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Abstract— A portfolio model to minimize the risk of falling under uncertainty is discussed. The risk of falling is represented by
the value-at-risk of rate of return. Introducing the perception-based
extension of the value-at-risk, this paper formulates a portfolio problem to minimize the risk of falling with fuzzy random variables. In
the proposed model, randomness and fuzziness are evaluated respectively by the probabilistic expectation and the mean with evaluation
weights and λ-mean functions. The analytical solutions of the portfolio problem regarding the risk of falling are derived. This paper gives
formulae to show the explicit relations among the following important parameters in portfolio: The expected rate of return, the risk
probability of falling and bankruptcy, and the rate of falling regarding the asset prices. A numerical example is given to explain how
to obtain the optimal portfolio and these parameters from the asset
prices in the stock market. Several figures are shown to observe the
relation among these parameters at the optimal portfolios.
Keywords— Value-at-risk (VaR), risk-sensitive portfolio, fuzzy
random variable, perception-based extension, the risk probability, the
rate of falling.

1

Introduction

In ﬁnancial market, the portfolio is one of the most useful risk
allocation technique for stable asset management. The minimization of the ﬁnancial risk as well as the maximization of
the return are important themes in the asset management. In a
classical portfolio theory, Markowitz’s mean-variance model
is studied by many researchers and fruitful results have been
achieved, and then the variance is investigated as the risk for
portfolios ([8, 9, 11]). In this paper we focus on the drastic
decline of asset prices. Recently, value-at-risk (VaR) is used
widely to estimate the risk that asset prices decline based on
worst scenarios. VaR is a risk-sensitive criterion based on percentiles, and it is one of the standard criteria in asset management ([17]). VaR is a kind of risk-level values of the asset at a
speciﬁed probability of decline and it is used to select portfolios after due consideration of worst scenarios in investment.
Many researchers and ﬁnancial traders usually use VaR by
mathematical programming since it is not easy to analyze the
VaR portfolio model mathematically. Because Markowitz’s
mean-variance criterion and the variance-minimizing criterion
are represented by quadratic programming, but VaR criterion
in portfolio is neither linear nor quadratic ([17]). In this paper,
by use of VaR regarding the rates of return, we discuss a portfolio selection problem not only to minimize the rates of falling
and but also to maximize the expected rates of return. In the
proposed portfolio model, we can maximize the expected rate
of return after due consideration of the worst scenarios. This
paper derives analytical solutions for the portfolio problem to
minimize the rate of falling. The main purpose in this paper
is to derive the explicit relations among the important paramISBN: 978-989-95079-6-8

eters γ, p and δ regarding the ﬁnancial risk from the obtained
analytical results, where γ is the expected rate of return, p is
the risk probability of falling and bankruptcy, and δ is the rate
of falling regarding the asset at the optimal portfolios.
Soft computing like fuzzy logic works well for ﬁnancial
models in uncertain environment. Estimation of uncertain
quantities is important in decision making. To represent uncertainty in this portfolio model, we use fuzzy random variables which have two kinds of uncertainties, i.e. randomness
and fuzziness. In this paper, randomness is used to represent
the uncertainty regarding the belief degree of frequency, and
fuzziness is applied to linguistic imprecision of data because
of a lack of knowledge regarding the current stock market. At
the ﬁnancial crisis in October 2008, we have observed the serious distrust of the market that the risky information regarding banks and security companies, for example the amounts
of trouble loans, risky accounts, debts and so on, may not disclose to the investors and the public, and it is surely a kind
of risks occurring from the imprecision of information. The
fuzziness comes from the imprecision of data because of a
lack of knowledge, and such serious distrust in the stock market will be represented by the fuzziness of information in ﬁnance models. We extend the VaR for real random variables
to one regarding fuzzy random variables from the viewpoint
of perception-based approach in Yoshida [14]. We formulate
the a portfolio problem with fuzzy random variables, and we
discuss the fundamental properties of the extended VaR. Recently, Yoshida [13] introduced the mean, the variance and
the measurement of fuzziness of fuzzy random variables, using evaluation weights and λ-mean functions. This paper estimates fuzzy numbers and fuzzy random variables by the probabilistic expectation and these criteria, which are characterized by possibility and necessity criteria for subjective estimation and a pessimistic-optimistic index for subjective decision.
These parameters are decided by the investor and are based on
the degree of his certainty regarding the current information
in the market. In this portfolio model, we use triangle-type
fuzzy numbers and fuzzy random variables for computation in
actual models. Regarding falling and bankruptcy, we observe
the direct relations among the rate of falling, the expected rate
of return and the risk probability at the optimal portfolios by
ﬁgures derived from the obtained analytical results.

2

A portfolio model and the rate of falling

In this section, we explain a portfolio model with n stocks,
where n is a positive integer. Let T := {0, 1, 2, · · · , T } be the
time space with an expiration date T , and R denotes the set
of all real numbers. Let (Ω, P ) be a probability space, where
P is a non-atomic probability on a sample space Ω. For an
asset i = 1, 2, · · · , n, a stock price process {Sti }Tt=0 is given
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by rates of return Rti as follows. Let
i
Sti := St−1
(1 + Rti )

3
(1)

{Rti }Tt=1

for t = 1, 2, · · · , T , where
is assumed to be an integrable sequence of independent real random variables. Hence
wt = (wt1 , wt2 , · · · , wtn ) is called a portfolio weight vector if
it satisﬁes wt1 + wt2 + · · · + wtn = 1, and further a portfolio
(wt1 , wt2 , · · · , wtn ) is said to allow for short selling if wti ≥ 0
for all i = 1, 2, · · · , n. Then the rate of return with a portfolio
(wt1 , wt2 , · · · , wtn ) is given by
Rt := wt1 Rt1 + wt2 Rt2 + · · · + wtn Rtn .

(2)

Therefore, the reward at time t = 1, 2, · · · , T follows
n

wti (1 + Rti ) = St−1 (1 + Rt ).

St := St−1

(3)

i=1

In this paper, we present a portfolio model where stock price
processes Sti take fuzzy values using fuzzy random variables.
The falling of asset prices is one of the most important risks
in stock markets. In this section, we discuss a portfolio model
where the risk is estimated by the rate of falling. Regarding
the asset (3) with the portfolio wt , the theoretical bankruptcy
at time t occurs on scenarios ω satisfying St (ω) ≤ 0, i.e. it
follows 1 + Rt (ω) ≤ 0 from (3). Similarly, for a constant δ
satisfying 0 ≤ δ ≤ 1, a set of sample paths
{ω ∈ Ω|1 + Rt (ω) ≤ 1 − δ} = {ω ∈ Ω|Rt (ω) ≤ −δ} (4)
is the event of scenarios where the asset price St will fall from
the current price St−1 to a lower level than 100(1 − δ) % of
the current price St−1 , i.e. the rate of falling is 100 δ %. Then
we say shortly that the asset is 100 δ %-falling at time t and
the parameter δ is called the rate of falling. The probability of
100 δ %-falling is also given by
pδ := P (Rt ≤ −δ).

(5)

For example, pδ denotes the probability of the falling below
par value if ‘δ = 0’ and it indicates the probability of the
bankruptcy if ‘δ = 1’. In this paper, we discuss portfolios to
minimize the rate of falling δ.
For a positive probability p, a value-at-risk (VaR) regarding
the rate of return Rt at the probability p is given by a real
number v satisfying

A portfolio model with fuzzy random
variables

In this section, we introduce fuzzy numbers and fuzzy random variables and we give a portfolio model under uncertainty. A fuzzy number is denoted by its membership function
ã : R → [0, 1] which is normal, upper-semicontinuous and
quasi-concave and has a compact support ([18]). R denotes
the set of all fuzzy numbers. In this paper, we identify fuzzy
numbers with their corresponding membership functions. The
α-cut of a fuzzy number ã(∈ R) is given by ãα := {x ∈ R |
ã(x) ≥ α} (α ∈ (0, 1]) and ã0 := cl{x ∈ R | ã(x) > 0},
where cl denotes the closure of an interval. We write the
+
closed intervals as ãα := [ã−
α , ãα ] for α ∈ [0, 1]. Hence
we also introduce a partial order , so called the fuzzy max
order, on fuzzy numbers R: Let ã, b̃ ∈ R be fuzzy num−
+
+
bers. Then, ã  b̃ means that ã−
α ≥ b̃α and ãα ≥ b̃α for
all α ∈ [0, 1]. An addition, a subtraction and a scalar multiplication for fuzzy numbers are deﬁned by Zadeh’s extension
principle as follows: For ã, b̃ ∈ R and ξ ∈ R, the addition
and subtraction ã ± b̃ of ã and b̃ and the scalar multiplication ξã of ξ and ã are fuzzy numbers given by their α-cuts
− +
+
−
+ +
−
(ã+ b̃)α := [ã−
α + b̃α , ãα + b̃α ], (ã− b̃)α := [ãα − b̃α , ãα − b̃α ]
+
,
ξã
]
if
ξ
≥
0.
and (ξã)α := [ξã−
α
α
A fuzzy-number-valued map X̃ : Ω → R is called a
fuzzy random variable if the maps ω → X̃α− (ω) and ω →
X̃α+ (ω) are measurable for all α ∈ (0, 1], where X̃α (ω) =
[X̃α− (ω), X̃α+ (ω)] = {x ∈ R | X̃(ω)(x) ≥ α} ([7, 10]). We
need to introduce expectations of fuzzy random variables in
order to describe a portfolio model. A fuzzy random variable
X̃ is said to be integrably bounded if both ω → X̃α− (ω) and
ω → X̃α+ (ω) are integrable for all α ∈ (0, 1]. Let X̃ be an
integrably bounded fuzzy random variable. The expectation
E(X̃) of the fuzzy random variable X̃ is deﬁned by a fuzzy
number E(X̃)(x) := supα∈[0,1] min{α, 1E(X̃)α (x)} for x ∈
%
%
R, where E(X̃)α := [ Ω X̃α− (ω) dP (ω), Ω X̃α+ (ω) dP (ω)]
for α ∈ (0, 1] ([6, 10]).
Now we deal with a case where the rate of return {Rti }Tt=1
has some imprecision. In this paper, we use triangle-type
fuzzy random variables for computation, however we can apply the similar approach to general fuzzy random variables.
We deﬁne a rate of return process with imprecision {R̃ti }Tt=0
by a sequence of triangle-type fuzzy random variables

0
if x < Rti − cit

 x−Ri +ci


t
t
if Rti − cit ≤ x < Rti
cit
R̃ti (·)(x) =
(8)
i
i
 x−Rti−ct if Rti ≤ x < Rti + cit


−c
t

0
if x ≥ Rti + cit ,

P (Rt ≤ v) = p

(6) where cit is a positive number. We call cit a fuzzy factor for
asset i at time t. Hence we can represent R̃ti by the sum of the
since P is non-atomic. The value-at-risk v is the upper bound real random variable Rti and a fuzzy number ãit :
of the rate of return Rt at the worst scenarios under a given risk
R̃ti (ω)(·) := 1{Rit (ω)} (·) + ãit (·)
(9)
probability p, and then the value-at-risk v in (6) is denoted by
VaRp (Rt ). From (5) and (6), for a risk probability p = pδ , the for ω ∈ Ω, where 1{·} denotes the characteristic function of a
singleton and ãit is a triangle-type fuzzy number deﬁned by
rate of falling is

(7)
δ = −VaRp (Rt ).
0
if x < −cit

 x+ci


t
if − cit ≤ x < 0
cit
To minimize the rate of falling (7) under a fuzzy and random
ãit (x) =
(10)
i
 x−cit if 0 ≤ x < cit

environment, in next section we discuss the fundamental prop
−c
t

erties of value-at-risks.
0
if x ≥ cit .
ISBN: 978-989-95079-6-8
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For assets i = 1, 2, · · · , n, we deﬁne stock price processes value-at-risk on real random variables to one on fuzzy random
{S̃ti }Tt=0 by the rates of return with imprecision R̃ti as follows: variables based on the perception. The value-at-risk (15) on
S̃0i := S0i is a positive number and
fuzzy random variables is characterized by the following representation, which is from the continuity and the monotonicity
t
&
of VaRp (·).
S̃ti = S̃0i
(1 + R̃si )
(11)
s=1
Lemma 1 ([14]). Let X̃ ∈ X˜ be a fuzzy random variable
for t = 1, 2, · · · , T . For a portfolio w = (w1 , w2 , · · · , wn ), and let p be a positive probability. Then the value-at-risk
the rate of return with imprecision is given by a linear combi- VaRp (X̃) defined by (15) is a fuzzy number whose α-cuts are
nation of fuzzy random variables
R̃t := w

1

R̃t1

+w

2

R̃t2

VaRp (X̃)α = [VaRp (X̃α− ), VaRp (X̃α+ )]
+ ··· + w

n

R̃tn .

(16)

(12) for α ∈ (0, 1].

In Section 4 we investigate the value-at-risk to apply the fuzzy
The value-at-risk (15) on fuzzy random variables has the
random variable (12), and in Section 5 we discuss the portfolio following properties.
problem to minimize the rate of falling regarding (12).
Lemma 2 ([14]). Let X̃, Ỹ ∈ X˜ be fuzzy random variables
4 A perception-based extension of VaR
and let p be a positive probability. Then the value-at-risk VaRp
First we introduce mathematical notations of the value-at-risk deﬁned by (15) has the following properties:
for real random variables to apply it to the rates of return (12).
Let X be the set of all integrable real random variables X
on Ω with a continuous distribution function x → FX (x) :=
P (X < x) for which there exists a non-empty open interval
I such that FX (·) : I → (0, 1) is a strictly increasing and
onto. Then there exists a strictly increasing and continuous
−1
: (0, 1) → I. We note that FX (·) : I →
inverse function FX
−1
(0, 1) and FX : (0, 1) → I are one-to-one and onto, and we
put FX (inf I) := limx↓inf I FX (x) = 0 and FX (sup I) :=
limx↑sup I FX (x) = 1. Then, the value-at-risk, shortly for
VaR, at a risk probability p is given by the 100 p-percentile of
the distribution function FX : For a probability p (0 < p < 1),
VaRp (X) := sup{x ∈ I | FX (x) ≤ p},

(13)

and then we have FX (VaRp (X)) = p and VaRp (X) =
−1
FX
(p) for 0 < p < 1. In this paper, we assume that VaR
v in (6) has the following representation (14).
(VaR v)

= (the mean) − (a positive constant κ)
(14)
× (the standard deviation),

where the positive constant κ is given corresponding to the
probability p. The details are as follows: For any probability
p satisfying 0 < p < 1, there exists a positive constant κ such
that a real number v := µt − κ σt satisﬁes (14) for all portfolios, where µt and σt are the expectation and the standard
deviation of Rt respectively. One of the most popular sufﬁcient condition for (14) is what the distribution of the rate of
return Rt is normal ([2, 17]). In this paper, we obtain an exact
estimation of κ in Theorem 1.
Let X̃ be the set of all fuzzy random variables X̃ on Ω such
that their α-cuts X̃α± are integrable and λX̃α− + (1 − λ)X̃α+ ∈
X for all λ ∈ [0, 1] and α ∈ [0, 1]. Hence, from (8) we introduce a value-at-risk for a fuzzy random variable X̃(∈ X˜ ) at a
positive risk probability p as follows.

(i) If X̃  Ỹ , then VaRp (X̃)  VaRp (Ỹ ).
(ii) VaRp (ζ X̃) = ζ VaRp (X̃) for ζ > 0.
(iii) VaRp (X̃ +ã) = VaRp (X̃)+ã for a fuzzy number ã ∈ R.
Next since the value-at-risk VaRp (R̃t ) for the rate of return
(12) with a portfolio is a fuzzy number, we need to evaluate
the fuzziness of fuzzy numbers and fuzzy random variables.
There are many studies regarding the evaluation of fuzzy numbers. Two major approaches of them are as follows. One is to
use weighting functions([1, 3, 13]) and the other is to use possibility and necessity criteria([4]). Here we adopt the former
evaluation method of fuzzy numbers and fuzzy random variables. In the rest of this section we introduce the deﬁnitions
from [13, 15], and in the next section we estimate the VaR
regarding the rate of return (12) by the evaluation method.
Yoshida [13] has studied an evaluation of fuzzy numbers by
evaluation weights which are induced from fuzzy measures to
evaluate a conﬁdence degree that a fuzzy number takes values in an interval. With respect to fuzzy random variables, the
randomness is evaluated by the probabilistic expectation and
the fuzziness is estimated by the evaluation weights and the
following function. Let g λ : I → R be a map such that
g λ ([x, y]) := λx + (1 − λ)y,

[x, y] ∈ I,

(17)

where λ is a constant satisfying 0 ≤ λ ≤ 1 and I denotes
the set of all bounded closed intervals. This scalarization is
used for the estimation of fuzzy numbers to give a mean value
of the interval [x, y] with a weight λ, and g λ is called a λmean function and λ is called a pessimistic-optimistic index
which indicates the pessimistic degree of attitude in decision
making ([3]). Let a fuzzy number ã ∈ R. A mean value of
the fuzzy number ã with respect to λ-mean functions g λ and
an evaluation weight w(α), which depends only on ã and α,
is given as follows ([15]):
%1 λ
sup
inf X̃(ω)(X(ω)) (15)
VaRp (X̃)(x) :=
g (ãα ) w(α) dα
X∈X : VaRp (X)=x ω∈Ω
Ẽ(ã) := 0 % 1
,
(18)
w(α) dα
0
for x ∈ R. Yoshida [14] has studied perception-based esti+
mations extending the concept of the expectations in Kruce where ãα = [ã−
α , ãα ] is the α-cut of the fuzzy number ã.
and Meyer [6]. This deﬁnition (15) is an extension from the In (18), w(α) indicates a confidence degree that the fuzzy
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number ã takes values in the interval ãα at each level α.
Hence, an evaluation weight w(α) is called the possibility
evaluation weight wP (α) if wP (α) := 1 for α ∈ [0, 1],
and w(α) is called the necessity evaluation weight wN (α) if
wN (α) := 1 − α for α ∈ [0, 1]. Especially, for a fuzzy number ã ∈ R, the means in the possibility and necessity cases
are represented respectively by Ẽ P (ã) and Ẽ N (ã), and we
consider their combination ν Ẽ P (ã) + (1 − ν)Ẽ P (ã) with a
parameter ν ∈ [0, 1] ([13, 14, 16]). The mean Ẽ has the following natural properties of the linearity and the monotonicity
regarding the fuzzy max order.
Lemma 3 ([13, 15]). Let λ ∈ [0, 1]. For fuzzy numbers ã, b̃ ∈
R and real numbers θ, ζ, the following (i) – (iv) hold.
(i) Ẽ(ã + 1{θ} ) = Ẽ(ã) + θ.
(ii) Ẽ(ζã) = ζ Ẽ(ã) if ζ ≥ 0.
(iii) Ẽ(ã + b̃) = Ẽ(ã) + Ẽ(b̃).
(iv) If ã  b̃, then Ẽ(ã) ≥ Ẽ(b̃) holds.

where µ̃it := E(Ẽ(R̃ti )) for i = 1, 2, · · · , n. On the other
hand, regarding this model, from [13] we can ﬁnd that the
variance (σ̃t )2 := E((Ẽ(R̃t ) − µ̃t )2 ) of R̃t equals to the variance (σt )2 := E((Rt − µt )2 ) of Rt :
n

n

wi wj σtij .

(σ̃t )2 = (σt )2 =

(21)

i=1 j=1

By (14), (20) and (21), the mean of VaRp (R̃t ) is
'
( n n
n
(
Ẽ(VaRp (R̃t )) =
wi µ̃it − κ)
wi wj σtij
i=1

(22)

i=1 j=1

with a positive constant κ. Now step by step we discuss
a portfolio problem to minimize the rate of falling δ =
−Ẽ(VaRp (R̃t )). First, we deal with a variance-minimizing
model. For a given constant γ, which is the minimum expected rate of return to be guaranteed for the portfolio, we
consider the following quadratic programming with respect to
portfolios with allowance for short selling.

For a fuzzy random variable X̃, the mean of the expectation Variance-minimizing problem (P1): Minimize the variance
n
n
E(X̃) is a real number
% 1
wi wj σtij
(23)

λ
g
(
X̃
)
w(α)
dα
α
i=1 j=1
0
E(Ẽ(X̃)) = E
.
(19)
%1
w(α) dα
0
with respect to portfolios w = (w1 , w2 , · · · , wn ) satisfycondition
ing w1 +w2 +· · ·+wn = 1 under the following
Then, from Lemma 3, we obtain the following results regardn
regarding the expected rate of return: i=1 wi µ̃it = γ.
ing fuzzy random variables.
Lemma 4 ([13, 15]). Let λ ∈ [0, 1]. For a fuzzy number
We start from the following classical results regarding the
ã ∈ R, integrable fuzzy random variables X̃, Ỹ , an integrable
variance-minimizing problem (P1), and we analyze the portreal random variable Z and a nonnegative real number ζ, the
folio problem to minimize the rate of falling.
following (i) – (v) hold.
Lemma 5 ([15, Theorem 1]). The solution of the variance(i) E(Ẽ(X̃)) = Ẽ(E(X̃)).
minimizing problem (P1) is given by
(ii) E(Ẽ(ã)) = Ẽ(ã) and E(Ẽ(Z)) = E(Z).
w = ξΣ−1 1 + ηΣ−1 µ̃
(24)
(iii) E(Ẽ(ζ X̃)) = ζE(Ẽ(X̃))).
and then the corresponding variance is
(iv) E(Ẽ(X̃ + Ỹ )) = E(Ẽ(X̃)) + E(Ẽ(Ỹ )).
Aγ 2 − 2Bγ + C
,
(25)
ρ̃ :=
(v) If X̃  Ỹ , then E(Ẽ(X̃)) ≥ E(Ẽ(Ỹ )) holds.
∆

5 The Minimization of the Risk of Falling

where µ̃i := µit + Ẽ λ (ãit ), σ̃ ij := σtij (i, j = 1, 2, · · · , n),
In this section, we discuss portfolio problems under uncer- Σ̃ := [σ̃ ij ], µ̃ := [µ̃1 µ̃2 · · · µ̃n ]T , 1 := [1 1 · · · 1]T , ξ :=
C−Bγ
Aγ−B
T
−1
1, B := 1T Σ̃−1 µ̃, C :=
tainty. First we estimate the rate of return with imprecision
∆ , η :=
∆ , A := 1 Σ̃
T
−1
2
for a portfolio. Let the mean, the variance and the covari- µ̃ Σ̃ µ̃, ∆ := AC − B and T denotes the transpose of a
ance of the rate of return Rti , which are the real random vari- vector.
ables in (2.1), by µit := E(Rti ), (σti )2 := E((Rti − µit )2 ), and
Hence, we consider a risk-sensitive model, which is not of
σtij := E((Rti − µit )(Rtj − µjt )) for i, j = 1, 2, · · · , n. Hence
mean-variance
types but of mean-standard deviation types, in
we assume that the determinant of the variance-covariance
ij
order
to
deal
with
a portfolio problem to minimize the rate
matrix Σ := [σt ] is not zero and there exists its inverse matrix
−1
of
falling
in
the
third
step. For a constant γ and a positive
Σ . This assumption is natural and it can be realized easily
constant
κ,
we
discuss
the following risk-sensitive portfolio
by taking care of the combinations of assets. For a portfolio
1
2
n
1
2
n
problem
with
allowance
for short selling.
w = (w , w , · · · , w ) satisfying w +w +· · ·+w = 1 and
i
w ≥ 0 (i = 1, 2, · · · , n), we calculate the expectation and the Risk-sensitive problem (P2): Maximize a risk-sensitive exvariance regarding R̃t = w1 R̃t1 + w2 R̃t2 + · · · + wn R̃tn . From
pected rate of return
Lemma 4, the expectation µ̃t := E(Ẽ(R̃t )) follows
'
( n n
n
n
n
(
i i
i
i
i i
v(γ) :=
w µ̃t − κ)
wi wj σtij
(26)
µ̃t = E(Ẽ(R̃t )) =
w E(Ẽ(R̃ )) =
w µ̃ , (20)
t

i=1
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with respect to portfolios w = (w1 , w2 ,
· · · , wn ) (w1 + Remark 1 From Theorem 1, for the optimal portfolio of (P3),
n
2
n
w + · · ·+ w = 1) under the condition i=1 wi µ̃it = γ. the relations among the expected rate of return γ = γδ , the rate
of falling δ and the risk probability p = pδ are illustrated as
Now we discuss the following VaR portfolio problem with- follows.
out allowance for short selling. The following form (27)

γ
:
the expected rate of return

comes from the value-at-risk Ẽ(VaRp (R̃t )) given in (22).


Bδ + C


 γ=

Aδ
+
B
Portfolio problem to minimize the rate of falling (P3):
(30)
δ
:
the rate
√ of falling(= −VaR) 

Minimize the risk of falling

2

 p = Φ(− Aδ + 2Bδ + C)


'
p
:
the
risk
probability
of
falling
( n n
n
(
δ=−
wi µ̃it + κ)
wi wj σtij
(27) These results hold for the crisp case (ci = 0) and they will be
t
i=1
i=1 j=1
useful not only for analytic study but also for actual management in ﬁnance. In the next section, by ﬁgures with a numerwith respect to portfolios w = (w1 , w2 , · · · , wn ) sat- ical example we show the relations (30) among the expected
isfying w1 + w2 + · · · + wn = 1 and wi ≥ 0 for rate of return γ, the rate of falling δ and the risk probability p.
i = 1, 2, · · · , n.

6

A numerical example

Since we have

In this session, we give a simple example to illustrate our idea.
For the numerical computation, we need to evaluate fuzzy
inf (27) = inf
(27) = − sup (26),
n inf i i
numbers representing the rates of return (8). From [13, 14],
w
γ
w: i=1 w µ̃t =γ
γ
we have evaluations of the fuzzy numbers ãit by a combinaP
P
in the same way as [16] we arrive at the following analyti- tion ν Ẽ (ã) + (1 − ν)Ẽ (ã) with a parameter ν ∈ [0, 1] with
cal solutions of the portfolio problem to minimize the rate of a parameter ν(∈ [0, 1]), which is called a possibility-necessity
weight ([13]). Then from (20) we obtain the expected rate of
falling (P3).
return


Lemma 5. Let A and ∆ be positive. Let κ satisfy κ2 > C.
n
(1 − 2λ)(4 − ν) i
i
i
The solution of the portfolio problem to minimize the rate of
ct
w µt +
(31)
µ̃t =
6
then
falling (P3) is given by w∗ = ξΣ−1 1 + ηΣ−1 µ̃, and
i=1
√
2 −∆
the corresponding rate of falling is δ(γ ∗ ) = − B− Aκ
A
for the possibility-necessity weight ν(∈ [0, 1]) and the
√ ∆
at the expected rate of return γ ∗ := B
A + A Aκ2 −∆ , where pessimistic-optimistic index λ(∈ [0, 1]). In (31), the decision




∗

∗

and η := Aγ∆−B . Further, if Σ−1 1 ≥ 0 and
ξ := C−Bγ
∆
−1
Σ µ̃ ≥ 0, then the portfolio (5.18) satisfies w∗ ≥ 0, i.e. the
portfolio w∗ is a portfolio without allowance for short selling.
Here, 0 denotes the zero vector.

In Lemma 5, we note that the optimal portfolio w∗ not only
to minimize the rate of falling δ(γ ∗ ) but also to maximize the
expected rate of return γ ∗ .
Theorem 1. Let A and ∆ be positive. Let δ satisfy δ >
−2B/A. Then, the assumptions in Lemma 5 are satisﬁed,
and the following (i) and (ii) hold for the optimal portfolio in
Lemma 5.
(i) For a rate of falling δ , the corresponding constant κδ and
the expected rate of return γδ are given by
*
Aδ 2 + 2Bδ + C

Bδ + C
.
Aδ + B
(28)
Then the risk probability is pδ = P (Ẽ(R̃t ) ≤ −δ).
κδ :=

and γδ :=

(ii) If Rti (i = 1, 2, · · · , n) have normal distributions, the risk
probability pδ in (i) is given by
pδ := Φ(−κδ ),

(29)

where κδ is deﬁned by (28) and Φ is the cumulative nor%z
t2
mal distribution function Φ(z) := √12π −∞ e− 2 dt for
z ∈ R.
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maker may choose the parameters λ(∈ [0, 1]) and ν(∈ [0, 1]).
The pessimistic-optimistic index is taken as λ = 1 if he has
pessimistic personal forecast in the market and he takes careful decision, and λ = 0 if he has optimistic personal forecast and he is not nervous. The possibility-necessity weight is
taken as ν = 1 when he has enough conﬁdential information
about the market, and ν = 0 when he does not have conﬁdential information. In this model, ν = 0 is reasonable since
our objective function is VaR, which is a kind of risk, and we
need to take into account of the fuzziness of information in the
market. While λ depends on the decision maker’s attitude in
his investment. In this example, we compute the pessimistic
case λ = 1.
Let n = 4 be the number of assets. Take the expected rate of
return, a variance-covariance matrix and fuzzy factors as Table
1. We assume that the rate of return Rti has the normal distributions. We discuss a risk probability 1% in the normal distribution, and then the corresponding constant is κ = 2.326,
which is given in (14) for VaR. Then, the conditions in Theorem 1 are satisﬁed and by formulae of Lemma 5 we easily obtain the optimal portfolio w∗ = (w1 , w2 , w3 , w4 ) =
(0.229604, 0.215551, 0.252000, 0.302845) for the portfolio
problem to minimize the rate of falling (P3), and then the corresponding rate of falling is δ(γ ∗ ) = 0.557042 and the expected rate of return is γ ∗ = 0.0498026.
Owing to the equations (28) and (29), we can easily observe
the explicit relations among the expected rate of return γ, the
rate of falling δ and the risk probability p (Remark 1). Regarding this example, Fig.1 shows the relation among the rate of
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falling δ, the expected rate of return γ and the risk probability
p. Figs.1 and 2 are drawn based on Remark 1. Especially Fig.2
shows the relation among the risk probability p such that the
falling in the asset prices will be lower than 100(1 − δ) %, the
rate of falling δ and the expected rate of return γ. For example,
for a rate of falling δ = 0.2, which implies that the asset price
will fall lower than 80 %, its risk probability is p = 0.168993,
however we have the expected rate of return γ = 0.0504023
with κ = 0.958154, which are calculated easily from Remark
1 based on Theorem 1. We can also compute the cases of
falling below par value and the complete bankruptcy, taking
δ = 0 and δ = 1 respectively. The probability of falling below par value is p0 = 0.4211443 and then the expected rate
of return γ0 = 0.0545276, and the probability of complete
bankruptcy is p1 = 0.0000285992 and then the expected rate
of return γ1 = 0.0496258.

7

Conclusion

We have derived the relation (30) among the expected rate of
return γ, the rate of falling δ and the risk probability p. The
relation holds for the crisp case and it will be useful not only
for analytic study but also for actual management in ﬁnance.
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