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Abstract— In this paper we propose a coupled-map lattice for
modelling epidemic spread in a fuzzy setting. The presented model
complies with the need for adequate modelling tools to describe
and/or predict spatio-temporal phenomena, following the growing
availability of spatio-temporal data. Furthermore, our approach
does not rely on partial differential equations making it particularly
suited to model epidemics in a fuzzy setting. It will be shown that the
presented model allows to describe epidemic spread when the magnitude of the initial outbreak and/or the epidemic properties are only
imprecisely known.
Keywords— epidemic, discrete model, fuzzy initial condition,
spatio-temporal dynamics

1 Introduction
Ordinary differential equations (ODEs) are widely used and
well established to model various biological phenomena, as
illustrated extensively in [1]. Partial differential equations
(PDEs) are often resorted to if one is not merely interested
in the process’ temporal dynamics but also in the spatial patterns it generates [2]. Recently, several researchers have addressed the (numerical) solution of fuzzy ODEs (FODEs)
[3, 4], endorsed by their potential importance in various scientiﬁc ﬁelds, for including imprecise information into wellestablished mathematical models (see [3, 5]). At present,
the study of FODEs is still growing [6, 7], while thorough
research on fuzzy PDEs is not yet carried out. Two distinct approaches have been developed within the theory of
FODEs, differing only in whether they rely upon the notion
of fuzzy derivatives or not [8]. This dichotomy and the immaturity of the theory of FODEs and FPDEs might hamper
the widespread consideration of fuzziness within mathematical biology, despite often being faced with imprecise information. To overcome these barriers, we propose a coupledmap lattice (CML), developed by [9], to work with fuzzy initial conditions and/or parameters easily in a spatially explicit
context. A short overview of fuzziness in discrete dynamical systems will be presented in the ﬁrst section of this paper.
In the second section we will introduce the CML which will
be used to model spatio-temporal epidemic dynamics. In the
third section we will deal with fuzzy initial conditions, while
fuzzy parameters will be treated in the last section.

2

Fuzziness in discrete dynamical systems

A cellular automaton (CA), ﬁrst introduced by von Neumann
and Ulam as ‘cellular spaces’, and explored in detail by Wolfram [10, 11], is a mathematical model, discrete in all its
senses, e.g. space is represented by an inﬁnite lattice of cells,
updates occur only at discrete time steps and the states can
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only take a ﬁnite number of values [10]. CA and CML are
closely related, but in the latter states can take arbitrary values [12]. Although the ﬁrst notion of a fuzzy CA dates back
to the late 60s [13], literature on fuzzy CA is considered insufﬁcient [14]. Fuzzy automata were ﬁrst deﬁned by Wee and
Fu [13], but several alternative deﬁnitions have been proposed
[14, 15]. Essentially, every state is attributed a membership
value in a fuzzy CA [15], as such relaxing the condition of
merely allowing discrete states. Recently, a review on fuzzy
automata has been published [14], following the increasing
number of articles published on the topic (see [16, 17, 18]).
Despite the deﬁnition given in [13], fuzzy CA are often simply
understood as spatial extensions of fuzzy rule-based models
such as Mamdami-Assilian [19, 20] or Takagi-Sugeno models
[21], e.g. CA in which the local transition function is a fuzzy
rule-based model (see [22, 23, 24, 25, 26, 27]). To our knowledge, the notion of fuzziness in CML models has not been
addressed yet.

3

Spatially explicit modelling of epidemics

3.1 The model
Several authors, including Kaneko [12] and Wolfram [11],
have argued that CML and CA provide a suitable framework
to deal with spatio-temporal dynamics. This is illustrated by
the rich variety of such models that has been developed during
the last decade for describing various spatial biological phenomena such as epidemics [28, 29, 30], population dynamics [31, 32], tumor growth [33, 34, 35], bioﬁlm development
[36, 37] and much other phenomena [38, 39].
Recently, Baetens and De Baets [9] proposed a generalized
CML for modelling various biological phenomena, traditionally described by means of PDEs. Their model is general in
two senses. Firstly, exploiting graph notations makes it independent from the spatial subdivisions used to discretize the
space domain and secondly, it can serve as a basis for modelling various biological phenomena. With regard to an epidemic sweeping through a region which is subdivided into irregular polygons, and involving only non-reproducing susceptible and infected individuals, it can be written in a simpliﬁed
form as

 t+1
wjk G (Ij , djk ) Ikt
Sj = Sjt − Sjt
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where Sjt , resp. Ijt , represent the fraction of susceptible, resp.
infected individuals within polygon Pj at the t-th time step
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initial conditions Ik0 necessary to iteratively solve (3). As indicated by Beale [40], spatial epidemiological data are becoming increasingly available, providing the means to deduce Ik0 .
Nonetheless, one has to be aware of the imprecision in the outbreak data which can be modeled with a fuzzy set approach.
Analogously, the parameters in (4) might only be known imprecisely, and will be regarded as the second source of fuzziN (Pj ) = {Pk ∈ P | dij ≤ } ,
(2) ness. Since the mathematical functions in (3) are restricted
to the basic arithmetic operations and involve no derivatives,
where  is the neighbourhood radius. Further, wjk is a weight- it becomes relatively straightforward to obtain the fuzzy sysing factor, weighing the inﬂuence of every Pk ∈ N (Pj ) in tem’s spatio-temporal dynamics. Nonetheless, one has to bear
the determination of Sjt+1 , and Ij contains information about in mind the coupling between Sjt and Ijt through the condition
Pj . This model may be regarded as a discrete analogue of Sjt + Ijt = 1, at all t, and for all Pj . As such, Sjt and Ijt canthe PDE-based SI-model (see [2]). Assuming Sjt + Ijt = 1, not take values independently of each other and may be called
at all t, and for all Pj , we only have to keep track of one of interactive fuzzy variables [41]. Their joint possibility distrithe system’s equations in order to follow its dynamics. From bution Cjt is not given by Sjt × Ijt as illustrated in Fig. 1(a),
(1)
clearly that the system has a single ﬁxed point but can be deﬁned as [42]

 ∗it follows
Sj , Ij∗ = (0, 1).
Within the framework of this paper, only a rectangular lat t α


tice consisting of 101 × 101 equally-sized cells will be conCj = l stj,1 (α), itj,2 (α) +
sidered, since we rather want to focus on the fuzziness in (1)


than on its general applicability as discussed in [9]. Moreover,
(1 − l) stj,2 (α), itj,1 (α) | l ∈ [0, 1] , (6)
we will assume that the region is spatially homogeneous, e.g.
for all α ∈ [0, 1], and is depicted in Fig. 1(b). The extension
G does not depend on Ij , reducing (1) to
f (Sjt , Ijt ) is deﬁned by [43]

Ijt+1 = Ijt + Sjt
wjk H (djk ) Ikt ,
(3)
f (Sjt , Ijt ) (z) = sup Cjt (x, y) .
(7)
Pk ∈ N (Pj )
and G is a function describing the effect of landscape and
connectivity characteristics on the epidemic spread, djk is the
distance measured on a graph between the vertices vj and vk ,
representing polygons Pj and Pk , N (Pj ) is the set of polygons of which the infected inhabitants can affect Ijt+1 , e.g. the
neighbourhood of Pj deﬁned as

f (x,y)=z

where we introduced the function H, only dependent on djk ,
to distinguish from G, potentially dependent on both djk
and Ij . Further, we will deﬁne

ν0 , if djk = 0,



 ν1 , if djk = 1,
H (djk ) =
..

.



ν , if djk = ,



(4)

Pk ∈ N (Pj )

wjk H (djk ) ≤ 1,

∀ t, Pj ,

(5)

Sjt + Ijt

α


= stj,1 (α) + itj,2 (α), stj,2 (α) + itj,1 (α) ,

(8)

and


where  is the neighbourhood radius and ν is a measure for
the epidemic’s virulence, in such a way that


Following the theory outlined in [44], Sjt and Ijt may be called
completely negatively ‘correlated’. In view of the existing interactivity we can write

Sjt · Ijt

α




= min stj,2 (α) · itj,1 (α), stj,1 (α) · itj,2 (α) ,


max stj,2 (α) · itj,1 (α), stj,1 (α) · itj,2 (α) .

(9)

All simulations were performed in Mathematica 6.0 (Wolfram
Research, Inc.) on a desktop PC with an Intel Dual Core 1.86
GHz processor. Although a quadratic lattice was used in this
paper, the described simulations can easily be performed when
irregular spatial subdivisions would be utilized.

assuring that 0 ≤ Ijt ≤ 1, at all t, and for all Pj . For this paper,
let  = 1, wjk = 18 for all j, k and j = k and wjk = 1 if j = k.
4 Fuzzy initial conditions
Consequently, Pj ’s eight nearest neighbours inﬂuence Ijt+1 to
the same degree.
In this section, we assume ν0 = 0.5 and ν1 = 0.5, meaning
that the spread of an infection in a polygon Pj can be equally
3.2 Fuzziness in the proposed model
attributed to infected individuals living in Pj as to infected inIn the remainder of this paper Sjt and Ijt are consid- dividuals residing in Pj ’s neighbourhood. First, we will con α sider the situation in which a disease outbreak was recorded
ered fuzzy intervals in [0, 1], while the notations Sjt
 t α
in the center polygon Pc of the grid, but only imprecise inand I
will refer to their respective α-cuts deﬁned by
formation was available on the proportion of initially infected

 t αj
0
= s ∈ [0, 1] | Sjt (s) ≥ α if α > 0 and Sjt = individuals. As such, we adopted the following initial condiSj
cl s ∈ [0, 1] | Sjt (s) > 0 (the closure of the support) if α = tion
 0
 α
 Ij = (0.2, 0.3, 0.4) , if j = c
0, and analogously for Ijt . In consequence, we can write
 t α  t
 t α t
(10)
t
t
Sj = sj,1 (α), sj,2 (α) and Ij = ij,1 (α), ij,2 (α) . A
 I0 = 0
,
else.
j
triangular fuzzy interval A will be denoted as A ≡ (l, u, r)
0
1
Figure 2 illustrates the CML evolution during the ﬁrst time
where [A] = [l, r] and [A] = {u}. Two sources of fuzziness
in (3) will be examined more closely. A ﬁrst concerns the interval: starting from the initial condition (Fig. 2(a), 2(d)),
ISBN: 978-989-95079-6-8
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Figure 1: Non-interactive (a) and interactive (b) joint possibility distributions.
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Figure 2: Evolution from Ij0
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the lattice sites are updated according to (3), yielding the updated fuzzy states (Fig. 2(c), 2(f)). Since the neighbourhood
was restricted to the nearest neighbours, it sufﬁces to plot only
the center polygon and its nearest neighbours to view all state
changes during the ﬁrst time interval. Underlining was used in
order to visualize how the interaction between Sjt and Ijt was
 0
taken into account. For instance, Ij1 was calculated as
 1 0
 0 
Ij = Ij0 + s0j,2 (0) · 12 i0j,1 (0), s0j,1 (0) · 12 i0j,2 (0)
= [0.2, 0.4] + [0.8 · 0.1, 0.6 · 0.2]
= [0.28, 0.52]

Figure 3 shows the proportion of infected individuals after
two, ﬁve, ten and ﬁfteen time steps following the epidemic
outbreak. For reasons of clarity, we limited the depicted spatial extent. The ﬁll color of the polygons corresponds to the
 1
value of Ijt , while the vertical axis indicates the memberISBN: 978-989-95079-6-8
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(a, b, c) and from Sj0

(f) [Sj1 ]0
0


to Sj1

0

(e, d, f).

ship value of all i ∈ [0, 1]. For each polygon, the fuzzy interval Ijt (i) is depicted at the center of the Y -direction, with
the i-values marked along the X-direction, as indicated by
the additional axis drawn at the back of the plots depicted in
Fig. 3(a). This ﬁgure shows clearly that, although the epidemic was caused by an imprecise number of infected individuals residing in the center polygon, Ic5 ’s support was narrower
than that of Ic0 , meaning that the imprecision of the model prediction decreased in this polygon during the considered time
interval. This suggests that Ijt tended to a crisp number as
t → ∞ which was veriﬁed experimentally by running the
model for 150 time steps. This tendency could be expected
since (Sc∗ , Ic∗ ) = (0, 1) is an asymptotic ﬁxed point of the
CML. Further, it is shown in this ﬁgure that the imprecision,
initially only present in the outbreak data from the center polygon, propagated radially as a traveling wavefront giving rise to
fuzziness in the model predictions at other locations. Though,
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Figure 3: CML state two (a), ﬁve (b), ten (c) and ﬁfteen (d) time steps after an outbreak was recorded in the center polygon.
data in each of the initially infected polygons might ‘interact’
when the epidemic waves meet. This was conﬁrmed by the
small roughnesses between the two peaks in Fig. 5 showing
the maximum width of Ijt ’s support during the ﬁrst 50 time
steps after an epidemic was initiated in two polygons which
are at distance 14 from one another. Similar to the abovedescribed situation, Ijt tended to a crisp number as t → ∞
and the CML evolved towards its ﬁxed point.

5 Uncertain epidemic properties

0

Figure 4: Maximum [Ict ] appeared during the ﬁrst 125 time
steps after an outbreak was recorded in the center polygon of
the grid.

the degree of imprecision, expressed as the maximum width
of Ijt ’s support for all t, decreased asymptotically to 0.1 as dcj
increased (Fig. 4).
Also the situation of simultaneous epidemic outbreaks at
different locations was studied more closely. For this setup,
it can be expected that the imprecision linked to the outbreak
ISBN: 978-989-95079-6-8

In this section we again consider the model given by (3) with
fuzzy initial conditions (10), but in addition we assume that ν0
was not known accurately and could be described as a triangular fuzzy interval ν0 = (0.2, 0.35, 0.5). Comparing Figs. 6
and 3 one clearly sees that Ijt ’s support was wider when both
the initial condition and ν0 were only imprecisely known. As
the wavefront propagated, the maximum width of the support
spanned the entire unit interval in polygons further from Pc
due to the successive non-interactive multiplication of ν0 and
IPt i . Yet, Ijt tended to a crisp number as t → ∞ since the
CML evolved to its ﬁxed point.

6

Conclusions

In this paper it was shown that imprecise information, described using a fuzzy set approach, can be used easily within
a spatially explicit model, based upon the coupled-map lattice
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Figure 6: CML state two (a), ﬁve (b), ten (c) and ﬁfteen (d) time steps after an outbreak was recorded in the center polygon.
paradigm. The presented modelling framework is perfectly
suited to cope with the growing importance and availability
of spatio-temporal data. Further work on this topic will consist of extending the presented model to cover also recovered
individuals.
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