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Summary
T-norms with vector arguments are introduced and investigated. Direct products of
t-norms on the unit interval are characterized. T-norms without zero divisors, pseudoArchimedean t-norms and cancellative
t-norms are discussed. Some open problems
are stated.
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oers the possibility to draw back on the underlying
real line.

2 T-NORMS ON

2

0 1]

T-norms can be introduced without any problem in
a partially ordered framework. A t-norm T on a
bounded poset P = (P 0 1) is dened as a commutative and associative increasing binary operation
on P with neutral element 1. The partial order relation of P can be extended in a natural way to a partial
order relation on the class of t-norms on it. For two
t-norms T1 and T2 on P, we dene:

T1 T2 , (8(x y) 2 P 2 )(T1 (x y) T2(x y)):

1 INTRODUCTION
T-norms were introduced by Schweizer and Sklar (see
e.g. 16]) in the framework of probabilistic metric
spaces and are based on a notion used by Menger in order to extend the triangle inequality in the denition of
metric spaces towards probabilistic metric spaces 13].
They have been used extensively for dening the intersection of fuzzy sets, and for modelling the logical
`and' in fuzzy logic. Continuous t-norms on the real
unit interval have been completely characterized as ordinal sums of continuous Archimedean t-norms 11].
The structure of non-continuous t-norms is not known
yet 10].
Due to the close connection between fuzzy set theory
and order theory (see e.g. 8]), several authors have
studied or worked with t-norms on bounded posets
(see e.g. 3, 4, 5, 6, 9, 12, 14, 15] and many others).
In this paper, we continue our study of t-norms on
product lattices and focus on the particular case of the
(real) unit hypercube 0 1]n, i.e. we consider t-norms
acting on vectors. From a practical point of view, the
unit hypercube is the ultimate working environment:
at the same time it allows for incomparability and also

We are now interested in the particular case of the
(real) unit hypercube (0 1]n ). For the sake of simplicity, we will write all results for n = 2, i.e. we
will consider the (real) unit square (0 1]2 ) equipped
with the product ordering dened by
(x1 y1 ) (x2 y2) , x1

x2 ^ y1 y2 :

The unit square is a bounded lattice with smallest element (0 0), greatest element (1 1) and meet operation _ and join operation ^ dened by
(x1 y1 ) _ (x2 y2 ) = (min(x1 x2 ) min(y1 y2))
(x1 y1 ) ^ (x2 y2 ) = (max(x1 x2 ) max(y1 y2 )):
The smallest t-norm TW on 0 1]2 is given by

8 (x y ) , if (x y ) = (1 1)
< 1 1
2 2
TW ((x1 y1 ) (x2 y2 )) = : (x2 y2 ) , if (x1 y1 ) = (1 1)
(0 0) , elsewhere
and the greatest t-norm TM is given by the meet operation _, i.e. for any t-norm T on 0 1]2 it holds that
TW T TM .

3 DIRECT PRODUCTS OF
T-NORMS
One easily veries that for two t-norms T1 and T2 on
0 1], the direct product T1  T2 dened by
T1  T2 ((x1 y1 ) (x2 y2 )) = (T1 (x1 x2 ) T2 (y1 y2 ))
is a t-norm on 0 1]2. Clearly, the smallest t-norm TW
is not a direct product of t-norms on 0 1]. Recall the
following characterization of direct products.

Theorem 3.1 4] Consider a t-norm T on 0 1]2,

then the following statements are equivalent:

(i) T is the direct product of two t-norms T1 and T2
on 0 1]
(ii) the partial mappings of T are meet-morphisms
(iii) the partial mappings of T are join-morphisms.
The foregoing theorem is quite important. It implies
that in a residual framework, i.e. when the partial
mappings of the t-norm are assumed to be supremummorphisms, only direct products can be used.

4 BASIC PROPERTIES OF
T-NORMS
In 4], we have introduced the sets of idempotent elements, zero divisors and nilpotent elements associated with an arbitrary t-norm T on a bounded poset
P = (P 0 1):
(i) An element x 2 P is called an idempotent element
of T if T (x x) = x. The set of idempotent elements of T is denoted by I (T ) 0 and 1 are called
trivial idempotent elements.
(ii) An element x 2 P is called a zero divisor of T
if there exists y 2 P such that L(fx yg) 6= f0g
and T (x y) = 0. The set of zero divisors of T is
denoted by Z (T ) if Z (T ) =  then T is called a
t-norm without zero divisors.
(iii) An element x 2 P n f0g is called a nilpotent
element of T if there exists n 2 N such that
x(n)T = 0. The set of nilpotent elements of T
is denoted by N (T ).
Note that the notation L(A) stands for the set of lower
bounds of the subset A of P . The notation x(n)T
stands for T (x : : : x) (n times argument x). By convention, we have that x(1)T = x.
In the case of the unit square, it holds that (x1 y1) is a
zero divisor of a t-norm T on 0 1]2 if and only if there

exists (x2 y2) such that (x1 y1 ) _ (x2 y2 ) 6= (0 0)
and T ((x1 y1 ) (x2 y2 )) = (0 0). Note that since
T TM , (x1 y1 ) _ (x2 y2 ) = (0 0) always implies
that T ((x1 y1 ) (x2 y2 )) = (0 0). Hence, such elements (x2 y2 ) cannot inuence the decision whether
(x1 y1 ) is to be considered as a zero divisor.
Consider two t-norms T1 and T2 on 0 1] and their
direct product T1  T2 on 0 1]2. Then the following
equalities hold:
I (T1  T2 ) = I (T1 )  I (T2 )
N (T1  T2 ) = ((N (T1 )  f0g)  (N (T2 )  f0g)) n f(0 0)g
Z (T1  T2 ) = (Z (T1 )  0 1])  (0 1]  Z (T2 )):
In particular, the rst equality above implies that the
Cartesian product of the sets of trivial idempotent elements is included in the set of idempotent elements
of any direct product of t-norms. Hence, the direct
product T1  T2 not only has (0 0) and (1 1) as idempotent elements, but also (0 1) and (1 0). The third
equality implies that the direct product T1  T2 is a
t-norm without zero divisors if and only if both T1 and
T2 are t-norms without zero divisors.

5 PSEUDO-ARCHIMEDEAN
T-NORMS
The denition of the Archimedean property of binary
operators on a bounded lattice (see e.g. 1]) can be
applied to t-norms on a bounded poset as well. A tnorm T on a bounded poset P = (P 0 1) is called
Archimedean if for any (x y) 2 P 2 it holds that
(8n 2 N )(x(n)T y) ) (x = 1 _ y = 0):
Clearly, a t-norm T on 0 1] is Archimedean if and
only if
(8(x y) 2 ]0 12 )(9n 2 N )(x(n)T < y):
One easily veries that a t-norm T on a bounded poset
P = (P 0 1) is Archimedean if and only if
(8x 2 P n f1g)(L(fx(n)T j n 2 N g) = f0g):
Of course, we would like to see the Archimedean property preserved under direct products. Consider the
direct product T = T1  T2 of two t-norms T1 and
T2 on 0 1]. As mentioned above, (0 1) and (1 0)
are both idempotent elements of T . Hence, for any
(x 1) 2 0 1]2 the monotonicity of T implies that
(0 1) 2 L(f(x 1)(n)T j n 2 N g). Similarly, for any
(1 y) 2 0 1]2 it holds that (1 0) 2 L(f(1 y)(n)T j
n 2 N g). Therefore, elements of the type (x 1)
or (1 y) cannot be nilpotent elements and T cannot be Archimedean. In order to avoid this undesirable situation, we have modied the denition of the

Archimedean property of t-norms on 0 1]2. It is clear
that we have to exclude from our considerations the
elements greater than or equal to one of the idempotent elements (0 1) and (1 0). More formally, this is
the set

U = (f1g  0 1])  (0 1]  f1g):

Denition 5.1 A t-norm T on 0 1] is called
pseudo-Archimedean if for any (x y) 2 0 1]2  0 1]2

7 TRANSFORMATIONS OF
T-NORMS
One easily veries that any order-preserving permutation (automorphism) ' of 0 1]2, i.e. a permutation of
0 1]2 that satises
(8(x y) 2 0 1]2  0 1]2 )(x y , '(x) '(y))
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it holds that

(8n 2 N )(x(n)T

transforms any t-norm T on 0 1]2 into a t-norm T'
on 0 1]2 dened by

T'(x y) = ';1 (T ('(x) '(y))):

y) ) (x 2 U _ y = (0 0)):

Proposition 5.1 Consider two t-norms T1 and T2
on 0 1], then the direct product T1  T2 is pseudoArchimedean if and only if T1 and T2 are Archimedean.

6 THE CANCELLATION LAW
In a similar way, the cancellation law can be modied
in order to guarantee that the direct product of cancellative t-norms is again cancellative. Recall that a
t-norm T on 0 1] is called cancellative if for any x 6= 0
and any (y z ) 2 0 1]2 the equality T (x y) = T (x z )
implies y = z . In this case, a t-norm T is cancellative
if and only if its partial mappings T (x ), x 6= 0, are
strictly increasing.
As mentioned above, it holds for any t-norm T
on 0 1]2 that T ((x1 y1 ) (x2 y2 )) = (0 0) whenever
(x1 y1 ) _ (x2 y2 ) = (0 0). This implies that we
have to exclude from our considerations those elements
(x1 y1 ) for which there exists (x2 y2 ) 6= (0 0) such
that (x1 y1 ) _ (x2 y2 ) = (0 0). More formally, this
is the set

Z = (f0g  0 1])  (0 1]  f0g):

Denition 6.1 A t-norm T on 0 1]2 is called cancellative if for any x 2 0 1]2 n Z = ]0 1]2 it holds that
(8(y z ) 2 0 1]2  0 1]2)(T (x y) = T (x z ) ) y = z ):
This denition implies that the partial mappings
T (x ), x 2= Z , of a cancellative t-norm T are strictly
increasing.

Proposition 6.1 Consider two t-norms T1 and T2 on
0 1], then the direct product T1  T2 is cancellative if
and only if T1 and T2 are cancellative.

Remarkably, automorphisms of the unit square are
built up from automorphisms of the real unit interval, as follows: a 0 1]2 ! 0 1]2 mapping ' is an
automorphism of 0 1]2 if and only if there exist two
automorphisms '1 and '2 of 0 1] such that
(8(x y) 2 0 1]2)('(x y) = ('1 (x) '2 (y)))
or
(8(x y) 2 0 1]2)('(x y) = ('1 (y) '2 (x))):
One then easily veries that for any automorphism '
of 0 1]2 the transformation T' of the direct product
T = T1  T2 of two t-norms T1 and T2 on 0 1] is again
a direct product of two t-norms on 0 1].

8 CONTINUITY ISSUES
We have already recalled that continuous t-norms on
0 1] are completely characterized as ordinal sums of
continuous Archimedean t-norms. It is important to
note that the notion of an ordinal sum is based on
the total order of 0 1] 2]. Together with the fact
that the denition of the Archimedean property of
t-norms on a bounded poset is not unambiguous (see
Section 5), a characterization of continuous (w.r.t. the
usual Borel topology) t-norms on 0 1]2 similar to that
of continuous t-norms on 0 1] is not to be expected.
Automorphisms of the unit square do not only preserve
the direct product structure of t-norms, but clearly
also preserve continuity. Related to this, we have formulated the following open problem 4]: do there exist continuous t-norms on 0 1]2 that are not a direct
product of continuous t-norms on 0 1]? To answer
this question negatively, one might rst try to show
that any continuous t-norm on 0 1]2 has (0 1) and
(1 0) as idempotent elements.

It is interesting to note that the continuity of a t-norm
T on 0 1] is equivalent with stating that
(8(x y) 2 0 1]2 )(y x ) (9z 2 0 1])(T (x z ) = y))
which is nothing else but a reformulation of the intermediate value theorem. This property is also called the
divisibility of the t-norm T or the maximal surjectivity
of T 3]. In the case of a nite chain, divisible t-norms
are nothing else but the smooth t-norms of Godo and
Sierra 7], as shown by Mayor and Torrens 12].
Let us call a t-norm T on 0 1]2 divisible if for any x
and y in 0 1]2 the following implication holds:

y x ) (9z 2 0 1]2 )(T (x z ) = y):
Obviously, the direct product of two strict t-norms on
0 1] is a divisible and cancellative t-norm on 0 1]2.
The converse, however, is not clear.
We conclude by formulating the following open problem: do there exist divisible t-norms on 0 1]2 that are
not a direct product of continuous (i.e. divisible) tnorms on 0 1]?

Acknowledgement
The rst author, Bernard De Baets, is a Post-Doctoral
Fellow of the Fund for Scientic Research { Flanders
(Belgium). The second author, Radko Mesiar, was
partially supported by the grants VEGA 2/6087/99
and GAC R 402/99/0032. The support of COST Action 15 \Many-valued Logics for Computer Science
Applications" is also greatly appreciated.

References
1] G. Birkho, Lattice Theory, AMS Colloquium
Publications, Volume XXV, Providence, Rhode
Island, 1967.
2] A. Cliord, Naturally totally ordered commutative
semigroups, Amer. J. Math. 76 (1954) 631{646.
3] B. De Baets, An order-theoretic approach to
solving sup-T equations, Fuzzy Set Theory and
Advanced Mathematical Applications (D. Ruan,
ed.), Kluwer Academic Publishers, 1995, pp. 67{
87.

4] B. De Baets and R. Mesiar, Triangular norms
on product lattices, Fuzzy Sets and Systems, Special Issue \Triangular norms" (B. De Baets and
R. Mesiar, eds.), 104 (1999) 61{75.
5] G. De Cooman and E. Kerre, Order norms on
bounded partially ordered sets, J. Fuzzy Math. 2
(1994) 281{310.
6] C. Drossos and M. Navara, Generalized t-conorms
and closure operators, Proc. Fourth European
Congress on Intelligent Techniques and Soft Computing (Aachen, Germany) (H.-J. Zimmermann,
ed.), Vol. 1, ELITE, 1996, pp. 22{26.
7] L. Godo and C. Sierra, A new approach to connective generation in the framework of expert systems using fuzzy logic, Proc. Eighteenth Internat.
Symposium on Multiple-Valued Logic (Palma de
Mallorca, Spain), IEEE Computer Society Press,
1988, pp. 157{162.
8] J. Goguen, L-Fuzzy sets, J. Math. Anal. Appl. 18
(1967) 145{174.
9] S. Jenei, A more ecient method for dening
fuzzy connectives, Fuzzy Sets and Systems 90
(1997) 25{35.
10] E.-P. Klement, R. Mesiar and E. Pap, Triangular
Norms, in preparation.
11] C. Ling, Representation of associative functions,
Publ. Math. Debrecen 12 (1965) 189{212.
12] G. Mayor and J. Torrens, On a class of operators for expert systems, Internat. J. Intell. Sys. 8
(1993) 771{778.
13] K. Menger, Statistical metrics, Proc. Nat. Acad.
Sci. U.S.A. 28 (1942) 535{537.
14] H. Nguyen and E. Walker, A First Course in
Fuzzy Logic, CRC Press, Boca Raton, 1997.
15] S. Ray, Representation of a Boolean algebra by its
triangular norms, Mathware & Soft Computing 4
(1997) 63{68.
16] B. Schweizer and A. Sklar, Probabilistic Metric
Spaces, Elsevier, 1983.

