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Abstract
In this paper we consider the problem of
classification of qualitative data. We present an
approach to overcome several difficulties which
show SAHN (sequential, agglomerative,
hierarchic, nonoverlapping) clustering methods
to classify qualitative data when using centroids
to compute similarities between pairs of classes.
The approach is based on a recently proposed
class of qualitative weighted average functions.
Keywords: qualitative aggregation, centroid,
classification.
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INTRODUCTION

Classification is one of the main tasks which is present in
many AI systems ranging from knowledge acquisition
tools to knowledge based systems verification. A
classification process usually consists [Everitt, 1977] of a
three step process: (1) domain description, (2) similarity
construction and (3) classification construction. There are
a lot of available classification methods, even if the data is
imprecisely known and modelled as fuzzy sets, e.g.
[Bezdek, 1981].
However, almost all the methods only deal with
numerical data [Gordon, 1996], and if the available data
to be classified is only of qualitative nature, a numerical
or fuzzy sets interpretation of the data is required.
Among the algorithms to build classification trees we can
distinguish the set of methods known as SAHN [Everitt,
1977; Valls et al., 1997] i.e., sequential, agglomerative,
hierarchic, and nonoverlapping clustering methods. Given
a set of objects O = {o 1, ..., o m} to classify in a tree of
classes C, these methods follow the structure given
below:
1. For each object o i, define a class that consists only of
that object
2. Computation of the similarities among all pairs of
classes
3. While there exists more than a single class in C
3.1. Selection of the classes K that should integrate
the new class
3.2. Creation of a class CK with the classes in K

3.3. Removal of the classes in K
3.4. Calculation of the similarity between C K and
the ones in C
4. End while
This can be expressed more conscisely as follows:
1. For all oi ∈ O loop C = ∪ {oi} end loop
2. S = Similarity (C)
3. while |C| >1
3.1. CK = Selection (S, C), CK ⊆ O
3.2. C = C ∪ {C K }
3.3. C = C - {c ∈ C | c ⊂ C K , c ≠ C K }
3.4. S = NewSimilarity(S, C, CK )
4. end while
In this general approach, two aspects are left to the user:
the selection of the aggregation criterion (how to select
the objects that form the new class), and the classification
method (how to calculate new similarities from old ones).
Several alternatives exist for both criteria. Among them,
we can distinguish, in relation to the former, the selection
of all those elements that are related with a large
similarity. In relation to the latter criteria, one of the
existing methods is the Centroid cluster analysis. In this
case, to compute the similarity between two classes, first
it is computed a representative of the class (the so-called
centroid), and then a similarity function is applied to the
centroids. See [Aguilar, 1995, and Aguilar et al., 1990]
for an interesting and similar approach to classification of
qualitative data based on adequation degrees of objects to
clusters.
As a matter of notation, in this paper we consider that the
set of relevant attributes to be used in the classification is
A = {A 1, ..., An}, with domains Dom(Ai) consisting of a
finite set of linearly ordered (linguistic) labels. We use
Val(oi, Aj) ∈ Dom(Aj) to denote the evaluation of the
object oi in relation to the attribute Aj.
In general, using the centroid method to compute the
similarity between two classes C R and CP built from
objects R = {r1, ...., rr} and P ={p 1, ..., pp} we proceed
as follows:

1. Computation of the centroids of R and P
Centroid(R) = (OA1(Val(ri, A1)i ∈ {1, ..., r}), ...,
OAn(Val(ri, An)i ∈ {1, ..., r}))

Centroid(P) = (O A1(Val(pi, A1)i ∈ {1, ..., p}), ...,
OAn(Val(pi, An)i ∈ {1, ..., p}))

where OAi is an aggregation operation (usually the
arithmetic mean) defined on the domain of the attribute
A i. Note that this aggregation operator has to be defined
in such a way that can combine an arbitrary number of
linguistic labels. This is due to the fact that not all
classes have always the same number of objects.
To simplify the notation in the rest of the work, we will
use Val(P, Ak) and Val(R, Ak) to denote:
Val(P, Ak) = OAk(Val(pi, Ak)i ∈ {1, ..., p})
Val(R, Ak) = OAk(Val(ri, Ak)i ∈ {1, ..., r})
2. Computation of the multi-dimensional similarity
between the two centroids
Multi-dimensional-similarity(R, P) =
(SA1(Val(R, A1), Val(P, A1)), ...,
SAn(Val(R, An), Val(P, An)))
3. Reduction of the multi-dimensional similarity to a
one-dimension similarity.
S(R, P) = Agg(Multi-dim-similarity(R, P))
where Agg is an aggregation operator.
In the numerical case, the computation of all these values
is straightforward. In that case, OAi can be any numerical
aggregation operator (e.g. the arithmetic mean), SAi is any
similarity function (e.g. a dual of a normalized Euclidean
distance) and the aggregation procedure in step 3 can be
again any numerical aggregation operator, since all the
values SAi(Val(R, A i), Val(S, Ai)) to aggregate are
numerical.

2

QUALITATIVE CLASSIFICATION

In the case attributes take values in an ordinal scale,
without any underlying numerical or fuzzy set based
representation, difficulties arise at the three stages
considered above. Let us consider them in more detail:
1. Computation of the centroid. In the qualitative
setting, we would need aggregation procedures OAi able
to combine qualitative terms instead of numerical ones.
Besides of that, procedures OAi depend on the domain of
the attribute A i. Therefore we would need to define as
much operators as attributes we have.

2. Computation of the multi-dimensional similarity.
As in the previous case, it is required a similarity
function for each existing domain.
3. Reduction to a one-dimension similarity. The way
this reduction is performed depends on how functions SAi
are defined. Note that, in general, given two linguistic
terms a and b in the domain of A i, the function S Ai will
compute its similarity in a certain domain D. However, it
is a common assumption that the domain D coincides
with the domain of Ai. In this case, the reduction function
has to combine n values in n different domains.
Below we briefly describe our approach to face each of
these problems.
2.1 CENTROID COMPUTATION
To define the centroid of a class we use, for each attribute,
a qualitative aggregation operator based on the qualitative
weighted mean defined in [Godo and Torra, 1998, 1999].
This operator performs a weighted aggregation of values
u i belonging to a certain ordinal scale U={0=u0 < ... <
1=un} and weighted by natural numbers. We will denote
by { the set of natural numbers with the usual addition
(+) and substraction (-). To overcome the difficulty of
having two different domains, the approach consists of
building a new unified domain U{ = { × (U-{1}) where
suitable addition, product and division like operators
needed for the aggregation are defined.
As for the addition operator in U{, we need, first of all, an
operation in U accounting for the notion of accumulation.
It is well known on fuzzy set theory that t-conorms are
the binary operations which are closest to this type of
operations, enjoying properties like commutativity and
associativity, specially needed in the qualitative setting.
From now on ⊕: U × U → U will denote a finite tconorm on the scale (U, <), that is, a non-decreasing
commutative and associative operation fulfilling these
boundary conditions: for all u ∈ U, u ⊕ 0 = u and u ⊕ 1
= 1. Moreover, if we denote by n U the order-reversing
involution on U, one can define the t-norm ⊗: U × U →
U which is the dual operation of ⊕ with respect to nU as:
u ⊗ v = nU(nU(u) ⊕ nU(v)).
Once operations ⊕ and ⊗ are defined, we proceed to
embed the algebraic structure (U, <, ⊕, ⊗) into U{. The
transformation T: U → U{ that maps values of U into
values of U{ is as follows:
⎧(0,u),
T(u) = ⎨
⎩(1,0),

if u<1
if u=1

The orderings in U and in { induce the following
lexicographic ordering in U{:
(n, u) ≤ (m, v) if either

n < m or (n = m and u ≤ v).
Next, a corresponding binary addition-like operation in
the extended domain
⊕ : U{ × U{ → U{ ,
extending the ⊕ operation in U, is defined in such a way
that keeps track, by means of the t-norm, of how much
the accumulation exceeds from 1.
Definition 1.

(n,x) ⊕ (m,y) =

if x ⊕ y < 1
⎧(n + m, x ⊕ y),
⎨
⎩(n + m + 1, x ⊗ y), if x ⊕ y = 1
In [Godo and Torra, 1999] necessary conditions for the tconorm ⊕ are given so that the accumulation operation ⊕
be associative, and thus, it is enough to have it defined as
a binary operation.
The weighting of elements of U by natural numbers is
done by means of a product-like operation
• : { × U{ → U{ ,
defined as an iterative procedure of the addition operation
⊕ in the natural way.
Definition 2. For each n, m ∈ { and x ∈ U-{1}, we
define:
n•(m, x) = (m, x) ⊕ ..n) .. ⊕ (m, x).
Notice that (n1+n2)•(m, x) = n1•(m, x) ⊕ n2•(m, x) and
that n•[(m1, x) ⊕ (m2, y)] = n•(m1, x) ⊕ n•(m2, y).
Finally, to complete the modelling of the averaging of the
values (u1, ..., um) with weights (n1, ..., nm ), a
division-like operation ∅ between the extended value
resulting from the addition [n1•T(u1)] ⊕ ...⊕
[nm•T(um)] and the sum of weights n1+ ... + nm is
defined.
Definition 3. For each n, m ∈ { and x ∈ U–{1}, we
define (n, x) ∅ m = ([n/m], y) being [n / m] = max{p ∈
{ | p·m ≤ n} (integer division) and y = max{z ∈ U-{1} |
m•(0, z) ≤ (r, x)}, where r = n – [n / m]·m.
Finally, since the aggregation should be in U, we use T-1
to yield the final result.

In our case, to compute the centroid we assume that ni=1
for all i. This means that all objects in the class are
equally represented in the centroid.
This definition depends on the domain U and also on the
t-conorm ⊕. Therefore to use it to compute the centroid
we need to settle both of them. Thus we have:

O

Ai

(u) = QWMDOM(Ai),⊕ (1, u)

where 1 = (1, ..., 1).
2.2

COMPUTATION
OF
THE
MULTIDIMENSIONAL SIMILARITY
In this case, we have defined a similarity function for each
attribute as a many-valued equivalence connective. We
have based the similarity on the same t-conorm used to
define the aggregation operator to compute the centroid.
SAi(x, y) = min ( max {z: (x ⊗ z) ≤ y},
max {z: (y ⊗ z) ≤ x})
In this function, ⊗ is the dual t-norm of ⊕. Notice that
SAi(x, x) takes the maximum value of the domain. Thus,
the function depends on both the domain of the attribute
and the t-conorm ⊕. Therefore, in general we have a
function for each attribute. Note also that SAi(x,y) is in the
domain of Ai.
2.3

REDUCTION TO A ONE-DIMENSIONAL
SIMILARITY
To reduce to a one-dimension similarity, we need to
introduce a new set of labels D c as a common domain for
all attributes. To this end we take D c large enough to
allow each domain Dom(Ai) to be embedded into D c by
means of an onto order-preserving mapping fAi: Dom(Ai)
→ I(Dc), sending each domain value to an interval of
values of Dc, and such that ∪{fAi(a) | a ∈ Dom(Ai)} = Dc.
Here I(Dc) denotes the set of intervals of Dc.
Let us assume that the multi-dimensional-similarity
between two centroids R and P is given by the vector (a1,
..., an), where
ai = SAi(Val(R, Ai), Val(P, Ai)) ∈ Dom(Ai)
Then, the one-dimensional similarity between R and P is
defined as

Definition 4. Given a t-conorm ⊕ in a finite scale U
inducing operations (⊕ , •, ∅) as defined above, the
qualitative weighted mean of a vector u = (u1, ..., um)
of values of U with respect to a vector α = (n1, ..., nm) of
weights of { is defined as

A particular definition of the Agg' function could be just
to let

QWM U,⊕(α,u) =
T-1(([n1•T(u1)]⊕ ...⊕ [nm•T(um)]) ∅ ∑i=1,m ni)

Agg'( fA1(a1), ..., fAn(an)) =
= Min{S'(fAi(ai), fAj(aj)) | i ≠ j}

S(R, P) = Agg(a1, ..., an)
= Agg'( fA1(a1), ..., fAn(an))

where S'([Ii, Is], [Js, Js]) = min (S*(Ii, Ji), S*(Is, Js)), being
S * a similarity defined (in the same way as in Section
2.2) on Dc.

3

EXAMPLE

4

We have applied the method developed to a small
example. The example consists of only 10 objects (cars),
denoted by {c1, c2, .., c10} and extracted from a large file
of 1728 objects [Murphy and Aha, 1994], that are
evaluated using 6 qualitative attributes: buying price,
price of maintenace, number of doors, capacity in terms of
persons to carry, size of luggage boot, and estimated
safety of the car. The domain of these attributes is given
in Table I and the evaluation of the 10 objects is given in
Table II.
Attribute
buying
maint
doors
persons
lug_boot
safety

Domain
low med high vhigh
low med high vhigh
two three four 5more
two four more
small med big
low med high
Table I. Attribute domains

c1
c2
c3
c4
c5
c6
c7
c8
c9
c10

buying

maint

doors

pers.

lug-b.

safety

vhigh
vhigh
vhigh
vhigh
vhigh
high
high
high
high
high

vhigh
vhigh
vhigh
vhigh
vhigh
low
low
low
med
med

two
three
three
four
5more
5more
5more
four
four
three

two
two
two
two
two
more
more
more
four
four

small
small
small
small
small
small
small
small
small
small

low
low
med
med
low
low
med
med
high
high

Table II. Objects to classify

We have defined the aggregation operator in each domain
based on the corresponding Lukasiewicz t-conorm (ai ⊕
aj = amin(i+j,n), where n is the cardinality of the domain).
The common domain Dc where all the attribute domains
in Table I have been mapped has been taken as a 12
element scale, in such a way that each element of buying,
maint and doors domains are mapped to a three element
intervals, while each element of the remaining domains
are mapped to a 4 element interval.
The classification we have obtained for these objects is
given in Figure 1.

c1 c2 c3 c4 c5 c6 c7 c8 c9 c10
Figure 1. Classification of data in Table I

CONCLUSIONS
WORK

AND

FUTURE

We have described how to apply a class of qualitative
aggregation procedures in a classifier system based on
centroids. The methodology developed permits to operate
all the elements while remaining in the qualitative setting
without translating them into quantitative one.
As a future work it is needed a deeper study of the process
of reduction from a multi-dimensional similarity to a one
dimensional similarity. With the approach used here we
need to define a unified framework and a transformation of
each value in each domain into this unified framework.
This assumption needs, however, too much information
to be supplied by domain experts. An alternative
approach with no so much knowledge would be better for
real applications.
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