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Abstract— In this contribution we propose a multi-objective evolutionary algorithm for Tuning Fuzzy Rule-Based Systems by considering two objectives, accuracy and interpretability. To this aim we
deﬁne a new objective that allows preserving the interpretability of
the system. This new objective is an interpretability index which is
the union of three metrics to preserve the original shapes of the membership functions as much as possible while a tuning of the membership function parameters is performed. The proposed method has
been compared to a single objective accuracy-guided algorithm in
two real problems showing that many solutions in the Pareto front
dominate to those obtained by the single objective-based one.
Keywords— Fuzzy Rule-Based Systems, Tuning, Interpretability,
Multi-Objective Evolutionary Algorithms.

1

Introduction

Fuzzy modeling usually tries to improve the accuracy of the
system without inclusion of any interpretability measure, an
essential aspect of Fuzzy Rule-Based Systems (FRBSs). However, the problem of ﬁnding the right trade-off between accuracy and interpretability has achieved a growing interest [1].
One of the most widely-used approaches to enhance the performance of FRBSs is the tuning of the Membership Functions
(MFs). It consists of reﬁning a previous deﬁnition of the Data
Base (DB) once the Rule Base (RB) has been obtained. Generally, tuning is a variation in the shape of the MFs that improves
their global interaction. Classically, the tuning methods reﬁne
the parameters that identify the MFs associated to the labels
comprising the DB [2].
For this model, to take into account interpretability issues it
is necessary to use a measure to quantify the interpretability
of the tuned DB. This kind of measure could be used as an additional objective to maintain the interpretability of the fuzzy
partitions when the tuning is carried out.
In the literature, many authors improve the difﬁcult tradeoff between accuracy and interpretability of FRBSs, obtaining
linguistic models not only accurate but also interpretable. We
can distinguish two kinds of approaches for managing the interpretability:
1. The complexity of the model [3, 4, 5, 6] (usually measured as number of rules, variables, labels per rule, etc.)
2. Measuring the interpretability of the fuzzy partitions [4,
7, 8] by means of a semantic interpretability measure.
A way for optimizing both objectives (accuracy and interpretability) is the use of the Multi-Objective Evolutionary Algorithms (MOEAs) [9, 10]. Since this problem presents a
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multi-objective nature the use of MOEAs to obtain a set of
solutions with different degrees of accuracy and interpretability is an interesting way to work [3, 5, 6, 8].
In this work, we focus our attention in measuring the interpretability of the fuzzy partitions. We propose a semantics interpretability index for maintaining the interpretability
of the system by means of the aggregation of several metrics,
with the aim of preserving the original form of the MFs while
a tuning is performed. These metrics try to minimize the displacement of the central point of the MFs, besides maintaining
the symmetry and the area of the original MFs associated to
the linguistic labels. To this end, we apply a speciﬁc MOEA
to obtain accurate and interpretable linguistic fuzzy models
by performing a tuning of the MFs parameters with two main
objectives:
• The system error
• The proposed interpretability index.
This algorithm is based on the well known SP EA2 [11]
and is called SPEA2SI (SP EA2 for Semantic Interpretability). In order to improve its search ability, SPEA2SI implements some concepts as incest prevention and restarting [12].
Moreover, it is focused on the most accurate solutions to ﬁnally form a wide Pareto front. Thus, SPEA2SI is aimed at
generating a complete set of Pareto-optimum solutions with
different trade-offs between accuracy and interpretability. We
have not considered the well-known NSGA-II [13] algorithm
since in [3], approaches based on SPEA2 were shown to be
more effective when performing a tuning of the MFs.
To show the good performance of the proposed method it
is compared with a single objective accuracy-guided tuning
algorithm [14] by applying both of them to initial linguistics
models obtained from automatic learning methods. Two realworld problems with different complexities have been considered showing that the solutions of the accuracy based algorithm are dominated by those obtained by SPEA2SI . We can
see as both objectives required are certainly contradictory as
the obtained Pareto fronts moves clearly from the most accurate solutions to the most interpretable ones.
Next section describes the classic tuning used in this work.
Section 3 presents the proposed index to control the interpretability of the MFs. Section 4 presents the SPEA2SI algorithm describing its main characteristics and the genetic operators considered. Section 5 shows the experimental study
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and the results obtained. Finally, in section 6 we point out
some conclusions.

2

Preliminaries: Tuning of MFs

This approach, usually called DB tuning, involves reﬁning
the MF shapes from a previous deﬁnition once the remaining
FRBS components have been obtained [15, 16, 17, 18, 19, 20].
The classic way to reﬁne the MFs is to change their deﬁnition
parameters. For example, if the following triangular-shape
MF is considered:
 x−a
, if a ≤ x < b


 b−a
c−x
µ(x) =
if b ≤ x ≤ c
c−b ,



0,
otherwise
changing the basic parameters — a, b, and c — will vary the
shape of the fuzzy set associated to the MF, thus inﬂuencing
the FRBS performance (See Figure 1). The same yields for
other shapes of MFs (trapezoidal, gaussian, sigmoid, etc.).

T T'

3

An Interpretability Index based on Three
Interpretability Metrics

In this section, we propose several metrics to measure the interpretability when a tuning is performed on the DB. At this
point, we should remark that these metrics are based on the existence of the variation intervals (integrity constraints) deﬁned
in the previous section and, therefore, on the assumption that
the initial DB is comprised of triangular uniformly distributed
MFs (strong fuzzy partitions) with an associated linguistic
meaning. Based on these assumptions, signiﬁcant changes in
the DB can inﬂuence negatively in the interpretability. In this
way, each metric is proposed to control how good are different
desirable aspects of the tuned MFs with respect to the original
ones. The metrics proposed are:
• MFs displacements (δ): This metric measures the proximity of the central points of the MFs to the original corresponding ones. It should be higher as closer to the original point.
• MFs symmetry (γ): This metric measures the symmetry
of the MFs. It should be higher when the two parts of the
support of the MFs (left and right) present more similar
lengths.
• MFs area similarity (ρ): This metric measures the similarity of the area of the tuned MFs to the original one.
It should be higher when the tuned area and the original
area are closer.

a

a'

b b'

c'

c

In the following subsections the three proposed metrics will
be explained in depth.
3.1

Figure 1: Tuning by changing the basic MF parameters

MFs displacements (δ)

This metric can control the displacements in the central point
of the MFs. It is based on computing the normalized distance
between the central point of the tuned MF and the central point
of the original MF, and is calculated through keeping the maximum displacement obtained on all the MFs. For each M Fj :
δj = |bj − bj |/I , where I = (Ibrj − Iblj )/2 represents the
maximum variation for each central parameter. Thus δ ∗ is deﬁned as: δ ∗ = maxj {δj } .
The δ ∗ metric takes values between 0 and 1, thereby value
near to 1 represent that the MFs present a great displacement.
The following transformation is made so this metric represents
proximity (maximization):

Tuning involves ﬁtting the characterization of the MFs associated to the primary linguistic terms considered in the system. Thus, the meaning of the linguistic terms is changed
from a previous deﬁnition (an initial DB). In order to ensure
the semantics integrity through the MFs optimization process
[1, 21, 22], some researchers have proposed several properties. Considering one or more of these properties several constraints can be applied in the design process in order to obtain
a DB maintaining the linguistic model comprehensibility to
the higher possible level [15, 23, 24, 25].
In this work we consider strong fuzzy partitions to deﬁne
δ = 1 − δ∗ ,
the initial MFs. In order to maintain semantics integrity we
consider also these constraints by deﬁning the variation inter- 3.2 MFs symmetry (γ)
vals for each MF parameter. For each M Fj = (aj , bj , cj )
where j=(1,...m) and m is the number of MFs in a given DB, This metric can be used to control the symmetry of the MF
shapes. It is based on relating the two parts of the support of
the variation intervals are calculated in the following way:
the tuned MFs. Let us deﬁne that leftSj = |aj − bj | is the
l
r
[Iaj , Iaj ] = [aj − (bj − aj )/2, aj + (bj − aj )/2] ,
length of the left part of the MF support and that rightSj =
l
r
[Ibj , Ibj ] = [bj − (bj − aj )/2, bj + (cj − bj )/2] ,
|bj − cj | is the right part. γj is calculated using the following
l
r
[Icj , Icj ] = [cj − (cj − bj )/2, cj + (cj − bj )/2] .
equation:
min{lef tSj , rightSj }
γj =
.
max{lef tSj , rightSj }
Thanks to these restrictions it is possible to maintain the
comprehensibility of MFs to a reasonable level. In any case,
Values near to 1 mean that the two parts of the support of
it would be very interesting to have a measure for the quality the MFs are more similar (higher symmetry). Finally γ is calof the tuned MFs. We propose three metrics trying to pre- culated by keeping the minimum value obtained.
serve the original form of the MFs, so improving if possible
γ = minj {γj } .
the trade-off between accuracy and interpretability.
ISBN: 978-989-95079-6-8
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3.3

|E|

1 
MSE =
(F (xl ) − y l )2 ,
2 · |E|

MFs area similarity (ρ)

This metric can be used to control the area of the MF shapes.
l=1
It is based on relating the areas of the original and the tuned
MFs. Let us deﬁne that Aj is the area of the triangle represent- with |E| being the data set size, F (xl ) being the output obing the original M Fj , and Aj is the new area. ρj is calculated tained from the FRBS decoded from such chromosome when
using the following equation for each M F :
the l-th example is considered and y l being the known desired output. The fuzzy inference system considered to obtain
min{Aj , Aj }
F (xl ) is the center of gravity weighted by the matching stratρj =
.

max{Aj , Aj }
egy as defuzziﬁcation operator and the minimum t-norm as
implication and conjunctive operators.
Values near to 1 mean that the original area and the tuned area
of the MFs are more similar (less changes). The ρ metric is 4.3 Main Characteristics of SPEA2SI
calculated through keeping the minimum value obtained:
The proposed algorithm makes use of the SP EA2 selection
ρ = minj {ρj } .
3.4

A global Semantics Interpretability index based on the
aggregation of the three metrics

We propose an aggregation of the metrics in a global index
based on the geometric mean, that is denoted as GM3M index.
It is clear that if only one of the proposed metrics has very
low values a problem in the interpretability will arise. The
aggregation operator should consider this fact:
GM 3M =


3

δ∗γ∗ρ

The value of GM 3M ranges between 0 (the lowest level of
interpretability) and 1 (the highest level of interpretability).

4

Proposed Multi-objective Evolutionary
Algorithm

The proposed algorithm performs a parametric tuning to improve the system accuracy as a ﬁrst objective and uses the
GM 3M index to try to preserve the interpretability. It is
called SP EA2 for Semantic Interpretability (SP EA2SI ) and
is based on the well-known SP EA2[11] algorithm. In the
next subsections the main components of this algorithm are
described and the speciﬁc characteristics are presented.
4.1

Coding Scheme and Initial Gene Pool

We consider a real coding scheme, being mi the number of
labels of each of the n variables comprising the DB,
Ci = (ai1 , bi1 , ci1 , . . . , aimi , bimi , cimi ),
i = 1, . . . , n ,
C = C1 C2 . . . Cn .
The initial DB is included as ﬁrst individual of the initial
population. The remaining individuals are generated at random within the corresponding variation intervals deﬁned in
the previous section.
4.2

Objectives

In this algorithm we use two objectives. They are:
• The interpretability index (GM 3M ) that is a maximization objective representing the geometric mean of the
three proposed metrics (interpretability).
• The Mean Squared Error (M SE) that is a minimization
objective (accuracy):
ISBN: 978-989-95079-6-8

mechanism. However in order to improve the search ability of
the algorithm the following changes are considered:
• The proposed algorithm includes a mechanism for incest prevention based on the concepts of CHC [12], for
maintaining population diversity. This mechanism avoids
premature convergence. Only those parents whose hamming distance divided by 4 is higher than a threshold are
crossed. The well-known BLX-0.5 [26] crossover is applied to obtain the offspring.
Since we consider a real coding scheme, we have to
transform each gene considering a Gray Code with a
ﬁxed number of bits per gene (BGene) determined by
the system expert. In this way, the threshold value is initialized as:
L = (#C ∗ BGene)/4,
where #C is the number of genes of the chromosome.
At each generation of the algorithm, the threshold value
is decremented by one which allows crossing closer solutions. Following the concept of the CHC algorithm that
does not used mutation, in our algorithm we do not include mutation operator.
• A restarting operator is applied by maintaining the most
accurate individual, and the most interpretable individual as a part of the new population (external population
is forced to be empty) and obtaining the remaining individuals with the tuning parameters generated at random within the corresponding variation intervals. This
way preserves both the most accurate and the most interpretable solutions obtained.
Restarting should be applied when we detect that all
crossovers are allowed. However in order to avoid premature convergence we apply the ﬁrst restart if 50 percent of crossovers are detected at any generation. This
condition is updated each time restarting is performed as
%Required = (100+%Required )/2. Moreover, the most
accurate solution should be improved before each restarting. To preserve a well formed Pareto front at the end,
the restarting is not applied in the last evaluations. The
number of evaluations without restart can be estimated as
the number of evaluations needed to apply the ﬁrst restart
multiplied by 10. Additionally, restart is disabled if it was
never applied before reaching the mid of the total number
of evaluations.
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• In each stage of the algorithm (between restarting points),
the number of solutions in the external population (P t+1 )
considered to form the mating pool is progressively reduced, by focusing only on those with the best accuracy.
To do that, the solutions are sorted from the best to the
worst (considering accuracy as sorting criterion) and the
number of solutions considered for selection is reduced
progressively from 100% at the beginning to 50% at the
end of each stage by taking into account the value of L.
In the last evaluations when restart is disabled. This
mechanism, whose main objective is focusing on the
most accurate solutions, is also disabled in order to obtain a wide well formed Pareto front.

5

Experiments

To evaluate the goodness of the proposed approach, two realworld problems with different complexities (different number
of variables and available data) are considered to be solved
(these data sets are available at, http://www.keel.es/) [27]:

5.2

Results and Analysis

Table 1 shows the results obtained with WM, where #R
stands for the number of rules, MSEtra/tst for the averaged
error obtained over the training/test data, σ for their respective standard deviations and GM 3M for the interpretability
index. This method obtains the initial knowledge bases that
will be tuned by T and SP EA2SI . For the WM method the
interpretability index takes value 1 that is the highest level of
interpretability.
Table 1: Results obtained with WM method
Dataset #R MSEtra σtra MSEtst σtst GM3M
ELE

65 56136 1498 56359 4685

1

ABA

68 8.407 0.443 8.422 0.545

1

The results obtained by both post-processing methods are
shown in Table 2. In addition we also show δ, γ and ρ that
• Estimating the maintenance costs of medium voltage represent the individual values of the metrics comprising, and
lines in a town (ELE).
t represents the results of applying a test t-student (with 95
percent conﬁdence) in order to ascertain whether differences
• Predicting the Abalone Age (ABA).
in the performance of the best results are signiﬁcant when
compared with that of the other algorithm in the table. The
In both cases, the well-known ad hoc data-driven learning interpretation of the t column is:
algorithm of Wang and Mendel [28] is applied to obtain an
 represents the best averaged result.
initial set of candidate linguistic rules. To do so, we will consider strong fuzzy partitions of triangular-shaped MFs. Once
+ means that the best result has better performance than
the initial RB is generated, the proposed post-processing algothat of the related row.
rithm can be applied.
Methods considered for the experiments are:
Analysing the results showed in Table 2, we can highlight
the following facts:
• T method performs a classic MFs parameter tuning by
• The proposed method obtains the best results in training
only considering the accuracy of the model as the sole
and test with respect to T in both problems. In the case
objective [14].
of the electrical problem, SPEA2SI improves among 7%
• SP EA2SI is the proposed MOEA method for the clasand 8.5% in training and test respectively and in the
sic tuning considering two objectives, precision and the
abalone problem it obtains an improvement of 1.5%.
semantics interpretability index (GM3M).
• The most accurate solutions from SPEA2SI improve
the accuracy and obtain more interpretable models, with
5.1 Experimental Set-up
29%(ELE) and 52%(ABA) of improvement in the interWe consider a 5-fold cross-validation model, i.e., 5 random
pretability index with respect to the T method.
partitions of data each with 20%, and the combination of 4 of
them (80%) as training and the remaining one as test. For each
Figure 2 shows the Pareto front obtained with SPEA2SI
one of the 5 data partitions, the tuning methods have been run method, the solution obtained by T and the initial knowledge
6 times, showing for each problem the averaged results of a base obtained by W M in the same data partition and seed of
total of 30 runs.
ELE. We can observe that the obtained Pareto front is quite
In the case of SP EA2SI the averaged values are calcu- wide. In fact, the number of non dominated solutions is allated considering the most accurate solution from each Pareto ways equal to the external population size. Moreover, the WM
obtained. In this way, SP EA2SI can be compared with the solution coincides with the last point of the Pareto front and
single objective method T .
the solution obtained with T is dominated by several solutions
The values of the input parameters considered by T are: from SPEA2SI . Furthermore there is not overﬁtting in the repopulation size of 61, 100000 evaluations, 0.6 as crossover sults obtained with the proposed method.
probability and 0.2 as mutation probability per chromosome.
The Pareto front obtained allows selecting solutions with
The values of the input parameters considered by SP EA2SI different degrees of accuracy and interpretability. Figure 2
are: population size of 200, external population size of 61, presents that an improvement in the interpretability produces
100000 evaluations and 30 bits per gene for the Gray codiﬁ- lack of precision and an improvement in the precision produces lack of interpretability. This ﬁgure clearly shows that
cation.
ISBN: 978-989-95079-6-8

1149

IFSA-EUSFLAT 2009
Table 2: Results obtained in both problems
Dataset Method MSEtra σtra t-test MSEtst σtst t-test GM3M σGM 3M t-test
ELE
ABA

T

δ

γ

ρ

17020 1893

+

21027 4225

=

0.225

0.046

+

0.058 0.337 0.694

SPEA2SI 15884 1191

*

19257 2893

*

0.319

0.170

*

0.225 0.398 0.648

T

2.688 0.063

+

2.770 0.242

=

0.144

0.051

+

0.032 0.182 0.636

SPEA2SI 2.648 0.051

*

2.744 0.276

*

0.298

0.153

*

0.177 0.392 0.625

Figure 2: Pareto Front obtained in ELE

Figure 3: A DB obtained with T method in ELE
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