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Abstract— In this work we introduce the concept of Generalized
Atanassov’s Intuitionistic Fuzzy Index. We characterize it in terms of
fuzzy implication operators and we propose a construction method
with automorphisms. Finally, we study some special properties of
the generalized Atanassov’s intuitionistic fuzzy index.
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1 Introduction
In 1983 Atanassov [1] introduced Atanassov’s intuitionistic
fuzzy sets (A − IF Ss) in such a way that each element of
the set has two values assigned, the membership degree and
the non-membership degree. In this direction, Atanassov deﬁned these sets also indicating that the index of intuitionism
of each element obtained by subtracting the sum of membership and non-membership from one (a subtraction that should
be positive and less than or equal to one), it is a measurement of the effect of working with Atanassov’s intuitionistic
fuzzy sets. We consider this intuitionistic index (or condition
of intuitionism) a very important characteristic of A − IF Ss
since from it we can obtain very valuable information of each
element and taking on advantage of this potentiality in different applications. For example, in image processing the task
of divide into disjoint parts a digital image is denoted as segmentation. The most commonly used strategy for segmenting
images is global thresholding that refers to the process of dividing the pixels in an image on the basis of their intensity
levels of gray. The experts have uncertainty when assigning
the pixels either to the background or to the object trough the
choice of the membership functions. Moreover, this choice
has proven to be of uttermost importance regarding the algorithms performance. In order to overcome this problem, we
consider using the Atanassov’s intuitionistic fuzzy index values for representing the uncertainty of the expert in determining that the pixel belongs to the background or that it belongs
to the object. From this point of view, we can consider the
expert provides the degree of membership of an element to an
A − IF S and also the degree of intuitionism the expert has
in given this membership degree (see [9]). This fact has led
us to present the new concept of Generalized Atanassov’s Intuitionistic Fuzzy Index that generalize the expression given
by Atanassov. We also provide a characterization method by
means of fuzzy implication operators. Moreover, we study
a construction method using automorphisms that allow us to
present simple expressions of said index.
Pankowska and Wygralak ([16, 17, 21]) proposed another
generalization of the intuitionistic index based on strong negations and triangular norms. This approach is used to construct
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ﬂexible algorithms of group decision making which involve
relative scalar cardinalities deﬁned by means of generalized
sigma counts of fuzzy sets.

2 Preliminary deﬁnitions
Let U be an ordinary ﬁnite non-empty set. An Atanassov’s
intuitionistic fuzzy set (A − IF S) [1] in U is an expression A
given by
A = {(u, µA (u), νA (u))|u ∈ U }
where

(1)

µA : U −→ [0, 1]
νA : U −→ [0, 1]

satisfy the condition 0 ≤ µA (u) + νA (u) ≤ 1 for all u in U.
The numbers µA (u) and νA (u) denote respectively the degree of membership and the degree of non-membership of the
element u in set A. We will also use the notation A(u) =
(µA (u), νA (u)). We will represent as A − IF Ss(U ) the set
of all the Atanassov’s intuitionistic fuzzy sets in U .
Atanassov deﬁned the Atanassov’s intuitionistic fuzzy index of
the element u in A ∈ A − IF Ss(U ) as:
ΠA (u) = 1 − µA (u) − νA (u).

(2)

We know fuzzy sets are represented exclusively by the
membership function degree, that is,
A = {(u, µA (u))|u ∈ U }.

(3)

Hereinafter, fuzzy sets have associated a non-membership degree given by one minus the membership degree:
A = {(u, µA (u), νA (u))|u ∈ U } =
{(u, µA (u), 1 − µA (u))|u ∈ U }.

(4)

Since µA (u)+νA (u) = µA (u)+1−µA (u) = 1, in this sense
fuzzy sets are considered as a particular case of Atanassov’s
intuitionistic fuzzy sets. We will represent as F Ss(U ) the set
of all the fuzzy sets in U .
We will call automorphism of the unit interval every function ϕ : [0, 1] → [0, 1] that is continuous and strictly increasing such that ϕ(0) = 0 and ϕ(1) = 1.
A function n : [0, 1] → [0, 1] such that n(0) = 1 and
n(1) = 0 is called a strong negation whenever it is strictly decreasing, continuous and involutive. Trillas ([19, 20]) proved
that n : [0, 1] → [0, 1] is a strong negation if and only if
there exists an automorphism ϕ of the unit interval such that

478

IFSA-EUSFLAT 2009
n(x) = ϕ−1 (1 − ϕ(x)). In this work we will only consider
strong negations.
We denote as L∗ the following set:
L∗ = {(x, y)|(x, y) ∈ [0, 1] × [0, 1] and x + y ≤ 1}

Theorem 1 A function n : L∗ → L∗ is an involutive
Atanassov’s intuitionistic fuzzy negation if and only if there
exists an involutive fuzzy negation n such that
n((x, y)) = (n(1 − y), 1 − n(x)).

(5)

(11)

and the elements 0L∗ = (0, 1) and 1L∗ = (1, 0).
For every (x, y), (z, t) ∈ L∗ the following expressions are
known ([1]-[8],[12]-[14]):

Throughout this work we will restrict to involutive
Atanassov’s intuitionistic fuzzy negations n generated from
a given negation n, as in Theorem 1.

• (x, y) ≤L∗ (z, t) if and only if x ≤ z and y ≥ t.
This relation is transitive, reﬂexive and antisymmetric.

3 Generalized Atanassov’s Intuitionistic Fuzzy
Index

• (x, y) = (z, t) if and only
(z, t) and (z, t) ≤L∗ (x, y).

In this section we propose the deﬁnition of generalized
Atanassov’s intuitionistic fuzzy index and we characterize
such index by means of fuzzy implication operators and automorphisms.

if

(x, y) ≤L∗

• (x, y)  (z, t) if and only if x ≤ z and y ≤ t .
In [14] is proven (L∗ , ≤L∗ ) is a complete lattice.
Therefore, if A ∈ F Ss(U ), then
Ac = {(u, 1 − µA (u), µA (u))|u ∈ U }.

(6)

Next, we recall the deﬁnition of Atanassov’s intuitionistic fuzzy t-norm and t-conorm and also the notion of trepresentability, in such a way, Deschrijver et al. gave a construction method of Atanassov’s intuitionistic fuzzy t-norms
and t-conorms by means of t-norms and t-conorms on [0, 1]
(see [14]).

Deﬁnition 4 A function ΠG : L∗ → [0, 1] is called a generalized Atanassov’s intuitionistic fuzzy index associated with the
strong negation n, if it satisﬁes the following conditions:
(i) ΠG ((x, y)) = 1 if and only if x = 0 and y = 0;
(ii) ΠG ((x, y)) = 0 if and only if x + y = 1;
(iii) If (z, t)  (x, y), then ΠG ((x, y)) ≤ ΠG ((z, t));
(iv) ΠG ((x, y)) = ΠG ( n((x, y))) for all (x, y) ∈ L∗ such
that n is generated from an involutive fuzzy negation n,
as in Theorem 1.

Deﬁnition 1 A function T : (L∗ )2 → L∗ is said to be an
Atanassov’s intuitionistic fuzzy t-norm if it is commutative, as- Example 2
sociative, and increasing (in both arguments with respect to (a) Π ((x, y)) = 1− y − x,
(12)
G
the order ≤L∗ ), with neutral element 1L∗ . In the same way, a
function S : (L∗ )2 → L∗ is said to be an Atanassov’s intu- with n(x) = 1 − x for all x ∈ [0, 1]. As we can observe, this
itionistic fuzzy t-conorm if it is commutative, associative, in- expression is equal to the expression (2) given by Atanassov.
0.5
creasing and with neutral element 0L∗ .
(13)
(b) ΠG ((x, y)) = ((1 − y) −x0.5 )2
Deﬁnition 2 An Atanassov’s intuitionistic fuzzy t-norm T is with n(x) = (1 − x0.5 )2 for all x ∈ [0, 1].
called t-representable if and only if there exist a t-norm T and
Fig. 1 depicts the expressions given by Example 2.
a t-conorm S on [0, 1] such that, for all (x, y), (z, t) ∈ L∗
T((x, y), (z, t)) = (T (x, z), S(y, t)) ∈ L∗ .

(7)

An Atanassov’s intuitionistic fuzzy t-conorm S is called trepresentable if and only if there exist a t-norm T and a tconorm S on [0, 1] such that, for all (x, y), (z, t) ∈ L∗
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Deﬁnition 3 ([10, 14]) An Atanassov’s intuitionistic fuzzy ((1 − y) − x )
negation is a function n : L∗ → L∗ that is decreasing (with
Next, we study the symmetry property of ΠG and we prove
respect to ≤L∗ ) such that n(0L∗ ) = 1L∗ and n(1L∗ ) = 0L∗ .
If for all (x, y) ∈ L∗ n(n((x, y))) = (x, y) it is said that n is that only it is satisﬁed if we take as n the standard negation. Later, we introduce a construction method of the geninvolutive.
eralized Atanassov’s intuitionistic fuzzy index using two auThe characterization of the Atanassov’s intuitionistic fuzzy tomorphisms. In this way, it is quite simple to give different
negations and the following result are presented in [14], for expressions of the intuitionistic index. Moreover, we analyze
interval-valued fuzzy sets are proven in [10].
the case if the two automorphisms that we are taking are equal.
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Proposition 1 Let ΠG be a generalized Atanassov’s intuitionistic fuzzy index associated with the strong negation n. Then,
ΠG ((x, y)) = ΠG ((y, x))

I7 . I(x, I(y, z)) = I(y, I(x, z)) (exchange property).
I8 . I(x, y) = 1 if and only if x ≤ y.
I9 . I(x, y) = I(n(y), n(x)) (contraposition) with a strong
negation n.

if and only if
n(x) = 1 − x; that is, n((x, y)) = (y, x).

I10 . I is a continuous function.

In [6] is provide the following important result.
Proof. If ΠG ((x, y)) = ΠG ((y, x)) and by means of item
(iv) of Deﬁnition 4 and Theorem 1, we obtain, ΠG ((x, y)) = Proposition 4 Let I : [0, 1]2 → [0, 1]. For all x, y, z ∈ [0, 1],
ΠG ((y, x)) = ΠG (n((x, y))) = ΠG ((n(1 − y), 1 − n(x))). the following properties hold:
Therefore, n(1 − y) = y and n(x) = 1 − x.
On the other side, if n is the standard negation, then (i) I satisﬁes I1 if and only if I(max(x, y), z) =
min(I(x, z), I(y, z)).
ΠG ((x, y)) = ΠG (n((x, y))) = ΠG ((n(1 − y), 1 − n(x))) =
ΠG ((y, x)).
(ii) I satisﬁes I1 if and only if I(min(x, y), z) =
max(I(x, z), I(y, z)).
Proposition 2 If ϕ1 , ϕ2 are two automorphisms of the unit
interval, then
(iii) I satisﬁes I2 if and only if I(x, min(y, z)) =
−1
min(I(x, y), I(x, z)).
Π ((x, y)) = ϕ (ϕ (1 − y) − ϕ (x))
(14)
G

1

2

2

with n(x) = ϕ−1
2 (1 − ϕ2 (x)) is a generalized Atanassov’s
intuitionistic fuzzy index associated with the strong negation
n.
Proof. We must proof the four properties of a generalized
Atanassov’s intuitionistic fuzzy index. The proof of properties
(i) and (ii) is direct bearing in mind the bound conditions of
automorphisms deﬁnition. (iii) if (z, t)  (x, y) then, z ≤ x
and t ≤ y. Automorphisms are strictly increasing therefore,
ϕ2 (z) ≤ ϕ2 (x) and ϕ2 (1 − y) ≤ ϕ2 (1 − t), so we obtain
ΠG ((x, y)) ≤ ΠG ((z, t)). (iv) Bearing in mind Teorem 1
and also n(x) = ϕ−1
2 (1 − ϕ2 (x)), we have ΠG ( n((x, y))) =
ΠG ((n(1−y), 1−n(x))) = ϕ−1
1 (ϕ2 (n(x))−ϕ2 (n(1−y))) =
−1
−1
ϕ−1
1 (ϕ2 (ϕ2 (1 − ϕ2 (x))) − ϕ2 (ϕ2 (1 − ϕ2 (1 − y)))) =
ΠG ((x, y)).
Proposition 3 In the conditions of Proposition 2:
ΠG ((0, y)) = 1 − y
if and only if
ϕ1 (x) = ϕ2 (x) f or all x ∈ [0, 1].
Proof. Direct.
For us, a fuzzy implication operator will be an implication
in the sense of Fodor and Roubens [15], that is, a function
2
I : [0, 1] → [0, 1] that satisﬁes the following properties:
I1 . If x ≤ z then I(x, y) ≥ I(z, y) for all y ∈ [0, 1];
I2 . If y ≤ t then I(x, y) ≤ I(x, t) for all x ∈ [0, 1];
I3 . I(0, x) = 1 (dominance of falsity) for all x ∈ [0, 1];
I4 . I(x, 1) = 1 for all x ∈ [0, 1].
I5 . I(1, 0) = 0.
Depending on the application the following properties can
also be demanded to a fuzzy implication operator:
I6 . I(1, x) = x (neutrality of truth).
ISBN: 978-989-95079-6-8

(iv) I satisﬁes I2 if and only if I(x, max(y, z))
max(I(x, y), I(x, z)).

=

Next, we will give a characterization of the generalized
Atanassov’s intuitionistic fuzzy index ΠG by means of a func2
tion I : [0, 1] → [0, 1] that satisﬁes some properties of fuzzy
implication operators.
Theorem 2 Let n be a strong negation. A function ΠG :
L∗ → [0, 1] is a generalized Atanassov’s intuitionistic fuzzy
index associated with the strong negation n
if and only if
there exists a function I : [0, 1]2 → [0, 1] satisfying I1, I8, I9,
and I(x, y) = 0 if and only if x = 1 and y = 0, such that
ΠG ((x, y)) = n(I(1 − y, x)).
Proof. Sufﬁciency. We need to prove the four properties of
Deﬁnition 4. Properties (i) and (ii) are direct. Property (iii)
we must consider the result proven in [6] that if I satisﬁes
I1 and I9 , then I satisﬁes I2 . Property (iv) is direct bearing in mind that I satisﬁes I9 and n is a strong negation. In
order to prove necessity, let us suppose that ΠG is a generalized Atanassov’s intuitionistic fuzzy index associated with the
strong negation n. Deﬁne I

1 if x ≤ y
I(x, y) =
(15)
n(ΠG ((y, 1 − x))) if x > y.
Now it is easy to prove that I satisﬁes I1 , I8 , I9 and also
I(x, y) = 0 if and only if x = 1 and y = 0.
Example 3 We build these generalized Atanassov’s intuitionistic fuzzy indices associated with the strong negation n(x) =
1 − x for all x ∈ [0, 1].
(a) Lukasiewicz implication: I(x, y) = min(1, 1 − x + y).
Then,
ΠG ((x, y)) = n(I(1 − y, x)) =
n(min(1, 1 − 1 + y + x)) = n(y + x) = 1 − y − x. (16)
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ΠG (max((x, y), (z, t))) = ΠG ((max(x, z), min(y, t))) =
n(I(1 − min(y, t), max(x, z))). Therefore,

(b) Fodor implication:

I(x, y) =

1
if x ≤ y
max(1 − x, y) if x > y

(17)

In this case we have

ΠG ((x, y)) =

0
if x + y = 1
n(max(y, x)) if x + y < 1.

(18)

Corollary 1 Let n be a strong negation. A continuous function ΠG : L∗ → [0, 1] such that ΠG ((x, 0)) = n(x) for all
x ∈ [0, 1] is a generalized Atanassov’s intuitionistic fuzzy index associated with the function I : [0, 1]2 → [0, 1] with I
satisfying I7 and I10
if and only if

n(ΠG ((max(x, z), min(y, t))))
I(1 − min(y, t), max(x, z))
I(max(1 − y, 1 − t), max(x, z))
max{I(max(1 − y, 1 − t), x),
I(max(1 − y, 1 − t), z)}
max{min(I(1 − y, x), I(1 − t, x)),
min(I(1 − y, z), I(1 − t, z))}
max{min(n(ΠG ((x, y))), n(ΠG ((x, t)))),
min(n(ΠG ((z, y))), n(ΠG ((z, t))))}
max{n(max(ΠG ((x, y)), ΠG ((x, t)))),
(n(max(ΠG ((z, y)), ΠG ((z, t))))}
n(min{max(ΠG ((x, y)), ΠG ((x, t))),
max(ΠG ((z, y)), ΠG ((z, t)))}).

=
=
=
=
=
=
=

(2) It is quite similar to the previous one but we must take
into account items (ii) and (iii) of Proposition 4.
Note the result presented in Theorem 3 is not valid
there exists an automorphism ϕ of the unit interval such that for any t-norm, t-conorm in L∗ .
The reason is that
we have not deﬁned the order relation ≤L∗ in Definition 4, only we have deﬁned the item (iii) If
ΠG ((x, y)) = ϕ−1 (ϕ(1 − y) − ϕ(x)) and
(z, t)  (x, y), then ΠG ((x, y)) ≤ ΠG ((z, t)). That
is,
max((x, y), (z, t)) = (max(x, z), min(y, t)) ≤L∗
n(x) = ϕ−1 (1 − ϕ(x))
(S(x, z), T (y, t)) = S((x, y), (z, t)) and we obtain that
ΠG (max((x, y), (z, t))) and ΠG (S((x, y), (z, t))) are imcomparable.
Proof. It’s enough to take into account Theorem 2, the relations between the properties of I studied in [6] and the follow4 Conclusions
ing theorem proved in 1987 by Smets and Magrez (see [18]):
2
a function I : [0, 1] → [0, 1] veriﬁes I2, I7, I8 and I10 if We deﬁne the concept of generalized Atanassov’s intuitionand only if there exists an automorphism ϕ of the unit interval istic fuzzy index and we give different construction methods.
We consider this concept could be applied to image processsuch that I(x, y) = ϕ−1 (min(1, 1 − ϕ(x) + ϕ(y))).
ing and we want to relate it with the concept of local contrast of a window of an image, that is, the local variations in
Example 4 if ϕ(x) = x2 for all x ∈ [0, 1], then
brightness. In [11] we proposed an expression of the local
contrast constructed from Atanassovs intuitionistic index by
2
2 0.5
(19) means of Atanassov’s intuitionistic fuzzy S-implications. LoΠG ((x, y)) = ((1 − y) − x ) ,
cal contrast, from our point of view, must satisfy some speciﬁc
properties and we would like to study the performance of the
with n(x) = (1 − x2 )0.5 for all x ∈ [0, 1].
new concept presented in this work with regard to our deﬁnition of local contrast of an image.
Next, we provide the expressions of ΠG when it is applied
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406, 2004.
[21] M. Wygralak. Representing incomplete knowledge
[8] H. Bustince, V. Mohedano, E. Barrenechea, M. Pagola .
about fuzzy sets. In Proc. 5th Eusﬂat Conf., Ostrava,
A study of the Intuitionistic Fuzzy S-Implication. First
Czech Rep.: Vol.II, 287–292, 2007.
Properties. Procesos de Toma de Decisiones, modelado
y Agregación de Preferencias, 141–150, Eds.:E. HerreraViedma, 2005.
[9] H. Bustince, M. Pagola, P. Melo-Pinto, E. Barrenechea,
P. Couto, Image Threshold Computation by modelizing
Knowledge/Unknowledge by means of Atanassov’s Intuitionistic Fuzzy Sets. Fuzzy Sets and Their Extensions:
Representation, Aggregation and Models. Intelligent Systems from Decision Making to Data Mining, Web Intelligence and Computer Vision, 621–638, Eds.: H. Bustince,
F. Herrera, J. montero, (Springer-Verlag), 2008.
[10] H. Bustince, E. Barrenechea, M. Pagola. Generation of
interval-valued fuzzy and Atanassov’s intuitionistic fuzzy
connectives from fuzzy connectives and from Kα operators: Laws for conjunctions and disjunctions, amplitude.
International Journal of Intelligent Systems, 23(6):680714, 2008.
[11] H. Bustince, E. Barrenechea, M. Pagola, J. Fernandez,
J. Olagoitia, P. Melo-Pinto, P. Couto. Contrast computing
using Atanassov’s intuitionistic fuzzy sets. In Proc. 8th
International FLINS Conference on Computational Intelligence in Decision and Control , Madrid: 259–264, 2008.
[12] C. Cornelis, G. Deschrijver. The Compositional Rule of
Inference in an Intuitionistic Fuzzy Logic Setting. In Proc.
6th ESSLLI Students Session, 2001.

[13] C. Cornelis, G. Deschrijver, E. Kerre. Classiﬁcation of
Intuitionistic Fuzzy Implicators: an Algebraic Approach.
In Proc. 6th Joint Conf. Information Sciences, Research
Triangle Park, USA: 105–108, 2002.
[14] G. Deschrijver, C. Cornelis, E. Kerre. On the representation of intuitionistic fuzzy t-norms and t-conorms. IEEE
Transactions on Fuzzy Systems, 12(1):45-61, 2004.
[15] J. Fodor, M. Roubens. Fuzzy Preference Modelling and
Multicriteria Decision Support. Theory and Decision.
Kluwer Academic Publishers, 1994.
[16] A. Pankowska, M. Wygralak. On hesitation degrees in
IF-set theory. In: LNAI 3070, Springer, 338–343, 2004.
[17] A. Pankowska, M. Wygralak. General If-sets with triangular norms and their applications to group decision making. Information Sciences, 176:2713–2754, 2006.
ISBN: 978-989-95079-6-8

482

