

il
l

�xl� � �� �xl



and�
X

il
l

�xl� is a convex function

We also de�ne�

x�lil � minfxlj�Xil
l

�xl� � �g� �il � f�� � � � � rlg

x�lil � maxfxlj�Xil
l

�xl� � �g� �il � f�� � � � � rl � �g

xl� � maxfxlj�X�
l
�xl� � �g

xlrl � minfxlj�Xrl
l
�xl� � �g

being Xl � �xl�� xlrl � the universe of discourse�

If x�lil � x�lil � xlil � fxlj�Xil
l

�xl� � �g � x�lil �

x�lil � �il � f�� � � � � rl��g�

De�nition � The NFS is monotonic if �il �
f�� � � � � rl � �g� only exists one xlj�Xil

l

�xl� � �� this

means x�lil � x�lil � xlil

De�nition � The NFS is

� static if �yi����in�x� � yi����in � �i�� � � � � in

� functional if �yi����in�x� � f i����in�x�� �i�� � � � � in

� linear if �yi����in�x� �
Pn

l�� a
i����in
l xl � ai����in� �

�i�� � � � � in

De�nition 	 The points
�
xi����in � yi����in

�
� Ren���

with xi����in � �x�i� � � � � � xnin �
T � are called guided

points when the NFS is monotonic� or the points ob�
tained after replacing xlil by x�lil or x�lil if it is not
monotonic� In general� the notation for both cases will
be
�
x��i����in � yi����in

�
�

These de
nitions are useful to present the following
properties� that may be applied to most usual fuzzy
systems�

� PROPERTIES OF NFS

A NFS veri
es the following properties� although their
demonstration is not given due to the limited size al�
lowed� Some of them may be found in ����

Property � The only membership function that has
value in the points xl � x��lil � �il � f�� � � � � rlg��l �
f�� � � � ng is�

�
X

jl
l

�x��lil � � �iljl

Property � �x�lil � xlil � x�lil � only two membership
functions take value� �

X
il
l

�xl� and �
X

il��

l

�xl�� Fur�

thermore� �
X

il��

l

�xl� � �� �
X

il
l

�xl��

Property � �xl �� Xl� this means� out of the universe
of discourse� the only membership function that has
value is �X�

l
�xl� or �Xrl

l
�xl��

Property 	
Pr�

i��� � � �
Prn

in�� w
i����in�x� � �� �x

�see ��	��

Property 
 The output of the fuzzy system� y�x�
passes through the guide points�

Property � In non monotonic NFS� y�x� � yi����in

�constant�� if xl � �x�lil � x
�
lil
�� �l � f�� � � � � ng�

Property � y�x� is constant outside the universe of
discourse�

� FUNCTION APPROXIMATION

WITH NFS

Lemma � If it is possible to formulate y�x� as
y�x� � f i����in�x� � g��x�� � � � gn�xn�� �xl �
�xlil � xlil�� �� �l � f�� � � � � n� �g� then it is possible to
approximate it with null error by using a static NFS�

The main conclusion is that the membership functions
of the NFS must be selected as follows


�
X

il��

l

�xl� �
gill �xl�� gill �xlil �

gill �xlil���� gill �xlil �

�
X

il
l

�xl� � �� �
X

il��

l

�xl� �
gill �xlil�� �� gill �xl�

gill �xlil�� �� gill �xlil �

It may be veri
ed that the function g���x�� � ����x���
���x��� which is not monotonic in � � x� � � will lead
to non monotonic membership functions


�X�
�
�x�� �

g���x��� g�����

g������ g�����
� ���x�� � ���x�� �� ��� ��

�X�
�
�x�� � �� ���x�� � ���x�� �� ��� ��

The solution to this problem would be by decomposing
the interval in two parts� taking as new point the one
in which �y�x�� � �� this means ��x� � ���x�� � �� so
x� � ����� and y������ � ������


For � � x� � ����� we have



�X�
�
�x�� �

g���x���g
�
����

g�
�
�������g�

�
���

� ����x�� � ����x�� � ��� ��

�X�
�
�x�� � �� ����x�� � ����x�� � ��� ��

For ���� � x� � �� we have

�X�
�
�x�� �

g���x���g
�
�������

g�
�
����g�

�
������

� �������x�� � ������x�� � ���� � ��� ��

�X�
�
�x�� � � � ������x�� � ������x�� � ���� � ��� ��

Two examples of function approximation are given�

Example � y�x�� � x�jx�j� �x� � ���� ��

R� 
 IF �x�isX
�
� �THEN �y��x�� � ��

R� 
 IF �x�isX
�
� �THEN �y��x�� � �

R� 
 IF �x�isX
�
� �THEN �y��x�� � �

with
�X�

�
�x�� � x��� �x� � ���� ��

�X�
�
�x�� � �� x��� �x� � ���� ��

�X�
�
�x�� � x��� �x� � ��� ��

Example � y�x� � �x�� � ���� � sinx��� �x� �
��� ��� �x� � ����� ��

R�� 
 IF �x�isX
�
� �AND�x�isX

�
� �THEN �y���x�� x�� � �

R�� 
 IF �x�isX
�
� �AND�x�isX

�
� �THEN �y���x�� x�� � �

R�� 
 IF �x�isX
�
� �AND�x�isX

�
� �THEN �y���x�� x�� � ��

R�� 
 IF �x�isX
�
� �AND�x�isX

�
� �THEN �y���x�� x�� � ��

with

�X�
�
�x�� �

�� x��
�

� �x� � ��� ��

�X�
�
�x�� �

x�� � �

�
� �x� � ��� ��

�X�
�
�x�� � sen�x��� �x� � ����� ��

�X�
�
�x�� � �� sen�x��� �x� � ����� ��

Corolary � Lets suppose that xl � �xlil� xlil�� �� �l �

f�� � � � � ng� If gill �l � f�� � � � � ng is monotonic in that
region� then y�x� is also monotonic� So� the limits of
y�x� in the previous region are its �n guide points�

Corolary � In a NFS with linear membership func�
tions� if xl � �xlil � xlil�� �� �l � f�� � � � � ng� then y�x�
is n�linear with respect to �

X
il
l

�xl�� �l � f�� � � � � ng�

In a functional NFS� y�x� has the same shape of the
membership functions�

These corolaries help to understand the function evo�
lution between the guide points� and will be important
when developing stability theorems�

� DYNAMIC FUZZY SYSTEMS

The function approximation method shown in this
work is similar to those given by other authors ���� ����
���� But the main contribution of this work is twofold

to formalize it with a proper notation and making use
of what we call �normalised fuzzy systems�� and to
extend it to the approximation of dynamic fuzzy sys�
tems� by improving Takagi�Sugeno fuzzy model ����

Takagi�Sugeno �T�S� model corresponds to a func�
tional NFS� A particular case� widely used due to its
application to fuzzy control� is the case in which it
becomes a linear NFS


Ri����in 
 IF �x�isX
i�
� �AND � � � AND�xnisX

in
n �

THEN �yi����in�x� �

nX

l��

ai����inl xl � ai����in� � �i�� � � � � in

The model becomes automatically dynamic just taking
xT � �x�� � � � � xn� � �x� �x� � � � � x�n���� and y � xn� So�

Ri����in 
 IF �xisX i�
� �AND � � � AND�x�n���isX in

n �

THENx�n� �

nX

l��

ai����inl x�l��� � ai����in� � �i�� � � � � in

We will show now with an example that it is not pos�
sible to obtain a perfect approximator for the dynamic
model�

Example � �x � xjxj� �x� � ���� ��

R� 
 IF �xisX�
� �THEN �x � �x� �

R� 
 IF �xisX�
� �THEN �x � �

R� 
 IF �xisX�
� �THEN �x � �x� �



so �x � xjxj for x � f��� �� �g �guide points�� and
d 	x
dx

� f��x� �� �xg for x � f��� �� �g� This means
that we are approximating both the funcion model and
its derivative in the guide points� Nevertheless when
we try to apply the previous method for x � ���� �� we

obtain �X�
�
�x� � �x�

�x�� � which has no sense for a mem�
bership function in x � ����� The same happens for
x � ��� �� We could choose� for example �X�

�
�x� � �x

�i�e� triangular membership functions�� but we would
obtain an approximation error�

� LINEAR SYSTEMS WITH FUZZY

DINAMICS

We propose an improvement in T�S model that allows
to apply static NFS approximators to dynamic fuzzy
system� The idea consists on decomposing the fuzzy
system in n�� fuzzy sub�systems� one for each linear
sub�system coe�cients� For al�

Ri����in 
 IF �xisX i�
�l �AND � � � AND�x�n���isX in

nl �

THEN�ai����inl � ai����inl � �i�� � � � � in

with di�erent membership functios for each one� This
allows to obtain a perfect approximation� by taking


al�x� �

Pr�
i��� � � �

Prn
in�� w

i����in�x��ai����inlPr�
i��� � � �

Prn
in�� w

i����in�x�

and x�n� �
Pn

l�� al�x�x
�l��� � a��x�

Example 	 �x � xjxj� �x� � ���� ��� We will use
two static NFS� For a��

R� 
 IF �xisX�
���THEN�a�� � �

R� 
 IF �xisX�
���THEN�a�� � �

R� 
 IF �xisX�
���THEN�a�� � ��

�X�
��
�x� � x�� �x � ���� ��

�X�
��
�x� � �� x�� �x � ���� ��

�X�
��
�x� � x�� �x � ��� ��

For a��

R� 
 IF �xisX�
���THEN�a�� � �

R� 
 IF �xisX�
���THEN�a�� � �

R� 
 IF �xisX�
���THEN�a�� � �

with
�X�

��
�x� � �x� �x � ���� ��

�X�
��
�x� � x� �� �x � ���� ��

�X�
��
�x� � x� �x � ��� ��

Now the approximator �x � a��x�x � a��x� allows null
error with the model�

� CONCLUSION

The main result of this work is that a Normalized
Fuzzy System allows to draw easily the relation y�x��
from the shape of the membership function� In fact�
the use of NFS does not imply any drastical restriction�
because they are widely used �indeed without knowing
their properties�� and they show the best performance
�see �����

Then� the method has been extended to T�S fuzzy
model� allowing the approximation of dynamic sys�
tems� which have their main use in fuzzy control� The
continuation of this work will be to extend this im�
proved T�S model to carry out stabilty analysis�
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