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Abstract— Although an overall knowledge discovery process consists of a distinct pre-processing stage followed by the data mining
step, it seems that existing formal concept analysis (FCA) and association rules mining (ARM) approaches, dealing with many-valued
contexts, mainly focus on the data mining stage. An “intelligent”
pre-processing of input contexts is often absent in existing FCA/ARM
approaches, leading to an unavoidable information loss. Usually,
many-valued attribute domains need to be first fuzzily partitioned.
However, it is unrealistic that the most appropriate fuzzy partitions
can be provided by domain experts. In this paper, an unsupervised
learning stage, based on Fuzzy C-Means algorithm, is proposed in
order to get fuzzy partitions that are faithful to data for quantitative
attribute domains, and consequently for avoiding the loss of valuable association rules due to the use of empirical fuzzy partitions.
More precisely, the paper reports an experiment where it is shown
that some rules are no longer found because their support or confidence is too low when using such empirical partitions. Experimental
results show that the learned fuzzy partition outperforms human expert fuzzy partitions. More generally, the paper provide discussions
about the handling of many-valued attributes in both fuzzy FCA and
fuzzy ARM.
Keywords— Many-valued formal contexts, fuzzy partitions,
fuzzy C-means, association rules.

1 Introduction
Association rules mining (ARM for short) [1] is one of the
most widely used data mining technique. This model of
knowledge represents the patterns of co-occurrence of items
in a collection of transactions. Typically, input data set is in
the form of sets of items called transactions (e.g. an item may
be things we buy in a market). Thus an example of an association rule is an expression of the form “beer” ∧ “sausage” ⇒
“mustard” which represents the fact that purchasing beer and
sausage implies purchasing mustard with some degree. It is
important to point out that, in the classical setting, considered
input data sets (called contexts in the rest of this paper) are
binary (i.e. are expressed in terms of binary attributes).
Formal concept analysis [2] (FCA for short) consists also of
learning some knowledge representation model in an unsupervised way. In the classical setting of this theory, the considered
input data set is called formal context (also called context in
this paper). It consists of a binary relation between a set of
objects and a set of properties. This relation is usually represented as a table with rows corresponding to objects, columns
corresponding to properties (or conversely), and table entries
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containing 1’s or 0’s depending on whether an object has or
not the corresponding property.
It appears that, in their classical setting, both FCA and
ARM are concerned with crisp binary contexts. However realworld data usually contain heterogenous kinds of data (binary,
categorical, quantitative, etc...). In order to generalize binary
settings to many-valued contexts (i.e. with quantitative or categorical attributes) it is usually suggested to partition quantitative attribute domain into many fuzzy intervals.
Few approaches propose a complete pre-processing stage
that is intended to get an optimal fuzzy partition. In [3],
authors propose a genetic algorithm-based clustering method
that adjusts the centroids of the clusters, which are to be handled as midpoints of the triangular fuzzy partitions. Another
approach, also based on genetic algorithms, is proposed in [4].
Based on a linguistic representation model, authors propose
to perform a genetic lateral tuning of the membership functions. Authors consider also that each attribute has a predefined number of linguistic terms associated to it. For example,
Low, Middle and High are the fuzzy linguistic terms covering
the domain of the attribute Age.
Concerning these approaches, one may notice that they
consider fuzzy partitions restricted to triangular membership
functions. On the other hand, the number of clusters has to
be empirically fixed for each attribute. Then, the fuzzy partitioning may be considered as ad-hoc to some extent and is far
to be information lossless. In other words, the distribution of
the data into the context is not taken into account for the assessment of discovered patterns. For this purpose, we present
an approach that consists of learning the fuzzy partitions by
means of the well-known Fuzzy C-Means algorithm. We also
consider cluster validity measures in order to get an optimal
multi-prototype context representation.
The paper is organized as follows. Section 2 gives some
basic notions of FCA and ARM frameworks, while both crisp
and fuzzy partitioning methods are reviewed. The next section highlights the information loss problem with empirical
or expert-based fuzzy partitions. In the fourth section, data
faithful fuzzy partitions are learned using Fuzzy C-Means algorithm. Experimental results on the adult database (UCI Machine Learning Repository) show that the proposed approach
avoids information loss and outperforms in terms of support
and confidence measures, expert-based partitions. Finally, we
conclude and give future perspectives.
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2

Basic Notions

(A1 , B1 )

(A2 , B2 ) iff A1 ⊆ A2 (or, equivalently,
B1 ⊇ B2 )

This section introduces main notions and terminology for both
FCA and ARM paradigms and then, presents quantitative con- (B (K), ) forms a complete lattice, called the concept lattice
text representation and its inherent sharp boundary problem.
of K (for more details on the lattice structure see [9]).
It appears that ARM and more generally FCA both re2.1 Association Rules Mining
quire, in their classical setting, the same context representaFormally, let X be a set of objects
(called also trans
tion which is a binary context.
,
x
,
...,
x
}
and
let
Y be a set of
actions)
X
=
{x
1
2
|X
|

items Y = {y1 , y2 , ..., y|Y| } . A context K is denoted as 2.3 Quantitative Context Representation
K = (X , Y, R) where R is a binary relation (xRy indicates
that item y satisfies the transaction x). An association rule is of In order to generalize binary context settings to many-valued
the form A ⇒ B where A, B ⊆ Y, A ∩ B = ∅ and, A, B = ∅. contexts, Srikant et al. [10] suggested to partition a quantitaThe intended meaning of this rule is that the presence of all of tive attribute domain into intervals. In their approach, these
the items of A in a transaction implies the presence of all of authors proposed to map a quantitative or categorical attribute
the items of B in the same transaction. Association rules are value into a Boolean attribute value in the following way. Let
assigned support and confidence measures for a given context. y be an attribute whose domain is quantitative (the principle
The support defines the percentage of transactions that satisfy remains the same with a categorical attribute). Let Dom (y)
(contain) both A and B. Whereas the confidence expresses the denote the domain of y (according to the relational paradigm,
conditional probability that B is satisfied given that A is satis- Dom (y) is necessarily a finite set). For a given object x we
fied. These measures denoted respectively Sup and Conf are denote by x[y] the value v of y for the object x (i.e. x[y] = v).
If the set Dom (y) consists of few values, the mapping is
defined as:
straightforward. Conceptually, the authors propose to have
instead of the attribute y, as many new attributes as the cardi|{x ∈ X | ∀y ∈ A ∪ B, xRy}|
(1) nality of the set Dom (y). The new attributes are of the form
Sup (A ⇒ B) =
|X |
“y.vk ” (where vk ∈ Dom (y)). The values of the new binary
formal
context are given as:
Sup(A ⇒ B)
Conf(A ⇒ B) =
(2)
Sup(A)

1 if x[y] = vk
Hence, an itemset A is said frequent, if its support is greater
x[y.vk ] =
0 otherwise.
than a fixed threshold ξ (i.e. Sup(A)  ξ). A large variety of
representational and computational approaches for association
If the set Dom (y) is large, it is partitioned into different
rules mining have been published in the literature in the case
intervals I1 , I2 , ..., Ip . Attributes of the new binary context
of binary items. Among them, frequent-based [5] and closedare of the form “y.Ik ” and are given as:
based [6] approaches. While the former generate the lattice of

all frequent itemsets, the latter generate a more condensed rep1 if x[y] ∈ Ik
resentation through the so-called closed itemsets lattice. For
x[y.Ik ] =
0 otherwise.
instance, based on the notion of closed itemsets, and minimal
implication rules base (e.g. Duquenne-Guigues base, LuxemNote that in the two above cases only particular subsets (sinburger base) [7], association rules may be easily inferred from
gletons or definite intervals) are allowed.
a closed itemsets lattice structure without enumerating them
An example of a many-valued context is illustrated in Ta[8]. This kind of approach is closely related to formal concept
ble
1, while Table 2 gives the corresponding binary mapping.
analysis since the closed itemsets lattice is isomorphic to the
concepts lattice which is described below.
2.2

Formal Concept Analysis

Formal concept analysis theory, proposed by [2], deals with a
particular kind of analysis of data based on a formal context.
Let us consider a similar notation as used above. A set X
of objects, a set Y of attributes and a formal context K =
(X , Y, R) with R a binary relation (xRy means that object x
verifies attribute y). Let A (resp. B) be a subset of X (resp.
Y), two mappings ↑ and ↓ are symmetrically defined:
A ↑ = {y | ∀x ∈ A, xRy}
B ↓ = {x | ∀y ∈ B, xRy}
From a formal context, one can construct pairs (A, B) such
that A ↑= B and B ↓= A known as formal concepts, where
A and B are called respectively the extent and the intent of
the corresponding concept. The set B (K) of all formal concepts in the formal context K is equipped with a partial order
(denoted ) defined as:
ISBN: 978-989-95079-6-8

Table 1: An example of a many-valued context.
Obj\Attr Age Marital
Native
Work
Status
Country Class
Alice
23
single
USA
never-worked
Boris
24
married
USA
private
Cyril
31
married
USA
fed-gov
David
60
divorced Haiti
self-emp

Table 2: An example of a many-valued context mapping.
Obj\Attr Age.[20,29] Age.[30,39] Age.[40,49] ...
Alice
1
0
0
...
Boris
1
0
0
...
Cyril
0
1
0
...
David
0
0
0
...
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2.4

Crisp vs. Fuzzy Context Representation

1

0

0

Very Old

Old

Middle Age

Old

Middle Age

Young

Table 3: Fuzzy representation of a many-valued context.
Obj\Attr Age.Very Age.Young Age.
...
Young
Middle Age
Alice
0.4
0.6
0
...
Boris
0.2
0.8
0
...
Cyril
0
1
0
...
David
0
0
0
...

Middle Age

Very Young

Young

Very Young

Young

Kid

Baby

association rules discovery, one may find different fuzzy representations of the attribute Age. These partitions F1 , F2 , F3 ,
In [10], the authors point out a dilemma between support and
F4 are respectively showed in Fig. 1, Fig. 2, Fig. 3, Fig. 4.
confidence measures caused by crisp partitions. On the one
hand, if the number of intervals for a quantitative attribute
is important, the support for any single interval may be low.
Hence, without using larger intervals, some rules involving
1
this attribute may not be found because they lack minimal support. On the other hand, if the intervals are too large, some
rules may not have minimal confidence. Indeed, when interval becomes larger, the support of the antecedent A of a rule
A ⇒ B becomes higher. Consequently, the confidence of the
0
0 2 4 12 15 20 25
35 40
50
60
75
90
rule i.e. the ratio Supp (A ⇒ B) /Supp (A) decreases and
the rule may not have minimal confidence.
Figure 1: Fuzzy partition F1 given in [14].
Besides, in [11, 12] other authors point out some undesirable threshold effects caused by crisp partitions. Such effects
are well-known, for instance, from histograms in statistics:
A slight variation of the boundary points of the intervals can
have a noticeable effect on the histogram induced by a num1
ber of observations. Likewise, the variation of a partition can
strongly influence the evaluation of association rules.
Considering the above dilemma and the undesirable threshold effects, fuzzy partitions (in fuzzy intervals) have been
0
widely used instead of crisp partitions (crisp intervals). This
0
20
40
60
80
has led to fuzzy association rules [13, 14, 15] and to fuzzy
concepts analysis [16, 17]. For example, Table 3 illustrates
Figure 2: Fuzzy partition F2 given in [15].
a fuzzy representation for the many-valued context given in
Table 1, when choosing the fuzzy partition F1 (see Fig. 1).

25

30

35

50

55

Age

Figure 3: Fuzzy partition F3 given in [11].

1. ∀i = 1..n 
Fi = ∅ ∧ Fi = U
2. ∀u ∈ U,
i Fi (u) = 1
3.1

Empirical Fuzzy Partitions

Classical fuzzy set theory has a powerful tool to manage granularity, namely linguistic variables, introduced by Zadeh [18].
Fuzzy partitions are generally based on those linguistic variables. However the complete specification of a linguistic variable may obviously differ from a user to another. For example,
in a survey of the literature [11, 12, 14, 15] related to fuzzy
ISBN: 978-989-95079-6-8

1

0

0

25

30

35

Old

Young

There are two distinct tendencies to transform a many-valued
context into a fuzzy partitioned one. The former is based on
human expertise, or is even given empirically. The latter uses
dedicated heuristics (e.g. [16]). These partitioning methods
induce important information loss as it will be showed in this
section. Let us before, recall the definition of a fuzzy partition.
Definition1.
A fuzzy partition of a set X on a universe U is a family
F (X) = (F1 , ..., Fn ) such that:

Middle Age

3 Information Loss in Quantitative Context

50

60

Age

Figure 4: Fuzzy partition F4 given in [12].
In order to highlight the information loss that may arise
with a given fuzzy context compared to another one, we
induce all the fuzzy association rules w.r.t a fixed support threshold ξ. The Adult benchmark database (UCI
Machine Learning Repository) available at http://www.ics.
uciedu/mlearn/MLRepositery is taken as a target context for
our experiments. Note that, we have restricted the Adult context up to six categorical attributes (i.e. Marital Status, Native Country, Work Class, Salary Class, Education, Occupation) and one quantitative attribute (i.e. Age). According to
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the fuzzy partitions represented respectively in Fig. 1, Fig. 2,
Fig. 3, Fig. 4 (namely F1 , F2 , F3 , F4 ) we apply the fuzzy association rules mining algorithm that is fully described in [13]
for each of the four fuzzy Adult contexts.
Note that, the algorithm in [13] uses a co-occurrence semantics [19] for fuzzy rules. However the information loss
phenomenon could be observed as well with gradual or certainty semantics [19] .
Thus among the fuzzy rules induced by each partition
F1 -F4 , we have chosen the following association rules to
illustrate information loss:
R1:(Age.young)⇒(MaritalStatus.single)
R2:(Age.middle)⇒(WorkClass.private)
R3:(Age.young)⇒(WorkClass.private)
R4:(Age.middle)∧(WorkClass.private)⇒(NativeCountry.USA)
By analyzing the results, illustrated in Table 4, it may be
remarked that:
1. Different support and confidence measures are found.
This confers an uncertainty to the final decision process.
2. More important is a clear information loss materialized
by the non discovery of many rules. For example, the rule
R1 does not exist in the fuzzy context F1 even though
this fuzzy context contains the fuzzy label young.

well-suited. Indeed, in [20] two important stages (i.e. Processing and Transformation) are intended to get a well-suited
representation for the next data mining stage. This is why, we
propose a fuzzy learning stage.

4

Learning Fuzzy Partitions

The Fuzzy C-Means algorithm [21, 22] is one of the strongest
and widely used fuzzy clustering method. It is based on an iterative optimization of a fuzzy objective function. This function characterizes the partition and is given as:
Jm (X, U, V ) =

c
n 


µm
jk xj − vk 

2

(3)

j=1 k=1

where X = {x1 , ..., xn } represents the domain to partition, V = {v1 , ..., vc } represents the set of cluster centers and
U = (µki )n×c is the fuzzy partition matrix composed of the
membership degree of each item xj in each cluster k. The
exponent m is a parameter called fuzzifier.
The distance measure usually used is the Euclidian distance
between a datum and a prototype (cluster center). Each cluster
Vk is determined as:
n
m
j=1 (µjk ) xj
(4)
Vk = n
m
j=1 (µjk )

Whereas the elements µjk of the fuzzy partition matrix are
Besides, defining such fuzzy partitions may not be intuitive for
given as:
humans. This is especially true for attributes where there does
not exist a more or less standard linguistic vocabulary which

µjk = 0
if Jj = ∅ ∧ k ∈
/ Jj
fuzzily partition the attribute domain.






 
if Jj = ∅ ∧ k ∈ Jj
k∈Jj µjk = 1
Table 4: Information loss for expert fuzzy partitioning.
(5)


R1
R2
R3
R4

1

if Jj = ∅

1
 µjk =  c  xj −vk 2  m−1
Sup/Conf Sup/Conf Sup/Conf Sup/Conf

l=1
xj −vl 2
F1 
0.26/0.72 
0.13/0.90
F2 0.08/0.77 0.17/0.68 0.31/0.75 0.08/0.88
with Jj = {k | 1  k  c, xj − vk  = 0}
F3 0.05/0.98 

0.20/0.92
4.1 Algorithm
F4 0.13/0.59 0.47/0.77 
0.30/0.94
The proposed algorithm integrates cluster validity measures
where the mark  indicates that the rule could not be dis- [23] in order to obtain an optimal fuzzy partition. It takes
covered since it lacks support.
as input a minimal (resp. maximal) number of fuzzy partitions allowed, denoted Cmin (resp. Cmax). It takes also a
3.2 Heuristic-Based Contexts Mapping
fixed threshold tolerance denoted θ. The vector V contains the
The second family of approaches deals with a particular gen- cluster centers and it is randomly initialized. The algorithm is
eralization of many-valued contexts based on some heuristics given as follows:
depending on the nature of the context. In [16] a “single- Begin.
pivot” representation is proposed. The so-called pivot is taken 1: Cmin := 2; Cmax := 10;
as the maximum value in the attribute domain. The equiv- 2: θ := 0.001;
alent fuzzy context is obtained by dividing the quantitative 3: For l:=Cmin To Cmax Do
(l)
values by the maximal value of the domain, thus achieving 4: Initialize V randomly;
(l)
the estimation of a fuzzy proximity to the maximum value. 5: Compute the partition matrix U with expression (5);
For example, the equivalent fuzzy representation of the at- 6: Compute the objective function J with (3);
tribute Age given in Table 1 will be: {(Alice,0.38), (Boris,0.4), 7: Update the cluster centers using (4);
(Cyril,0.51), (David,1)}. One may remark that some non uni- 8: Compute the new partition matrix with (5);
form data distribution (e.g. with few values near the pivot and 9: Compute the new objective function Jnew ;
almost all values far from it) will lead to an unavoidable infor- 10: If (J − Jnew ) < θ goto 3 else goto 7;
11: End For
mation loss for any knowledge discovery process.
As a summary, it appears that empirical, or heuristic-based 12: Determine l s.t. V pc(l) = min (V pc(k))k=Cmin,Cmax
fuzzy partitioning for data mining applications may be not 13: Return V (l) , U (l)
ISBN: 978-989-95079-6-8
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End.
Definition2.
The equivalent fuzzy representation of a quantitative attribute
y corresponds to the pair (Fy , Uy ) where:
Fy = {y.V1 , .., y.Vk , .., y.Vc }
Uy (xi , y.Vk ) = µik
This definition means also that we have chosen to label each
fuzzy cluster k by its prototype (cluster center) Vk . Considering that membership degrees to these fuzzy clusters are determined using a distance measure (i.e. Euclidian distance), the
semantics attached to the discovered fuzzy association rules Figure 5: Probability distribution for Age attribute in Adult
−
→
−
y ) ⇒ Z.Vl (−
z ) is of the type: the presence of →
y ’s context.
Y.Vk (→
−
→
near to the prototype Y.Vk , imply the presence of z ’s near to
the prototype Z.Vl .
4.2

Cluster validity measures

Our algorithm is implemented considering two options:
i) the end-user may specify the number c of partitions, and
even the center of classes (i.e. V1 , ..., Vc ),
ii) the learning algorithm determines itself the optimal number
of classes using the Vpc validity measure as done in the above
algorithm.
The partition coefficient (Vpc) [23] measure has been chosen since this measure is based on the subsethood degrees µjk .
It is given as:
n

V pc =

c

1  2
µjk
n j=1
k=1

5

(6) Figure 6: The learned fuzzy partition for Age attribute in Adult
context.

Experimental Results

All experiments were performed on a 3.0 Ghz Pentium-IV PC
with 512 MB main memory running on Microsoft Windows
XP. Algorithms were implemented in C++.
The fuzzy association rules mining algorithm is an APRIORI like implementation. Cardinalities of fuzzy sets are
computed using a Σ−count operator. While conjunction in
expressions of support and confidence, resp. (1) and (2), is
performed using the min operator. We have also considered
weighted α−cuts for computing support and confidence measures which avoids accumulation of small (irrelevant) cardinalities. The reader is referred to [13] for complete details.
Experiments were performed on the Adult database (see
section §3.1.). Many objects in the Adult context contain missing (null) values. Such objects have been deleted from the
initial context which reduces the size of the considered context to 32561 objects. The probability distribution for the Age
attribute is represented in Fig. 5.
Our fuzzy partition learning process for the Age attribute
yields two fuzzy clusters and induces the partition:
Fage = {age.25, age.43}
where 25 and 43 correspond to the prototypes (cluster centers). The complete partition is showed in Fig. 6.
According to the partition Fage , we show below some new
fuzzy association rules that are now discovered.
(Age.25)∧(Workclass.Private)⇒(NativeCountry.USA)
ISBN: 978-989-95079-6-8

[support=0.32;confidence=0.89]
(Age.25)∧(Workclass.Private)∧(NativeCountry.USA)⇒
(Salary Class.LeastThan50K$ ) [support=0.31;confidence=1]
(Age.43)⇒(Workclass.Private)
[support=0.24;confidence=0.69]
(Age.25)⇒(Workclass.Private)
[support=0.35;confidence=0.94]
(Age.43)∧(Workclass.Private)⇒(NativeCountry.USA)
[support=0.32;confidence=0.89]
It has been checked that, related to the prototypes,
almost all rules are now discovered.
For instance,
the fourth above rule is a counterpart of the rule R3
((Age.young)⇒(WorkClass.private)), which was not found
using the three partitions F1 , F3 , F4 .

6 Conclusion and Perspectives
This paper deals with the transformation stage in a knowledge
discovery process. An automatic approach is proposed for the
mapping of a many-valued context into a fuzzy context. This
mapping is achieved using a fuzzy clustering method. The difficulties of humans for determining fuzzy partitions and fuzzy
grades are avoided, which makes things easier for end-users in
real life applications. The Fuzzy C-Means algorithm has been
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chosen as a strong means to get optimized fuzzy partitions.
Besides experimental results show that the proposed approach
avoids information loss, which departs from the results of almost all existing approaches.
As a first perspective, we intend to enlarge the fuzzy partitions setting by allowing a hierarchical clusters representation. Similar ideas were already explored at least in two different ways. Wolff in [24] proposes a so-called conceptual scale
theory which handles many-valued (quantitative) attributes in
a fuzzy setting without being restricted to particular subsets
(singletons or definite intervals). Bosc et al. in [25] have outlined a knowledge extraction method based on the idea on the
fuzzy summarization of data, which may also be used in order
to cluster data in a hierarchical-like way.
As pointed out in [26] fuzzy association rules may be also of
interest for their increased expressivity. That’s why, we intend
secondly to investigate other semantics than co-occurrence,
namely the one of gradual and certainty rules.
Lastly, it is worth of interest to enlarge fuzzy contexts to incomplete information fuzzy contexts (i.e. with unknown values) [27],[28].
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