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Abstract— Some open problems on fuzzy implications dealing
with the so-called importation law are studied and totally or partially
solved in this work. In particular, it is proved that such property (in
fact a weaker version than the law of importation) is stronger than
the exchange principle. Along this study, new characterizations of
(S, N )-implications and R-implications involving the law of importation are showed.
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1 Introduction

2 Preliminaries
We will suppose the reader to be familiar with the theory of
t-norms, t-conorms and fuzzy negations (all necessary results
and notations can be found in [12]). We recall here only some
facts on implications.
Deﬁnition 1 A binary operator I : [0, 1]2 → [0, 1] is said to
be an implication function, or an implication, if it satisfies:
(I1) I(x, z) ≥ I(y, z) when x ≤ y, for all z ∈ [0, 1].
(I2) I(x, y) ≤ I(x, z) when y ≤ z, for all x ∈ [0, 1].

Fuzzy implications are an essential tool in fuzzy control and
approximate reasoning, as well as in many fields where these
theories apply. This is because they are used not only to
model fuzzy conditionals, but also to make inferences in any
fuzzy rule based system (see for instance [1] or [2]) through
the modus ponens and modus tollens. Moreover, fuzzy implications are also useful in many other fields like fuzzy relational equations and fuzzy mathematical morphology ([3]),
fuzzy DI-subsethood measures and image processing ([4] and
[5]), and data mining ([6]). Due to this great quantity of applications many authors have focused their interest in the theoretical study of fuzzy implications. See for instance the recent
book [7], exclusively devoted to fuzzy implications, and the
references therein.
From this theoretical study some open problems on fuzzy
implications have been recently posed in some works about
this topic. In this paper we want to deal with some of them
involving the so-called law of importation, that is derived from
the tautology in classical logic

(I3) I(0, 0) = I(1, 1) = 1 and I(1, 0) = 0.
Note that, from the definition, it follows that I(0, x) = 1 and
I(x, 1) = 1 for all x ∈ [0, 1] whereas the symmetrical values
I(x, 0) and I(1, x) are not derived from the definition.
Special interesting properties for implication functions are:
• The law of importation with a t-norm T ,
I(T (x, y), z) = I(x, I(y, z)),

for all

x, y, z ∈ [0, 1].
(LI)

• The exchange principle,
I(x, I(y, z)) = I(y, I(x, z)),

for all x, y, z ∈ [0, 1].
(EP)

• The ordering property,
x ≤ y ⇐⇒ I(x, y) = 1,

for all

x, y ∈ [0, 1].
(OP)

Among other models (see [3] and [7]), the most used fuzzy
implications are derived from t-norms and t-conorms and they
which, translated to fuzzy logic, becomes the functional equa- are:
tion:
• R-implications derived from a left-continuous t-norm T ,
(p ∧ q) → r ≡ p → (q → r)

I(T (x, y), z) = I(x, I(y, z)) for all x, y, z ∈ [0, 1]

(1)

(2)

IT (x, y) = sup{z ∈ [0, 1] | T (x, z) ≤ y}

(3)

for all x, y ∈ [0, 1].
where T is a t-norm and I is a fuzzy implication. This property
has been extensively studied in [8] and [9] for many kinds of
• (S, N )-implications derived from a t-conorm S and a
implications derived from t-norms and t-conorms. Moreover,
strong negation1 N ,
an extension of (2) involving uninorms instead of t-norms has
been also studied in [10]. From this study some open probfor all x, y ∈ [0, 1].
IS,N (x, y) = S(N (x), y)
lems for fuzzy implications involving the law of importation
(4)
have been posed (see [11]) that we will try to solve in next
1
This kind of implications has been characterized also when N is
sections. During the process, new characterizations of (S, N )strict or continuous, see [13]. However, (LI) has been studied only in
implications and R-implications involving the law of importa- the cases when N is strict or strong, but not when N is only continuous.
tion are showed.
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But also QL-implications and D-implications respectively
Note that for R, (S, N ), QL and D-implications derived
given by
from t-norms and t-conorms the answer of both problems is
(5) positive (see [8] and [9]). With respect to (OP1) a negative
IQL (x, y) = S(N (x), T (x, y))
answer has been done in [10] (see also [7], Section 7.3) by usfor all x, y ∈ [0, 1], and
ing implications derived from uninorms. The examples given
in these works are implications satisfying (EP) such that they
ID (x, y) = S(T (N (x), N (y)), y)
(6) do not satisfy (LI) for any t-norm. However, in all these cases
there exists a conjunctive uninorm for which the (LI) holds
for all x, y ∈ [0, 1], where T is a t-norm, S a t-conorm and N and thus, the problems above are just translated to the followa strong negation. For all these kinds of implications the (LI) ing more general versions:
is equivalent to the (EP ) and moreover, there is one and only
1. (OP1’) Does the exchange principle imply that there exone t-norm for which the (LI) holds (see [8] and [9]).
ists a uninorm (or a more general binary operation) such
Finally let us recall the characterizations of (S, N ) and Rthat the law of importation holds? If not, give an examimplications. Several of these characterizations can be found
ple and characterize all fuzzy implications for which the
in the literature:
answer is positive.
Theorem 1 ([13]) For a function I : [0, 1]2 → [0, 1] the following statements are equivalent:

2. (OP2’) Is the uninorm in the law of importation uniquely
determined?

(i). I is an (S, N )-implication generated from some t- Moreover, the answer of both problems is again positive for R,
conorm S and some continuous (strict, strong) fuzzy S, QL and D-implications derived from uninorms (see [10]).
Along the paper, we will prove that (OP1’) has a negative
negation N
answer in general and we will characterize some particular
(ii). I satisfies (I1), (EP) and I(x, 0) = N (x) is a continuous cases for which the answer is positive. On the other hand, with
(strict, strong) fuzzy negation.
respect to (OP2) some counterexamples have been proved in
[7] for implications I for which I(x, 0) equals the greatest or
Theorem 2 ([14], [15] or [7]) Let I : [0, 1]2 → [0, 1] be the least fuzzy negation (the same examples work for (OP2’)).
a function. Then I is an R-implication derived from a left- We will discuss however the case when I(x, 0) is at least a
continuous t-norm, if and only if, I satisfies (I2), (OP), (EP) continuous fuzzy negation.
and I is right-continuous with respect to the second variable.
3.1 The Weak Law of Importation (WLI)
To deal with these problems let us introduce a weaker law
of importation than (LI), by reducing the requirements on the
function T . To maintain its relation with the exchange principle we need to take T commutative, and due to the monotonicity of implication functions it seems also adequate to take
2
Theorem 3 Let I : [0, 1] → [0, 1] be a function. Then I is T nondecreasing, but no more conditions are necessary. Thus
a continuous function satisfying (OP), (EP), if and only if, I we introduce the following
is conjugate with the Łukasiewicz implication, that is, there Deﬁnition 2 Let I : [0, 1]2 → [0, 1] be a function. We say
exists a unique increasing bijection ϕ : [0, 1] → [0, 1] such that I satisfies the weak law of importation if there exists a
that
commutative and nondecreasing function F : [0, 1]2 → [0, 1]
(7) such that
I(x, y) = ϕ−1 (min{1, 1 − ϕ(x) + ϕ(y)})
With the assumption of continuity we have a characterization of the following subclass of R-implications, that are also
(S, N )-implications, known as the Smets-Magrez Theorem,
see [16] and see also [17] for the current version.

for all x, y ∈ [0, 1].

I(F (x, y), z) = I(x, I(y, z))

3 Main results

for all x, y, z ∈ [0, 1]
(WLI)
and then we say that I satisfies (W LI) with the function F .

First of all, note that (WLI) clearly implies (EP).
Due to the commutativity of the t-norm T (or the uninorm),
On the other hand, when I is an (S, N ), a QL or a Dit is clear that the law of importation implies the exchange
implication
it satisfies the following boundary property
principle, but in all known cases the converse also holds and
the t-norm for which (LI) holds is uniquely determined. The
I(x, 0) = N (x), for all x ∈ [0, 1]
(BP)
first two open problems (posed in [11], Problem 8.1) that we
want to study are just the following:
where N is a (continuous, strict, strong) fuzzy negation.
We want to study the properties of those functions I :
1. (OP1) Does the exchange principle imply that there ex- [0, 1]2 → [0, 1] that satisfy (WLI) and (BP). These properists a t-norm such that the law of importation holds? If ties will be useful in order to find a counterexample to the
not, give an example and characterize all fuzzy implica- equivalence of (EP) and (LI).
tions for which the answer is positive.
Proposition 1 Let I : [0, 1]2 → [0, 1] be a function which
2. (OP2) Is the t-norm in the law of importation uniquely satisfies (WLI) with a commutative and nondecreasing function F and (BP) with a fuzzy negation N . Then
determined?
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• I satisfies (I3).
• I satisfies right contrapositive symmetry, that is,
I(x, N (y)) = I(y, N (x)) for all x, y ∈ [0, 1].

It is known that in general, (EP) and (BP) with a continuous (even strong) fuzzy negation N do not imply (I1). For
example, the function

1 − x if y = 0
(8)
I(x, y) = y
(11)
if x = 1
0.5
otherwise

Moreover, if N is continuous, then

satisfies (EP) and (BP) with N (x) = 1 − x the classical strong
negation, but it does not satisfy the nonincreasingness in the
• I satisfies (I1) and (I2), and consequently I is a fuzzy
first variable, (I1) (see [13]). Consequently, I can not satisfy
implication.
(WLI), by the previous proposition. So, we have just found
a counterexample proving that, for functions I : [0, 1]2 →
• I satisfies left neutrality principle, that is,
[0, 1] in general, (EP) does not imply (WLI). In section 3.3 we
will prove that a counterexample for fuzzy implications is also
I(1, y) = y for all y ∈ [0, 1].
(9) available.

Finally, if N is strong then
• I satisfies contrapositive symmetry, that is,
I(N (y), N (x)) = I(x, y) for all x, y ∈ [0, 1].

3.2 (WLI) and (S, N )-implications
The main target of this section is the study of (WLI) on
(S, N )-implications. We will show a new characterization
of (S, N )-implications based on (WLI) and we will partially
(10) solve (OP2).

Proposition 2 Let I : [0, 1]2 → [0, 1] be a binary operator
Proof: I satisfies (EP) due to the commutativity of F and satisfying (WLI) with a commutative and nondecreasing function F and (BP) with a continuous (strict, strong) fuzzy nega(WLI). Furthermore, I satisfies also (I3) because
tion N . Then I is an (S, N )-implication generated from a
t-conorm S and the negation N .
I(0, 0) = N (0) = 1
I(1, 0) = N (1) = 0
Proof: Due to proposition 1, it follows that I satisfies (I1)
I(1, 1) = I(1, I(0, 0)) = I(0, I(1, 0)) = I(0, 0) = 1.
and (EP). So, by using theorem 1, I is an (S, N )-implication
In addition, I satisfies right contrapositive symmetry because generated from some t-conorm S and some continuous (strict,
strong) fuzzy negation N .
After that let us take a look to the verification of (WLI) on
I(x, N (y)) = I(x, I(y, 0)) = I(y, I(x, 0)) = I(y, N (x)).
(S, N )-implications.
From now on, N will be a continuous negation. Let us prove
(I1). If x ≤ y, using the continuity of N , we only need to Proposition 3 An (S, N )-implication I generated from a tconorm S and a strict (strong) negation N satisfies (WLI) with
show that I(x, N (z)) ≥ I(y, N (z)) for all z ∈ [0, 1].
a function F : [0, 1]2 → [0, 1] if and only if F is the N -dual
I(x, N (z)) = I(x, I(z, 0)) = I(F (x, z), 0) = N (F (x, z)) t-norm of S, that is
≥ N (F (y, z)) = I(F (y, z), 0) = I(y, I(z, 0))
= I(y, N (z))

A similar argument shows (I2). If y ≤ z, using the continuity of N , we will show that I(x, N (y)) ≥ I(x, N (z)) for all
x, y, z ∈ [0, 1].

F (x, y) = N −1 (S(N (x), N (y))) for all x, y ∈ [0, 1]. (12)
Proof: Let I be an (S, N )-implication generated from a tconorm S and a strict negation N . If I satisfies (WLI) with a
function F , then for all x, y, z ∈ [0, 1] we have
I(F (x, y), z) = S(N (F (x, y)), z)
I(x, I(y, z)) = S(N (x), I(y, z)) = S(N (x), S(N (y), z))

I(x, N (y)) = I(x, I(y, 0)) = I(F (x, y), 0) = N (F (x, y))
≥ N (F (x, z)) = I(F (x, z), 0) = I(x, I(z, 0))
Taking z = 0 in both expressions and using (WLI), we obtain
= I(x, N (z))
N (F (x, y)) = S(N (x), N (y)), and consequently, F (x, y) =
N −1 (S(N (x), N (y))) for all x, y ∈ [0, 1]. Conversely, if F is
Furthermore, I satisfies the left neutrality principle
the N -dual t-norm of S, a straightforward computation proves
that I satisfies (WLI) with F .
I(1, N (y)) = I(1, I(y, 0)) = I(y, I(1, 0))
= I(y, 0) = N (y)

Finally, if N is strong, we have
I(N (y), N (x))

ISBN: 978-989-95079-6-8

= I(N (y), I(x, 0)) = I(x, I(N (y), 0))
= I(x, N (N (y))) = I(x, y).

Remark 1 Proposition 3 is the counterpart for (WLI) of an
analogous result for (LI) in [8] and [13]. Note that none property of F is used in the proof. Thus, for (S, N )-implications
with N strict or strong (LI) and (WLI) are equivalent and in
fact, the N -dual t-norm of S is the only function F : [0, 1]2 →
[0, 1] (without any further assumption) for which (WLI) is satisfied.
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We will see that the equivalence in the previous remark also
holds for (S, N )-implications with N continuous (not necessarily strict), but something different occurs in this case. We
will see that they also satisfy (WLI), but the function F for
which they satisfy (WLI) needs not to be unique. However,
among the functions F for which the (S, N )-implication satisfies (WLI), there is at least one of them that is a t-norm.
To do this, let us consider the following definition.
Deﬁnition 3 (see [13]) Given any continuous fuzzy negation
N , we consider the function RN : [0, 1] → [0, 1] defined by

N (−1) (x) if x ∈ (0, 1]
(13)
RN (x) =
1
if x = 0
where N (−1) stands for the pseudo-inverse of N given by

but taking N1 given by

−0.5x + 1
if x ∈ [0, 0.5]
N1 (x) =
−0.5x + 0.5 if x ∈ (0.5, 1],

(17)

we also obtain N ◦ N1 = id[0,1] . Consequently, given I any
(S, N )-implication, derived from a t-conorm S and the negation N , defining F1 (x, y) = N1 (S(N (x), N (y))) we have
that I satisfies (WLI) with both functions, F (obtained from
Proposition 4) and F1 .
Proposition 5 Let S be a t-conorm and N a continuous fuzzy
negation. Then the function F (x, y) = RN (S(N (x), N (y)))
for all x, y ∈ [0, 1] is a t-subnorm, i.e., it is nondecreasing,
commutative, associative and such that F (x, y) ≤ min(x, y)
for all x, y ∈ [0, 1].

Proof: F is clearly nondecreasing and commutative. To see
for all x ∈ [0, 1]. associativity, note that from the associativity of S we easily
(14) obtain
In [13], it is proved that RN is a strictly decreasing negaF (F (x, y), z) = RN (S(S(N (x), N (y)), N (z))
(−1)
= F (x, F (y, z)).
tion, RN = N , N ◦ RN = id[0,1] and
N (−1) (x) = sup{z ∈ [0, 1] | N (z) > x}

Finally, using the definition of RN we easily obtain

RN ◦ N |Ran(RN ) = id|Ran(RN ) ,

RN (S(N (x), N (y))) ≤ x for all x ∈ [0, 1]
where Ran(RN ) stands for the range of function RN . This
function RN plays the role of the “inverse” function of N and and so F (x, y) ≤ min(x, y) for all x, y ∈ [0, 1].
therefore, we have the following result:
However, they are not t-norms in general because we have
Proposition 4 An (S, N )-implication I generated from a tconorm S and a continuous fuzzy negation N satisfies (WLI)
with the function F (x, y) = RN (S(N (x), N (y))) for all
x, y ∈ [0, 1].

F (1, y) = RN (S(0, N (y))) = RN (N (y))
and RN ◦ N is the identity function only for values in
Ran(RN ). Nevertheless, one can always find a t-norm for
which the (S, N )-implication satisfies (WLI) as follows.

Proof: It is clear from its definition that F is commutative
Proposition 6 Let I be a (S, N )-implication generated from
and nondecreasing. Now,
a t-conorm S and a continuous fuzzy negation N . Then

I(T (x, y), z)
= S(N (T (x, y)), z)
RN (S(N (x), N (y))) if max{x, y} < 1
T
(x,
y)
=
= S(N (RN (S(N (x), N (y)))), z)
min{x, y}
if max{x, y} = 1
(N ◦ R = id[0,1] ) = S(S(N (x), N (y)), z)
is a t-norm such that I satisfies (LI) with T .
= S(N (x), S(N (y), z))
= S(N (x), I(y, z)) = I(x, I(y, z))
Proof: T is clearly a t-norm since it is constructed in the
usual way to obtain a t-norm from a given t-subnorm (see for
Contrary to what happens in the case when N is strict (or instance, [12], Proposition 1.6). Thus, we only need to prove
strong), the function F in the proposition above is not the that I satisfies (LI) with T . From Proposition 4 it is sufficient
only one for which the (S, N )-implication satisfies (WLI). to verify (LI) when x = 1 or y = 1. But, for x = 1 we have
Note that the key fact in the proof of the previous proposiI(T (1, y), z) = I(y, z) = I(1, I(y, z))
tion is that N ◦ RN = id[0,1] (in fact it is only necessary that
N (F (x, y)) = S(N (x), N (y)) for all x, y ∈ [0, 1]). When and similarly for y = 1.
N is continuous but non-strict there are other functions than Corollary 1 Let I be an implication satisfying (BP) with a
RN satisfying this condition, and consequently different func- continuous fuzzy negation N . Then
tions F for which I satisfies the (WLI). See for instance the
I satisfies (LI)
⇔ I satisfies (WLI)
following example.
Remark 2 Note that the construction given in the Propositions 5 and 6 works only for the function RN . For the
other functions N1 satisfying N ◦ N1 = id[0,1] the monotonicity of T is not guaranteed (it is enough to take S =
max, N and N1 as in Example 1 and x = 0.5 > y, then
N1 (max(N (0.5), N (y))) = 0.75 > 0.5). Thus, for (S, N )implications with N continuous we have found many functions
F for which (WLI) holds, but only one t-norm for which (LI)
holds. However, we are convinced that there can be found
(16) t-conorms S such that even the t-norm is not unique.

Example 1 (see [13]) Consider the continuous fuzzy negation
N given by

 −2x + 1 if x ∈ [0, 0.25]
N (x) = 0.5
if x ∈ (0.25, 0.75)
(15)

−2x + 2 if x ∈ [0.75, 1].
An easy calculation shows that

−0.5x + 1
if x ∈ [0, 0.5)
RN (x) =
−0.5x + 0.5 if x ∈ [0.5, 1],
ISBN: 978-989-95079-6-8
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At this point, we propose a new characterization of (S, N )implications based on (WLI).
Theorem 4 For a function I : [0, 1]2 → [0, 1] the following
statements are equivalent:
(i). I is an (S, N )-implication generated from a t-conorm S
and a continuous (strict, strong) fuzzy negation N
(ii). I satisfies (WLI) with a commutative and nondecreasing
function F and (BP) with a continuous (strict, strong)
fuzzy negation N .
In this case possible functions F are given by F (x, y) =
N1 (I(x, N (y))) for all x, y ∈ [0, 1], where N1 is a fuzzy negation with N ◦N1 = id[0,1] . Moreover, when N is strict (strong)
then such F is unique with N1 = N −1 .
Proof: If I satisfies i), then I(x, 0) = S(N (x), 0) =
N (x) and I satisfies (BP) with N . Moreover, it also satisfies (WLI) from Proposition 4. The converse is guaranteed by
Proposition 2.
Finally and returning to the question about the equivalence
of (EP) and (LI), we have the following result.
Proposition 7 Let I be an implication satisfying (BP) with a
continuous fuzzy negation N . Then
I satisfies (EP) ⇔ I satisfies (LI) ⇔ I satisfies (WLI)
Proof: We already know that (LI) implies (EP). To see
the converse, note that if I is an implication it satisfies in particular (I1) and then Theorem 1 implies that I is an (S, N )implication generated from a t-conorm S and a continuous
fuzzy negation N . Finally, Proposition 4 and Corollary 1 ensures that I satisfies (LI). The other equivalence has been already proved in Corollary 1.
3.3

Counterexample for implications

Finally, when z = 0 and min{x, y} = 0 then
I(x, I(y, 0)) = I(y, I(x, 0)) = 1.
• I does not satisfy (WLI) with any F . Suppose on the
contrary that I satisfies (WLI) with a function F . Then
for all x, y ∈ [0, 1] and z = 0 (WLI) derives into
S(N (F (x, y)), z) = S(S(N (x), N (y)), z).

(19)

If we denote by NS the strong negation associated to S
(i.e., NS (x) = ϕ−1 (1 − ϕ(x)) where ϕ is the normalized additive generator of S), the left hand side of the
previous equation equal 1 if and only if N (F (x, y)) ≥
NS (z), whereas the right hand side equals 1 if and only
if S(N (x), N (y)) ≥ NS (z). Consequently for all x, y ∈
[0, 1] and z = 0
N (F (x, y)) ≥ NS (z) ⇐⇒ S(N (x), N (y)) ≥ NS (z).
Let us now prove from this equivalence that
F (x, y) = N −1 (S(N (x), N (y))

for all x, y ∈ [0, 1].
(20)
Note that when F (x, y) = 0, N (F (x, y)) ≥ NS (z) for
all z ∈ [0, 1] and, from the equivalence before we obtain
S(N (x), N (y)) = 1 and equation (20) holds. On the
other hand, when F (x, y) > 0 there exists z ∈ [0, 1]
such that NS (z) > N (F (x, y)) and then equation (19)
can be written as
ϕ−1 (ϕ(N (F (x, y))) + ϕ(z))
= ϕ−1 (ϕ(S(N (x), N (y))) + ϕ(z))
and consequently equation (20) also holds.
Thus, F should be given by equation (20). However, I
does not satisfy (WLI) with this F when z = 0. To see
it just take x, y = 0 such that S(N (x), N (y)) = 1 since
then F (x, y) = 0 and we obtain

To sum up, we have proved that (EP) and (LI) are equivalent for implications satisfying (BP) with a continuous fuzzy
negation N . So, to find a counterexample we need to search
I(x, I(y, 0)) = I(x, 0) = 0
among those implications I such that I(x, 0) = N (x) is nonI(F
(x, y), 0) = I(0, 0) = 1
continuous (it is always a fuzzy negation). In next proposition we give such a counterexample which proves not only
that (EP) does not imply (LI), but also that it does not imply
(WLI).
3.4 R-implications derived from left-continuous t-norms

A characterization of those functions I : [0, 1]2 → [0, 1] that
are R-implications derived from a left-continuous t-norm is
given in Theorem 2, and the case of continuous R-implications
is characterized in Theorem 3. Note that in this last case condition (I2) is not necessary to derive the conclusion. It was
claimed in [17] that the same happens in the general case.
Then I is a fuzzy implication that satisfies (EP), but there is Specifically it was claimed that (EP) and (OP) imply (I2). This
no function F for which I satisfies (WLI).
is not true and a counterexample was recently proved in [18].
In this section, we will prove that the situation is completely
Proof: We divide the proof in two steps.
different if we change (EP) by (WLI). We begin by proving
• I satisfies (EP). When z = 0 we have I(x, z) = 0 for all that (I2) can be derived from (WLI) and (OP).
x ∈ [0, 1] and then I satisfies (EP) because it is given as
an (S, N )-implication.
Proposition 9 Let I : [0, 1]2 → [0, 1] be a function satisfying (OP) and (WLI) with a commutative and nondecreasing
When z = 0 and x, y = 0 then
function F . Then I satisfies (I2), i.e, it is nondecreasing in the
second variable.
I(x, I(y, 0)) = I(y, I(x, 0)) = 0.

Proposition 8 Let S be a nilpotent t-conorm and N a strict
negation. Let I : [0, 1]2 → [0, 1] be the function given by

0
if y = 0 and x = 0
I(x, y) =
(18)
S(N (x), y) otherwise.
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Proof: Consider x, y, z ∈ [0, 1] with y ≤ z and let us divide
our argument in two cases.
• If x ≤ z, then I(x, y) ≤ I(x, z) = 1.
• If y ≤ z < x, then by (OP) and (WLI),
1 = I(I(x, y), I(x, y)) = I(F (I(x, y), x), y)
and consequently F (I(x, y), x) ≤ y ≤ z. Thus
1 = I(F (I(x, y), x), z) = I(I(x, y), I(x, z))
and therefore, I(x, y) ≤ I(x, z).
Moreover, we have also the following properties.
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