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Abstract—Classes issued of evolving systems are dynamic and their
characteristics vary over the time. Assigning a pattern to a class is
achieved using a classifier. Therefore, the classifier parameters must
be adapted online in order to take into account the temporal changes
in the classes’ characteristics. This adaptation is based only on the
recent and useful information carried out by the new incoming
classified patterns. In this paper, we propose to develop the
classification method Fuzzy Pattern Matching (FPM) to be operant
in the case of dynamic classes. This development is based on the use
of an incremental algorithm to follow the accumulated gradual
temporal changes of classes’ characteristics after the classification of
each new pattern. When these changes reach a suitable predefined
threshold, the classifier parameters are adapted online using the
recent and representative patterns.
Keywords— Classification, dynamic patterns, evolving systems,
pattern recognition.

1 Introduction
Dynamic systems evolve between different normal or
faulting functioning modes in the course of time. In statistical
Pattern Recognition (PR) [12, 9], observations about system
functioning modes are divided into groups of similar
patterns, called classes, using an unsupervised learning
method [10, 4] or human experience. These patterns, with
their class assignments, constitute the learning set. They are
represented by a set of d features, or attributes, so they can
be viewed as d-dimensional features vectors, or points, in the
feature space. A supervised learning method [9, 16] uses the
learning set to build a classifier that best separates the
different classes in order to minimize the misclassification
error. The model of each class can be represented by a
membership function which determines the membership
value of a pattern to a class. Then, new incoming patterns are
assigned to the class for which they have the maximum
membership value. In supervised learning methods, the
membership function can be generated using Probability
Density Function (PDF) estimation based methods or
heuristic based ones.
Patterns describing the system functioning can be static or
dynamic. A static pattern is represented by a point in the
feature space while a dynamic pattern is represented by a
multidimensional trajectory. In this case, the feature space
has an added dimension which is the time [3]. Classes can
also be static or dynamic. Static classes are represented by
restricted areas formed by similar static patterns in the
feature space. Hence, the way in which patterns occur is
irrelevant to their membership values. Therefore, the
classifier's parameters remain unchanged with the time.
However, data issued from evolving processes are non
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stationary. In this case, classes become dynamic and their
characteristics change in the course of time. Thus, the
classes’ membership functions must be adapted to take into
account these temporal changes. This requires an adaptive
classifier with a mechanism for adjusting its parameters over
the time. Hence, some of the new incoming points reinforce
and confirm the information contained in the previous data,
but the other ones could bring new information (creation,
drift, fusion, splitting of classes, etc.). This new information
could concern a change in operating conditions, development
of a fault or simply more significant changes in the process
dynamic.
The general principle of dynamic PR methods [14, 3, 7, 13]
is to observe the change of some statistical properties of
classes, in order to decide in which state the system is:
unchanged, gradually changed or completely changed. Thus,
the classifier parameters, i.e. the membership functions, will
be respectively unchanged, slightly adapted, or relearned
from scratch.
In the literature, the membership functions are generally
adapted using two approaches [2, 3, 14]. The first one acts
directly on the classifier parameters, by substituting or
adding some recent and representative patterns to the
learning set [3, 14], according to the state in which the
system is. This adaptation is based only on the most recent
batch of patterns selected by one of the two following
methods. The first method uses a time window, with a fixed
or a variable size, which permits to reduce or limit the
growing size of the database by accepting the n most recent
patterns [14, 17]. The size of the time window must be wellchosen to obtain a compromise between a fast adaptation and
a sufficient number of representative patterns. The second
method is based on the use of a template containing a fixed
number of selected patterns according to their age and
usefulness [11]. Nevertheless, it is subjective and difficult to
estimate the utility of patterns. The second approach to adapt
the membership functions is based on the use of evolving
neural networks [1, 2, 7]. In [2], a potential function based
on the distance between data points is defined for the new
points. The first data point potential is considered as equal to
1 and it establishes the first neuron (or rule) which is
considered as the prototype (or centre) of the first cluster.
Then, the next new data points may possess a potential close
or greater than the one of the prototype neuron. This point
can reinforce or confirm the information contained in the
previous ones, or if the point is more informative than the
data used as prototype, a new neuron (new rule) is added. In
[1], the neural network is based on a multiprototype
Gaussian modeling of non convex classes. The activation
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function of each hidden neuron determines the membership
degree of an observation to one prototype of a class. With
the first acquisition, the network is initialized there is
creation of the first prototype constituting the first class. The
prototype is parameterized by its centre and an initial
covariance matrix. Then, according to the membership
degree of new acquisitions, the prototype (the hidden
neuron) can be adapted, eliminated or a new prototype can
be created.
Dynamic classification methods are used to solve several real
problems. The application of [3] concerns the credit-scoring
which aims to decide whether a new customer is a good or a
bad risk according to changes in his consumption. In [1], the
authors aim to detect and to follow up the progressive
evolution of the functioning mode from normal to faulty one
of a thermal regulator. This evolution is due to the age of the
system’s components or to other temporal factors in its
environment. In [13], the author looks to estimate a ratio
between the number of good parts in a completed batch of
microelectronic chips and the number of parts obtained from
the same batch if there is no default. Due to high complexity
and variability of modern microelectronics manufacturing
industry, this ratio is affected daily by hundreds of materialrelated, equipment-related and human-related factors. In [7],
dynamic traffic data streams are treated in order to reduce
the waiting time of drivers at the road intersections.
We use the classification method Incremental Fuzzy Pattern
Matching (IFPM) [15] which is an incremental version of
FPM [6]. The membership functions are based on the
estimation of the marginal class probability density functions
using histograms. Then, the membership functions are
adapted incrementally after the classification of each new
pattern. IFPM provides good result in the case of static
classes based on static patterns. This method is simple and
has a low and constant classification time according to the
size of the database. However, IFPM has no mechanism to
forget the no more useful patterns.
In this paper, we propose to develop IFPM to be operant in
the case of dynamic classes. This development is called
Dynamic FPM (DFPM). The paper is structured as follows.
The two first parts are devoted respectively to the
functioning of IFPM and DFPM. In the third part, the limits
of IFPM and results of DFPM are presented in the case of
dynamic classes. The last part concludes the paper and
presents the perspectives of our future work.

2 Incremental Fuzzy Pattern Matching
2.1 Principle
The functioning of Incremental FPM (IFPM) involves the
learning, the classification, and the incremental update
phases.
2.1.1

Learning phase

Let Xi be the set of learning points belonging to the class Ci.
Each class Ci contains Ni points, or patterns, in the feature
space, ℜd, formed by d attributes. X is the learning set,
containing N points x belonging to C classes, so
C

X =

X

i

. The learning phase consists in building, based

i =1
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on X, a decision rule characterized by a set of membership
functions. These latter are based on histograms allowing to
estimate the conditional probability density of each class Ci
according to each attribute j. The number h of bins bk,
k ∈ {1, 2 ,..., h } of a histogram is determined experimentally.
The choice of h conditions the performances of IFPM. The
lower min j and upper max j borders of each attribute are
determined manually by an expert. In the case of dynamic
classes, these borders must be well defined to contain all
patterns of the classes’ evolutions. This constitutes a
shortcome of IFPM when the classes are dynamic. The width
∆ j of a bin according to the attribute j is defined by:
∆j =

(max j − min j )

(1)

h

The histogram or the distribution of probability
pij (bikj ), i ∈{1,2,...,c}, j ∈{1,2,...,d}, k ∈{1,2,...,h} for the class Ci
according to the attribute j is determined by calculating the

{

}

probability pij (bikj ) of each bin bikj :

p ij (bikj ) =

nikj

(2)

Ni

where n ikj is the number of learning points of the class Ci
which are located in the bin bikj and Ni is the total number of
points of the class Ci . Then, the resulting distribution of
probability is transformed into a distribution of possibility
{π ij (bikj ), i ∈ {1,2,..., c}, j ∈ {1,2, ..., d }, k ∈ {1,2, ..., h}} by using the
transformation of Dubois and Prade [8]:
h

π

j
i

( b ikj ) =

¦

min( p i j ( b izj ), p i j ( b ikj ) )

(3)

z =1

The possibility measure has the advantage to take into
account the imprecision and the uncertainty contained in the
data [8]. Finally, the density of possibility Πij of the class Ci
according to the attribute j is obtained by a linear
interpolation of the bins centers of the histogram of
possibility.
2.1.2 Classification phase
A pattern x is assigned to a known class Ci using the
following three steps:
• determination of the membership possibility value π i j of
xj to each class Ci according to each attribute j. This
possibility is obtained by projection of xj on the density
j
Πi of each class Ci according to each attribute j (Fig. 1).
max2

Attribute 2

C2
∆2

Attribute 1

C1
2

min

min1

max1
∆
2

1

∆1

Figure 1: Projection of a point on the possibility densities. ∆1
and ∆2 are the bins’ widths according respectively to
attributes 1 and 2.
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• fusion, for each class Ci, of all membership possibility
values π i1 , π i2 , ..., π id by the aggregation operator
“minimum”. The result of this fusion represents the
membership possibility π i of x to each class Ci,
• classification of the point x to the class for which it has
the highest membership value.
2.1.3

Each new classified pattern carries information about the
temporal changes of the class’ characteristics. In order to
take into account this new information, the membership
functions must be relearned after the classification of each
new pattern. An incremental learning algorithm is proposed
in [15] to relearn the membership functions based on the
most recently classified pattern in such a way that the
previous learned information is reused. When a new point is
classified in the class Ci, the number of points belonging to
this class becomes Ni + 1, so the probability of each bin
changes. If the point is located in the bin b ikj , the new
j
j
probability p i′ (bik ) of this bin is [15]:

nikj
N
N
1
1
× i +
= pij (bikj ) × i +
Ni Ni + 1 Ni + 1
Ni + 1 Ni + 1

(4)

For each other bin, the new probability is:
pi′ j (bizj ) =

nizj
N
N
× i = pij (bizj ) × i , z=1…h & z ≠ k
Ni Ni + 1
Ni + 1

(5)

Using (4) and (5), the probability histograms can be updated
after the classification of a new point without the need to
recalculate them. We just need to know in which bin the new
point is located. The histogram of possibility is then
calculated by (3). IFPM has been developed to deal with data
represented in a feature space of correlated attributes as the
case of XOR database [5]. In the next part, the improvements
realized on IFPM are presented.

3 Dynamic Fuzzy Pattern Matching
We have called Dynamic Fuzzy Pattern Matching (DFPM)
the improved version of IFPM. DFPM integrates a
mechanism to adjust the classifier’s parameters when serious
changes in the classes’ characteristics are detected during a
growing time window. The size of the time window depends
of the application’s dynamic. The next subsections detail the
two phases of DFPM’s functioning.
3.1 Detection phase
In the detection phase, three indicators are used to monitor
the temporal changes of a system. The first indicator is a
measure evaluating the bins’ usefulness. This indicator is
based on the accumulated temporal changes which have
occurred in the probability distributions during a variable
time sliding window. It considers the number of new points
located in each bin of the probability histograms, as well as
its initial probability before the assignment of the new
pattern(s). Let ǻT = tw − ts be the growing size of the time
window at the present time tw. This time window starts at the
instant ts. Let

{p

j
i
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Ci and let ∆nikj be the number of new points located in the
bin bikj at the present time tw. The new probability of this bin
is calculated by:

p i′ j (bikj ) =

Incremental update phase

pi′ j (bikj ) =

histogram for the class Ci according to the attribute j at the
instant ts. The probability of each bin is calculated by (2).
Let ∆ N i be the number of new classified points in the class

}

( b ikj ), k ∈ {1, 2 ,..., h } be the probability

nikj + ∆nikj
N i + ∆N i

(6)

where nikj and Ni are respectively the number of points of
the class Ci located in the bin bikj and the total number of
points of the class Ci before the classification of the new
pattern(s). The accumulated temporal changes for each bin
are evaluated as the difference between the bin’s
probabilities at the present time pi′ j (bikj ) and at the beginning

p ij (bikj ) of the growing time window:

∆p ij (bikj ) = p i′ j (bikj ) − p ij (bikj ) =

N i .∆n ikj − n ikj .∆N i

(7)
N i .( N i + ∆N i )
We define the usefulness measure as a gradual measure,
j
I i j (bikj ) : {1,2,..., h} → [− 1, 1] for each bin bik of each class Ci
according to each attribute j. This measure evaluates the
usefulness of each bin based on the accumulated temporal
changes in the probability distributions defined by (7):
ª pi′ j (bikj ) − pij (bikj )
∈ [−1, 0] if ∆pij (bikj ) < 0
«
j
j
p
b
(
)
«
i
ik
Ii j (bikj ) = «
(8)
j
j
j
j
′
p
b
−
(
)
« i ik pi (bik ) ∈ [0, 1] if ∆p j (b j ) > 0
i
ik
«
pi′ j (bikj )
¬
This measure is calculated after the classification of each
new classified point. When the value of this indicator is
negative for one bin, it indicates a decrease of its usefulness.
This decrease is due to the fact that no new classified points,
or just a few ones, are located in this bin. On the contrary,
the positive values indicate an increase of the bin’s
usefulness due to the assignment of many new points in the
bin, according to its initial value. It is interesting to take into
account the old or initial probabilities. Indeed, if there is no
important change in the probability distribution, it is normal
that the bin with the highest probability receives more new
points than the others. If most of the new classified points are
located in the bins which possess a small initial probability,
this indicates a serious change in the probability distribution
and thus their usefulness indicators must have a more
important positive value.
To detect an evolution, a second indicator, which is a
residual, is calculated based on the usefulness’ measure of all
histograms’ bins according to all attributes. The goal of this
residual is to provide one indicator for each class, which
evaluates the temporal accumulative changes in the
probability distributions of this class. This residual is
sensitive for these changes. Two thresholds th1 and th2
predefined by an expert according to the system dynamic are
used to determine the size ǻT of the time window. The
value of this residual is updated and compared after each
pattern assignment to th1 and th2. If the residual value is
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inferior to th1, then no serious change in the class’
characteristics is yet started. As long as the residual is
inferior to th1, the measure of usefulness is based on the
difference between the current bin probability and the one of
the previous classified pattern. If the residual value is
superior to th1 and inferior to th2, a serious change has
begun to occur. The time window starts at this moment, t=ts,
and patterns are stored in a block, called the evolution block.
During this window, the measure of usefulness is calculated
using (8). Patterns are stored in the evolution block until the
residual value reaches th2. At this moment the growing time
window reaches its final size tw=tf. This residual is defined
for each class Ci as follows:
§ h j j ·
¨
I (b ) ¸
¨ k =1 i ik ¸
0 ≤ Ri = max¨
(9)
¸ ≤ 1, j ∈ {1,.., d }
h
¸
¨
¸
¨
¹
©
When the residual value reaches th2, a serious change can be
decided in a class so the classifier parameters (densities of
possibility) must be adapted using only the patterns stored in
the evolution block. The old patterns which have become
obsolete are forgotten and an online update of the classifier’s
parameters can then be performed.

¦

3.2 Adaptation phase
This phase consists in the adaptation of the probability
histograms and the update of the lower and upper attributes’
borders as well as the number of bins h. Indeed, in IFPM,
these latter are defined initially using (1) and they remain
unchanged. For dynamic classes, it is not realistic to define
static attributes’ borders. Thus, in DFPM these borders will
be updated online with the classification of new points. If a
new classified point involves the creation of a bin for a
histogram, then a bin is added to the histogram according to
this attribute so that h is incremented and the histograms’
borders are updated:
j
ª j
j ∆
j
j
j
«x < min −  min′ = min − ∆
2
«
j
« j
j ∆
j
j
j
«x > max +  max′ = max + ∆
2
¬
h' = h + 1

(10)

(11)

The value of ∆ j is defined initially by (1). With this update h
can be different according to each attribute. The adaptation
of probability histograms is achieved using an incremental
approach. Let

{p

j
i

}

( b ikj ), k ∈ {1, 2 ,..., h } be the probability

histogram for the class Ci according to the attribute j. When
the residual value of a class reaches th2, old patterns are
deleted and only the new patterns of the evolution block are
considered. So, the value of probability for each bin is
calculated incrementally by:

p i′′ j (bikj ) =

∆nikj
∆N i

=(

nikj + ∆nikj
N i + ∆N i

−

nikj
Ni

×

Ni
N + ∆N i
)× i
N i + ∆N i
∆N i

This incremental adaptation permits to follow the evolution
of classes online with a constant and low classification time.
Then, the histogram of possibility is calculated using (3).
Fig. 2 illustrates the functioning phases of DFPM.
DFPM
IFPM
X

x

Learning
phase

Classification
phase

Incremental
probability
update

Update of histograms
parameters

Usefulness values
computing

Incremental probability
adaptation

Residual values
computing

Figure 2: Functioning phases of DFPM.

4 Results with dynamic classes
Classes become dynamic if at least one of their
characteristics changes with the time. For the sake of
simplicity we have used a set of simulations described in a
two dimension space. The obtained results can be extended
for higher dimensions. The generated datasets follow a
normal distribution of two independent variables (mean and
standard deviation). We suppose that one unit of time
corresponds to the classification of one point. This
hypothesis is verified since DFPM has a constant and low
classification time.
4.1 Class drift
Figure 3 shows a drift of a class in the course of time. The
drift database has been created as follows:
- t=0: the possibility densities are already learned using 100
labeled patterns. The mean values of these data points
are µ 1 =3 and µ 2 =3 (Fig. 3.a).
- t=1 to 100: 100 new incoming patterns, possessing the
same initial class’ characteristics (mean and standard
deviation) occur in the class; thus there is no evolution or
drift.
- t=101 to 200: a sudden change takes place in the class’
mean values µ j according to each attribute j, j ∈ {1,2} . This
sudden change is followed by a slow drift of the mean value
according to each attribute (Fig. 3.b):
4 × (t − 100) º
µ 1' (t ) = µ 1 + 2 +
» 101 ≤ t ≤ 200 (13)
100
»
2 × (t − 100) »
2'
2
µ (t ) = µ + 2 +
»¼
100
- t=201 to 300: 100 new patterns with the same
characteristics as the ones of the drifted class occur. Fig 3.c
presents the 0.1 membership level curve expected for the
final drifted class. This curve contains all the points which
have a membership possibility value to the class greater or
equal to 0.1.

§
Ni · Ni + ∆Ni
pi′ j (bikj ) = ¨¨ pi′ j (bikj ) − ( pij (bikj ) ×
)¸¸ ×
, k ∈{1,..,h} (12)
N
+
∆Ni
i ∆Ni ¹
©
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x2

x2
C1 ( µ 1 =3.0, µ 2 =2.9)

C1’

x1

x1
a)

b)
x2
C1’ (7.5, 6.5)

- at t=204, the class drift is finished. To detect the end of this
class drift the second threshold th2 must be equal to 0.64.
- finally, between t=205 and t=300 no evolution is observed
so the residual values are small for the latest patterns and the
class is stable. These patterns are classified in the class as
usual.
Fig. 6 permits to see the membership level curve obtained by
DFPM just before the evolution (Fig. 6.a) and the final result
of classification after evolution when the adaptation of the
histograms was realized (Fig. 6.b).
C1’ (7.3, 6.3)
x2
x2

0.1 membership level curve
of the drifted class
x1
c)
Figure 3: Evolution of the drift for the class C1. The mean
values of the class are presented before and after evolution
between parentheses.
Fig. 4 presents the 0.1 membership level curve obtained by
IFPM at the end of the class’ drift ( t = 200 ). We suppose
here that each attribute borders were correctly determined in
order to include the class drift.
x2

C1’ (5.1, 4.6)

x1

Figure 4: Classification of all patterns of the drifted class by
IFPM.
All the patterns classified by IFPM are considered
representative. Thus, the membership function, represented
by the 0.1 membership level curve in Fig. 4, is not adapted to
the drifted class with its new means values (see Fig. 3.c).
This is due to the fact that all patterns were considered
without eliminating any old and useless pattern.
The DFPM method is evaluated on the same drift of a class
generated by (14). The residual values obtained
progressively after the classification of each pattern in the
class are represented in Fig. 5.

C1’

0.1 membership level
curve of the class 1
x

1

x
a)
b)
Figure 6: 0.1 membership level curve obtained by DFPM
before evolution and after classification of all patterns.
The drift of the class has been well detected for both
attributes. The classifier has been adapted with the
representative patterns. However, the thresholds th1 and th2
must be well determined. A too big or too small th1 value
leads to lose some representative patterns or to keep some
obsolete ones, while a too big or a too small th2 value leads
to detect too late or too early the class evolution.
The mean values of the class obtained by DFPM are close to
those expected, contrary to those obtained by IFPM (Fig. 4).
However, some patterns which represent the connection
between the old class and the evolved one are still in the final
class obtained by DFPM.
4.2 Rotation of class
The rotation of a class is presented in Fig. 7. The standard
deviations of the class according to the two attributes are
initiated at σ 1 =4 and σ 2 =0.25. The possibility densities are
already learned using 150 learning patterns of the class (Fig.
7.a). Then, new incoming points evolve, between t=1 and
t=150, to achieve a rotation of the class (Fig. 7.b).
x2

x2

x 2 C1’ ( σ =0.1,
1

σ 2 =2.1)

R1
th2 = 0.64

C1 ( σ 1 =3.7,

a)
th1 = 0.11
t

Figure 5: Residual values obtained by DFPM for the class
drift.
Based on Fig. 5, we can conclude:
- between t=1 and t=100, the class’ evolution has not yet
begun.
- at t=105, the evolution of the class is detected. To detect
this evolution the th1 must be equal to 0.11.
ISBN: 978-989-95079-6-8

σ 2 =0.2)

x1

b)

0.1 membership level curve 1
x

Figure 7: Rotation of the class C1.
These changes are generated for the class according to each
attribute j, j ∈ {1,2} , by:

µ11' = µ11 ×

σ2 ×t º

»
150 »
(14)
1 ≤ t ≤ 150
σ1 × t »
2'
2
»
µ1 = µ1 ×
150 »¼
Fig. 8 presents the 0.1 membership level curve obtained by
IFPM after the rotation of the class (t=150).
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x2

0.1 membership level curve

C1’ ( σ 1 =1.9,

σ 2 =1.1)

x1
Figure 8: Final classification result obtained by IFPM for the
patterns of the rotation’s case.
All patterns have been classified in the class, but IFPM has
not detected the rotation of the class. The membership level
function is not adapted and useless patterns are still in the
class. With DFPM, the residual values obtained after the
classification of each pattern in the class are represented in
Fig. 9.
th2 = 0.75

R1

th1 = 0.06
t

Figure 9: Residual values obtained by DFPM for the rotation
of the class.
Based on Fig. 9, we can conclude that the use of th1=0.06
and th2=0.75 leads to well detect the class rotation.
Fig. 10 presents the membership level curve obtained by
DFPM after classification of the evolving patterns when the
adaptation of the histograms was realized.
x2
C1’ ( σ 1

= 0.2, σ 2 = 1.9)

class in order to follow the evolution of each class. Then, the
classes histograms are adapted in an incremental manner
using the recent and useful patterns. This adaptation is
achieved when the residual value reaches a suitable threshold
according to the system dynamic. The DFPM method will be
applied on two real applications. The first one concerns the
following of a treatment’s evolution for hemiplegic’s patient
according to its response to a medical treatment. The second
application is a folding metal system which evolves from a
normal mode to a faulty one according to temporal changes
in the characteristics of the system and to the wear of its
tools.
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