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Abstract— Recently, many scholars investigated interval, trian-
gular, and trapezoidal approximations of fuzzy numbers. These re-
searches can be grouped into two classes: the Euclidean distance
class and the non-Euclidean distance class. Most approximations in
the Euclidean distance class can be calculated by formulas, but cal-
culating approximations in the other class is more complicated. In
this paper, we study interval, triangular, and trapezoidal approxima-
tions under a weighted Euclidean distance which generalize all ap-
proximations in the Euclidean distance class. First, we embed fuzzy
numbers into a Hilbert space, and then introduce these weighted ap-
proximations by means of best approximations from closed convex
subsets of the Hilbert space. Finally, we apply the reduction princi-
ple to simplify calculations of these approximations.

Keywords— weighted trapezoidal approximation, triangular
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1 Introduction

In practice, fuzzy intervals are often used to represent uncer-
tain or incomplete information. An interesting problem is
to approximate general fuzzy intervals by interval, triangu-
lar, and trapezoidal fuzzy numbers, so as to simplify calcu-
lations. Recently, many scholars investigated these approx-
imations of fuzzy numbers. According to the different as-
pects of distance, these researches can be grouped into two
classes: the Euclidean distance class and the non-Euclidean
distance class. The Euclidean distance class includes the in-
terval approximation (proposed by Grzegorzewski in 2002
[11]), symmetric triangular approximation (proposed by Ma
et al. in 2000 [18]), trapezoidal approximation (proposed
by Abbasbandy and Asady in 2004 [1]), and weighted tri-
angular approximation (proposed by Zeng and Li in 2007
[23]). The non-Euclidean distance class includes the rectan-
gle approximation under the Hamming distance (proposed by
Chanas in 2001 [6]), symmetric and non-symmetrical trape-
zoidal approximations under the Euclidean distance between
the respective 1/2-levels (proposed by Delgado et al. in 1998
[7]), and trapezoidal approximation under the source distance
(proposed by Abbasbandy and Amirfakhrian in 2006 [2]).
Some other approximations are also investigated, such as the
nearest parametric approximation (proposed by Nasibova and
Peker in 2008 [19]), trapezoidal approximation preserving the
expected interval (proposed by Grzegorzewski and Mrowka
[12, 13, 14], and improved by Ban [5] and Yeh [22] in 2008,
independently), approximation by 7 functions (proposed by
Hassine et al. in 2006 [15]), and polynomial approxima-
tion (proposed by Abbasbandy and Amirfakhrian in 2006 [3]).
Most approximations in the Euclidean distance class can be
calculated by formulas, but calculating the approximations in
the other class is more complicated. In this paper, we study
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interval, triangular, and trapezoidal approximations under a
weighted Euclidean distance which generalize all approxima-
tions in the Euclidean distance class. In Section 2, we define
a weighted L2-distance on space of fuzzy numbers, and then
embed the space into the Hilbert space L3 [0, 1] x L3[0, 1] by
applying the weighted L2-distance. In Section 3, we intro-
duce weighted approximations of fuzzy numbers by means of
best approximations from closed convex subsets of the Hilbert
space L3[0,1] x L3[0,1]. Some preliminaries are presented.
In Section 4-6, by applying the reduction principle [8, p.80]
we compute straightforwardly these approximations of fuzzy
numbers, and then propose several important theorems.

2 Embedding fuzzy numbers into the Hilbert
space L3[0,1] x L3[0,1]
By an inner product space we mean that it is a (real) vector
space V equipped with an inner product (-,-) : V x V — R

obeying the following axioms:

1. (u,u) > 0forallu € V, and (u,u) = 0 iff (if and only
if) u =0,

2. (u,v) = (v,u), forall u,v € V,

3. (au + bv,w) = alu,w) + blv,w), for all u,v,w € V
and all a,b € R.

An inner product is a metric space if the distance is defined by

Nl

d(u,v) == {u —v,u —v)2.

A completely inner product space is often called a Hilbert
space. It is well-known that the set of all L2-integrable func-
tions is a Hilbert space, denoted by Li [0, 1], on which the
inner product is defined as

1
(f.g)x == / FBgOA®)L,

where A = A(¢) is a nonnegative function on [0, 1] with
Jy A)dt > .

Another important Hilbert space is the product space
L3[0,1] x L3[0, 1], which will be discussed in this paper. Its
inner product is defined by

1
(15 £2): (915 92)) ::/0 [F1()g1(t) + fa()g2 ()] A(t)dt
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for all (f1, f2) and (g1, 92) € L3[0,1] x L3[0,1]. We hence
obtain

B((f1, f2), (91, 92))
=((fi — 91, f2—92), (fr = 91, f2 — 92))»

=/0 (If1(6) = g1 (@)1 + | f2(t) — g2()*) A(t)dt.

Recall that, a fuzzy number A can be represented by an
ordered pair of left continuous functions [Af(a), Ay ()]
(called the a-cuts of /1), 0 < a < 1, which satisfy the fol-
lowing conditions: (1) Ay is increasing on [0,1], (2) Ay is
decreasing on [0,1], (3) A(1) < Ay (1). Let F denote the set
of all fuzzy numbers. The weighted L?-distance (Euclidean
distance) on [ is defined as

/ 141(a) — By (a)PA()da

+/0 |Au () —

For more generality, we refer to [10] in which Grze-
gorzewski proposed two families of general distances on F.
Let A and B be two fuzzy numbers. The fuzzy addition and
fuzzy subtraction operations on I are defined as follows:

A(A,B) =
M
By (a)*A@)da] ®.

fl—‘—é::
A-B:=

[AL(OZ) =+ BL(()[), AU(CY) + BU(Q)],
[Ar(a) — Bu(a), Au(a) — Br(a)].

The above conditions (1)-(3) (the definition of fuzzy numbers)
imply that A;, and Ay € L3[0, 1], hence we define

i: A (Ap, Ay) € L3[0,1] x L3[0,1].

In the following, we always use the interval notation [A,, Ay]
instead of (A, Ay ), although it may make little sense. Notice
that, the fuzzy addition operation coincides with the vector
addition on L3 [0, 1]x L3 [0, 1] and its inverse operation (vector
subtraction) is not the fuzzy subtraction “-”. Let the symbol
‘S” denote the inverse operation, that is

[AL(OJ) — BL((I), AU(Oé) — BU(Oé)]7

which~ is o~ften called the Hukuhara difference, see [17]. In
fact, A © B may be not in F. From Eq.(1), we find that

fl@é::

d3(A,B) = (Ac B,Ac B),.

This shows that we can embed space of fuzzy numbers into
the Hilbert space L3 [0, 1] x L3 [0, 1]. We hence define an inner
product on [ inheriting from L3 [0, 1] x L3[0, 1], that is

(A, B)y = / LAs(0)Br(a) + Ap(a) By (@) Aa)da.
’ @)
3 Approximations of fuzzy numbers
Let € be a subset of a Hilbert space V, then we call that:

1. Qisasubspaceiffu+v € Qandru € Qforall u,v € Q
and all r € R,
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2. Qis convex iff ru+ (1 —r)v € Q forall u,v € Q and all
r € [0,1],

3. Qis chebyshev iff for each v € V there exists a unique
element Pq(u) € € such that

d(u, Po(w)) < d(u,z), Vae€Q,

and then Pqo(u) is called the best approximation of u
from Q.

It is well-known that every closed convex subset (closed sub-
space, finite dimensional subspace) is chebysheyv, see [8, p.23-
24]. For any closed convex subset (2, there is a sufficient and
necessary condition of the best approximation Pq(u), as fol-
lows

(u— Po(u),x — Po(u)) <0, Vre.
Furthermore, we also have
d(Po(u), Po(v)) < d(u,v), Yu,v eV, 3)

refer to [21, Appendix C]. This implies Pq is continuous.
While €2 is a closed subspace, then the above condition be-
comes

(u—Po(u),z) =0,

or equivalently
<U,I> - <PQ(U)7SC>3 4

In this paper, all elements in L3 [0, 1] x L3 [0, 1] of the form

(ra —73)a

are called extended trapezoidal fuzzy numbers. Let T denote
the subset of all extended trapezoidal fuzzy numbers. Itis easy
to see that, an element A = [rr} + (ro — 7)o, 74 — (14 —73)0]
is trapezoidal iff A € F N'T, that is

Vr €,

Vx € Q.

[r1+ (re —ri)a, rqg —

(&)

Also, a trapezoidal fuzzy number A is triangular (resp. sym-
metric trapezoidal, symmetric triangular, interval) iff ro = r3
(resp. ro — 1y =714 — 13, T2 =73 and ro — 11 = 14 — T3,
ri =ryand r3 = ry). Let T, Ty, A, Ay, and I denote the sets
of all trapezoidal, symmetric trapezoidal, triangular, symmet-
ric triangular, and interval fuzzy numbers, respectively. It is
easy to verify that

1. T is a closed subspace of L3[0,1] x L3[0, 1], and

r <rop <rg <14

2. I@‘ ']~I‘ 'E‘S, A, As, and I are all closed convex subsets.

Hence, all of them are chebyshev. The best approximations of
w from T, T, Ty, A, A,, and I are called the extended trape-
zoidal, trapezoidal, symmetric trapezoidal, triangular, sym-
metric triangular, and interval approximations of u, respec-
tively. Eq.(3) implies that these approximations are continu-
ous.

Theorem 1 (The reduction principle [8, p.80]). Let K be a
closed convex subset of an inner product space V and M be
any chebyshev subspace of V' that contains K. Then, we have
that

Pk (u) = Px(Py(w))  and

d(u, Pic(w))? = d(u, Pag(u))® + d(Pag (u), P ().
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Now, let’s define four extended trapezoidal fuzzy numbers:
Ep:=[1 - a,0], Es := [a,0],
o5 = [0, a, £y = [0,1—al.

Then, each element in T is a linear combination of EZ-, 1<
1 < 4, for instance

[r1 4+ (re — r1)a, g — (14 — 13)] =
This implies T = Span {El, FEs, F, E4}. We also define two
other subspaces of L3[0,1] x L3[0, 1] as follows
A := Span {El, Fy+ Eg,E4},
I:= Span {El + E27 ES + E4} = Span {[17 0]7 [07 1]}

Itiseasytoseethatﬁ cl1, AS cAc A,and’fl‘S cTcT.
By applying the reduction principle, we obtain that

Fy(u) = Py(Pi(u)), (6)
Pa(u) = Py(Pa(w)),  Pa (u) = Pz (Pa(u)), — (7)
Py(u) = Pr(Pr(w), Py (u) = Py (Pr(w)). ®)

4 The interval approximations

In 2002, Grzegorzewski first proposed interval approxima-
tions of fuzzy numbers [11]. Let’s extend his results to
the case of weighted L2-distance. We now start with com-
puting the best approximation PH(A) of any fuzzy number
A = [AL (), Ay (a)] from the subspace I. Unless otherwise
stated, we fix the following real numbers:

1
Ao = / Ma)da >0
0

and

Ly = /1 A()\(@)da, Uy = /1 Au (@) (@) da.
0 0
From Eq.(2), we find that ([1, 0], [0,1]), = 0 and
(11,0, [1,0])x = ([0, 1,0, 1]} = Ao.
Since I = Span {[1, 0], [0, 1]}, we may assume that
Pi(A) = r[1,0] + s[0, 1].
By applying Eq.(4), we can solve

(7‘) — <<[170]7[170]>x\ <[Ov 1]?[170]>>\
S <[1>O]a[0’1]>>\ <[O71]’[0’1]>>\

=\t (52) .

Hence, we obtain

Pi(A) = [Ag " Lo, Ay Uo).
The fact Az () < Ay (c) implies Lo < Up, hence Py(A) € L.
By applying Eq.(6), we obtain the following theorem.
Theorem 2. Let /~1~be a fuzzy number. Then, its interval ap-
proximation is Py(A) = [\ " Lo, g ' Uo).

While A\(«) = 1, we get that A\g = 1. Then, the above equa-
tion coincides with the Grzegorzewski’s formula [11, Equa-
tions (15) and (16)]. Also, the interval [Lg, Up] is called the
expected interval of fl, which is introduced by Dubois and
Prade [9] and Heilpern [16], independently.
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5 The triangular approximations

Let A = A(a) be a nonnegative function on [0,1] with

f01 A(a) dae > 0. In what follows, we fix

1
a:= / (1—a)®*Aa)da > 0,
0
1
b:= / a(l — a)Ma)da > 0,
0
1
ci= / a?Ma)da > 0,
0
and
L1 = / AL a)\ Oé, U1 = / AU Oé)\

By applying Schwarz inequality, we get
ac—b* > 0.

In a similar manner, we start with computing P (A). Recall
that A := Span {El, FEsy + Ej, E4} SO we compute

By, E)a (B2 + E3, By (B4, E1)x
(B1, By + Es)y (BEa+ E3, Eo + E3)\ (B, Bs + E3)y
(E1, Ea)x (B2 + B3, Ex) (B, Ea)x
a b 0
=1b 2 b
0 b a

Let PA(/I) = TlEl -+ TQ(EQ + Eg) —+ T4E4.
Eq.(4), we can solve

By applying

-1

1 a b 0 <A E1>
T2 = b 28 b <A E2 —+ E3>
T 0 b a AE
1 2ac — b= —ab b Lo — L1
:S —ab a? —ab Ly + U
b2 —ab  2ac—b? Uy — Us
where § = 2a(ac — b?) > 0. If we assume fol Ma)da = %
(that is @ + 2b + ¢ = 1) additionally, then the above Pa (A A)

is equal to Zeng and Li’s weighted triangular approximation
[23]. Notice that PA(A) may be not in IF, refer to [21]. That
shows that Px (A) # Pa(A).

Lemma 3. Let A be a Sfuzzy number, and let
Pa(A) = rEy +ry(Ey + Es) + r4Ey,
where 11, T2, and r4 are computed by Eq.(9). Then,
1. 7r1 <1y,
2. ifro <y, then

—(a+b)Lo+ (a+3b+2c)Uy —2(a+2b+c)U; >0,

3. ifro > 1y, then

—(a+3b+2¢) Lo+ 2(a+2b+ )Ly + (a+b)Uy > 0.
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Proof. Omitted.

From Eq.(7), we find P5(A) = Px(Pa(A)). Eq.(5) im-
plies that an element

TEl + S(EQ + Eg) + tE4 cA

is triaingulzir iff r < s < t. By Lemma 3.1, we obtain that
Pa(A) ¢ A implies either o < 71 or 19 > 14, hence the best
approximation (triangular approximation)

PA (14) = ’I"/lEl —+ T’2(E~|2 —+ Eg) —+ ’I’QE4

will satisfy 75 = 7 or 5 = 7}, respectively. For instance,
suppose that the fuzzy number A has the approximation

PA(A) = TlEl + TQ(EQ + Eg) + 7“4E4 with ro < rq.

Then, Px (/I) will belong to Span {El + By + Fs, E4}, since
r5 = 1. So, we consider the best approximation of A from
Span {E; + E2 + Es5, E4}. We hence let

PA(A) = 1 (By+ Ey+ Es) 4+ 1) Ey = v [1, 0] +7)[0,1—a.

By applying Eq.(4), we can solve

(r;)_<a+2b+zc b>_1< (A,[1,a])x )

ry) b a (A,[,lfoz]h (10)
(5 wrnea) (020

6 \—=b a+2b+2c Uy—Uy )’

where § = (a + b)? + 2(ac — b?), and we have substituted by

(1, ], [1, 0]} = /01(1 +a?)A(a)da = a + 2b + 2c.

Notice that, the extended trapezoidal fuzzy number
Ei+ Ey+ B3 = [1,q]

does not belong to . But, this does not effect results of our
computation. Applying Lemma 3.2, the reader can easily ver-
ify r} </ in Eq.(10), so that
1= a,0] 4 rja,1] € F.
Hence, we obtain
Px(A) = ri[1,a] +75[0,1 o],

where 7 and 7} are computed by Eq.(10).
On the other hand, if A has the approximation

PA(A) = T1E1 + TQ(EQ + Eg) + 7‘4E4 with rg > 74
then its triangular approximation leads to
Px(A) = ri[1 = ,0] + rifa, 1],

where
M\ _ (a b ! (A1-a
) \b a+2b+2c (A, ]a, 1

_1 a+2b+2c —b Lo— 14
) —b a Li+Uy) "

50]>)\

where § = (a+b)%+2(ac—b?). Again, applying Lemma 3.3
the reader can easily verify 7| < r/ in Eq.(11).
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Theorem 4. Let A be a fuzzy number, and let
Pa(A) = 1By + r2(E> + E3) + 4By,

where 11,19 and ry are computed by Eq.(9). Then, the trian-

gular approximation Px (A) can be determined in the follow-
ing cases:

1. If ri <1y <1y, then

PA(A) =[r1 4 (re —ri)a,ry — (r4 — r2)a.

2. If ry < 11, then Px(A) = [ri,7h — (1} —
r} and r!), are computed by Eq.(10).

r})a], where

3. If vy > 14, then Px(A) = [r] + (v} — ), 1], where
r} and 1) are computed by Eq.(11).

Next, we compute the symmetric triangular approximation

Px _(A) which was first proposed by Ma et al. [18]. Recall
that, an extended trapezoidal element

TlEl —+ TQ(EQ —+ Eg) + T4E4 cA
is symmetric triangular iff
ro —T1 :7’4—7‘220.

Hence, by substituting ro = %(’ﬁ +r4) we get

~ . ~ 11 1
r1E +ro(FotEs)+raEy = r[l——q, fa]+r4[§a, 1-=qal.

2 2 2

Let’s consider the best approximation Px_(A) of A from the
subspace Ag, where Ay is defined by

1 1 1 1
A := Span {[1 — 3% ia], [ia, 1- 504]}.
Suppose that
~ 1 1 1 1
Pa(A)=r[l—za,= Za,1— Zal.
A, (A) =11l = Sa, sa] +raf5a, 1 - oo

By applying Eq.(4), we can solve

)

_(at+b+3 b+ 35 -1 <%’[1—%(X,%a]>/\ (12)
b+3 a+tbd+j (4,301 = za])

_Lfatbts —0+5)) (Lo—sli+ il

To\-0b+5) at+b+5)\SLi+ U —iUL)°

where ¢ = az~ + 2ab + ac. The reager can verify that r; < ry
for any A € F. This implies Pa_(A) € I, so that

Py, (A) = Pa,(4).

Theorem 5. Let A be a fuzzy number. Then, its symmetric
approximation is
T4 —T Ty —T1

5 b

Pa,(A) =i +

Q, T4 —
where 71 and r4 are computed by Eq.(12).

While A(a) = 1, we get that, a = 3, b = ¢, and ¢ =

Substituting into the above equation, we obtain

Px (/1) =[zo—0o(l —a),zg+0o(l —a),

(M

1
6°

where g = % and 0 = %(—Lo + Ly + Uy — Uy). This
formula coincides with [18, Equations (8) and (9)].
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6 The trapezoidal approximations

The (extended) trapezoidal approximation was first proposed
by Abbasbandy and Asady in 2004 [1]. Afterwards, Grze-
gorzewski and Mréwka proposed the (extended) trapezoidal
approximation preserving the expected interval [12]. Since
the expected interval of any fuzzy number A is equal to P]I(/i)
andI DT DT, by the reduction principle we get that these
two (extended) trapezoidal approximations are equal. Now,
we start with computing the extended trapezoidal approxima-
tion Pr(A).
Because that T = Span {E’l, E,, E5, E4}, we let

P’E(A) =t1E) +taFy + t3F3 + t,Ey.

In the same vein, by applying Eq.(4) we can solve

t a b 0 0 (A, Ex)y
tafl _|[b ¢ 0 O <4,E~’2>)\
ts|] (o 0 ¢ b (A, Es)»
ty 0 0 b a <A,E4>)\
c b 0 0 Lo — Ly
ac—» 10 0 a -—b U,
0 0 —-b c Up— U
CLO — (b + C)Ll
1 —bLo+ (a+b)Ly
Tac—b2 | —bUp + (a+b)Un
cUy — (b+ c)Ux
While A\(a) = 1, the above equation coincides with Grze-

gorzewski’s formula [12, Equations (29)-(32)]. Note that, the
extended trapezoidal approximation Pr(A) may be not in F,
refer to [4, 5, 20]. This is because that Pr(A) may happen
to > t3.

Lemma 6. Let A be a fuzzy number, and let
Pr(A) =t By + t2Fa + t3E3 + t4Fy,
where t;, 1 <1 < 4, are computed by Eq.(13). Then,
t1 <ty and t3 <ty

Proof. Omitted.

From Eq.(8), we find

Py(A) = Pp(Pr(A)). (14)

Hence, if Pr(A) is in F (by applying Lemma 6, it is equivalent
to to < t3), we obtain

Pr(A) = Pr(A).

Otherwise, we have ¢5 > t3. Consequently, Eq.(14) implies
that the trapezoidal approximation P;(A) will be restricted to
triangular fuzzy numbers A. This leads to

Po(A) = P4 (A).

By applying Theorem 4, we prove the following theorem
which is a generalization of [21, Theorem 4.4].
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Theorem 7. Let A be a fuzzy number, and let
Pr(A) = t1 By + taEy + t3E3 + t4Ey,

wheret;, 1 <1i <4, are computed!)y Eq.(13). If to < t3, then
the trapezoidal approximation of A is

Pr(A) = [t1 + (t2 — t1)a, ta — (ta — t3)a].
Otherwise, by Eq.(9) compute

PA(A) = TlEl + T‘Q(EQ -+ Eg) -+ 7"4E4.

Then, the trapezoidal approximation Ps(A) can be deter-
mined in the following cases:

1. Ifr1 <rg <1y, then

PT(A) =1[ri+ (re —r)a,ry — (rg — r2)a).
2. Ifry < 1y, then Px(A) = [}, v}y — (ry —r})a], where 1
and 1)y are computed by Eq.(10).

3. Ifro > 1y, then Px(A) = [} + (rhy — 7)) e, 7], where 1,
and 1}y are computed by Eq.(11).

Proof. Omitted.

In 1998, Delgado et al. [7] proposed a symmetric trape-
zoidal approximation of A under the Euclidean distance be-
tween the respective 1/2-levels. In the following, we turn to
study the symmetric trapezoidal approximation of A under a
weighted L2-distance. Recall that, an extended trapezoidal
fuzzy number t; E1 + thg +t3 Eg + t4E4 is symmetric trape-
zoidal iff

f2—t1:t4—t320 and t2§t3.

Letd =ty — t;. By substituting to = t; +dand t3 = t4 — d,
we obtain

t1E1 +toBy +t3Fs + t4Ey = t1[1,0] + d[a, —a] + 4]0, 1].

Let T, := Span {[1,0], [, —a], [0, 1]}. Suppose that the best
approximation of A from Tj is

Pr.(A) := t1[1,0] + dlo, —a] + t4]0, 1]

By applying Eq.(4), we can solve

t oA 0\ T/ (A0
d = )\1 QAQ 7)\1 <A, [a, —Oé]>,\
2 0 =X X (A,[0,1])a
Y5 VP S VP VS | Lo
== —don A2 Aoy L —U,
X2 Mod 2hohs — A2 Uo
(15)

where \; := fol a‘Ma)da, i =0,1,2, and
§:= 2 0(AoA2 — A%) > 0.
Lemma 8. Let A be a Sfuzzy number, and let

P’[[‘S (A) = tl[l, 0] + d[a7 —a} + t4[0, 1],

where t1, d, and t4 are computed by Eq.(15). Then, d > 0.
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Proof. Omitted.

If Pr, ([1) €T (by applying Lemma 8, it is equivalent to
t1 +d < ty — d), then it equals the symmetric trapezoidal
approximation Py . Otherwise, we will have d > $(t; —
t1). This shows that, in the case the symmetric trapezoidal
approximation

Pr (A) =11[1,0] + d'[a, —a] + t4[0, 1]. (16)

will satisfy d’ = £(t}j — t}). Substituting into Eq.(16) by
d' = 1(th —t}), we get
~ 1 1 1
P (A) = 11— 2% 504] + tﬁl[§a, 1— 504].
Since A, = Span {[1 — 3a, 3al,[2a, 1 — 2a]}, we get

Py (A) e A,nF=A,.

This implies P _(A) is equal to the symmetric triangular ap-

proximation Px (A). Consequently, by applying Theorem 5
we obtain the following theorem.

Theorem 9. Let A be a fuzzy number, and let

Pr, (A) = tl[l, O] + d[O&, —Oé] + 14 [0, 1],

where t1, d, and t4 are computed by Eq.(15). If d < %(t4 —t1),
then the symmetric trapezoidal approximation of As

Py (A) = [t1 + da, ty — dal.
Otherwise, it is
P (A) = [ +

where r1 and r4 are computed by Eq.(12).

rqg —T1
2

a, T4 — Oé],

7 Conclusions

Recently, many scholars studied on computation of interval,
triangular, and trapezoidal approximations approximations of
fuzzy numbers by applying Langrange multiplier method or
Karush-Kuhn-Tucker theorem. In the present paper, we pro-
pose a new method for computing these approximations un-
der a weighted distance by applying function approximation
theory on Hilbert space.We embed fuzzy numbers into the
Hilbert space L3[0,1] x L3[0,1]. Then, by introducing ex-
tended trapezoidal fuzzy numbers and applying the reduction
principle (Theorem 1), it suffices to compute the best approx-
imations of an extended trapezoidal fuzzy number. Hence, we
can easily determine these approximations by choosing a suit-
able basis. In fact, the weighted distance can be generalized
to more general form, as follows

1 1
dr(A, B) = / |A — Br|*dp +/ |Ay — By|*dps,
0 0
where j11 and p5 are arbitrary positive measures on [0,1].
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