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1

Introduction

A query to a (relational) database may be identiﬁed, in a
slightly simpliﬁed view, with a condition expressing what the
user is looking for. A database management system returns in
the response to a query a list of tuples satisfying this condition. Such a condition is usually composed of a few, simple,
atomic conditions putting some constraints on the values of
the attributes characterizing given relation (table). We will
adopt such a simpliﬁed view, assuming moreover that the user
is concerned with just one relation, i.e., using SQL’s terminology, joins, subqueries etc. are excluded for the sake of clarity
of the presentation of the main idea.
Atomic conditions are connected using the classical logical connectives of the conjunction, disjunction and negation.
In many standard application scenarios this is exactly what is
needed to retrieve required data from a database. However in
some other scenarios more sophisticated forms of the queries
seem to be useful. Thus, in the literature further extensions
of this basic setting are proposed. Firstly, many authors advocate the convenience of using linguistic terms in queries
(cf., e.g., [1, 2]). For example, it is more natural and comfortable for a user of a real-estate agency to state that she or
he is looking for a “not very expensive house” rather than to
use a precise interval of acceptable prices. The beneﬁts of using fuzzy logic to model linguistic terms in queries are widely
advocated and there is a large number of of both theoretical
and practical results obtained by the researchers in this area
(cf., e.g., [3, 1, 2]). Secondly, some (atomic) conditions may
be for the user more important than the others. For example,
a customer of a real-estate agency may be looking for a “not
very expensive house located in a nice city district” and to treat
the former condition as a much more important than the latter.
Thus in the overall matching degree of a tuple against such a
query the satisfaction of the former condition is crucial, while
of the latter is to some extent secondary. Proper modeling of
importance weights is a subject of many papers (cf., e.g., [4]).
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The essence of the concept of a bipolar query is in a new
way of differentiating the conditions than by assigning them
with some fixed importance weights. Namely, a bipolar query
is deﬁned by two conditions: one – negative (required) – expresses the constraints that have to be satisﬁed while the second – positive (preferred) – expresses only what is desired
and its violation does not necessarily lead to the rejection of
given tuple. This combination of conditions may be meant
and studied in a few different ways. Here we are interested in
the ways the satisfaction of both types of conditions should be
combined to obtain an overall matching degree of the whole
query. From this point of view the most important is the question if there is a conﬂict between the conditions or they can be
satisﬁed simultaneously. If there is a total conﬂict, i.e., satisfying one condition means totally failing to satisfy another, the
bipolar query reduces itself to the required condition. On the
other hand, if both conditions may be totally satisﬁed simultaneously then the bipolar query reduces to a simple conjunction. Thus, the most interesting are intermediate cases which
may be characterized by a degree of conﬂict between the conditions.
In this paper we study three logical formulas which may be
used as a representation of a bipolar query. They are equivalent in case of the classical predicate logic but as soon as
we adopt the fuzzy (multivalued) logic context they become
distinct and exhibit different properties depending on the assumed set of fuzzy operators used to model logical connectives. Our study may be seen as an attempt at justifying particular choices in this respect.
The structure of this paper is as follows. In Section 2 we
brieﬂy remind the concept of the bipolar query and introduce
the notation used later on. We also discuss the concept of the
winnow operator which is used to derive logical representations of bipolar queries. In Section 3 we compare particular
representations under different choices of logical operators,
i.e., operators used to model particular logical connectives.

2

The concept of a bipolar query

The very concept of bipolar queries has been introduced by
Dubois and Prade [5]. Its basic idea is to distinguish two types
of query conditions, which are related to the negative and positive preferences of a user. The former coincide with the traditional understanding of a condition as a constraint, which
deﬁnes a set of feasible tuples or, equivalently, excludes all tuples that do not satisfy it. The latter, on the other hand, characterizes those tuples which are really desired, with such an un-
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derstanding that violating such a condition by a tuple does not a set of tuples T = {tj } comprising a relation. We will idennecessarily exclude it from the consideration. Bipolar queries tify the negative and positive conditions of a bipolar query
with the predicates that represent them and denote them as C
may be exempliﬁed by the following one:
and P , respectively. For a tuple t ∈ T , C(t) and P (t) will
“Find a non-expensive house and possibly located
(1) denote that the tuple t satisﬁes respective condition (in crisp
near a railway station
case) or the degrees of satisfaction, if the conditions are fuzzy.
where the condition referring to the price is a negative one, We will also denote the whole bipolar query as (C, P ).
According to the original (crisp) approach by Lacroix and
excluding expensive houses, and the condition referring to the
Lavency
if there are no tuples meeting both conditions then the
location is a positive one, expressing just a desire to get a
result
of
the aggregation is determined by the negative condihouse conveniently located, if possible.
tion
C
alone.
Otherwise the aggregation becomes a regular
Now there is a crucial question of the interplay between
conjunction
of
both conditions. Thus the answer to such a
these two types of conditions which distinguishes different
query
depends
not
only on the explicit arguments, i.e., C(t)
lines of research in this area. Namely, Dubois and Prade baand
P
(t),
but
also
on the content of the database. This desically assume that these conditions should be consistent in
pendence
is
best
expressed
by the following logical formula
such a sense that the set of desired tuples should be a subset
[8]:
of the set of feasible tuples. Then the main question is how to
take into account the sets of negative and positive conditions.
C(t) and possibly P (t) ≡ C(t) ∧ ∃s(C(s) ∧ P (s)) ⇒ P (t)
These are aggregated separately and if the resulting overall
(3)
negative and positive conditions are not consistent some meaThe characteristic feature of such an interpretation of bipolar
sures are undertaken to make them so. The answer to such a
queries is that if there is no conﬂict between the conditions P
bipolar query is generated according to the strategy “ﬁrst seand C, i.e., there are tuples satisfying both of them, then the
lect (with respect to the negative condition) and then order
query turns into a conjunction of the conditions. On the other
(with respect to the positive condition)”. This strategy rehand if there are no tuples satisfying both conditions then only
quires a precisiation in case the ﬁrst condition is fuzzy, i.e.,
condition C is used to select tuples.
is satisﬁed by tuples to a degree – what is, of course, the most
Such an aggregation operator has been later proposed indeinteresting case, anyway. Then it is not that clear what does
pendently by Dubois and Prade [9] in the context of default
it mean to select tuples satisfying a fuzzy condition as they
reasoning and by Yager [10, 11] in the context of the multicriform, in fact, a fuzzy set. Dubois and Prade [6] propose to
teria decision making for the case of so-called possibilistically
employ here a lexicographic order of the tuples represented
qualified criteria. Yager [11] intuitively characterizes a possiby vectors of the degrees of matching of particular conditions.
bilistically quantiﬁed criterion as such which should be satisThey propose also a comprehensive representation of bipolar
ﬁed unless it interferes with satisfaction of other criteria. This
preferences in the framework of the possibility theory [7].
is in fact the essence of bipolar queries in the sense advocated
Another line of research explicitly takes into account the
in this paper. This concept was also applied by Bordogna and
conﬂict between the constraints and the desires and looks for
Pasi [12] for the textual information retrieval task.
the aggregation of both conditions directly referring to the deLacroix and Lavency [8] consider only the case of crisp
gree of this conﬂict. This interpretation is emphasized by the
conditions C and P . Then a bipolar query may be, in fact,
use of the “and possibly” operator in (1). Thus, in general
processed using the “ﬁrst select using C then order using P ”
describing a bipolar query we will use the following notation:
strategy, i.e., the answer to the bipolar query (C, P ) is obC and possibly P
(2) tained by, ﬁrst, ﬁnding tuples satisfying C and, second, choosing from among them those satisfying the condition P , if any.
or, equivalently, an answer to a bipolar query may be deﬁned If C is crisp and P is fuzzy then the second step consists in
as the set of tuples: {t : C(t) and possibly P (t)}. The above non-increasingly ordering the tuples satisfying C according
form puts emphasis on the question of a proper modeling of to their degree of satisfaction of P . This understanding is prethe aggregation of both types of conditions, which is expressed dominant in the literature dealing with fuzzy extensions of the
original concept of Lacroix and Lavency. Both, direct extenhere with the use of the “and possibly” operator.
The interest of the database community in this type of sions proposed by Bosc and Pivert [13, 14] as well as sophistiqueries dates back to the paper by Lacroix and Lavency [8]. cated possibility theory-based interpretation of this concept by
They were the ﬁrst to propose the use of a query comprising Dubois and Prade [6] focus, in fact, on the proper treatment of
two categories of conditions: one which is mandatory (C) and multiple required and preferred conditions, basically assumanother which expresses just mere preferences (desires) (P ). ing the above strategy as the way of combining the negative
The bipolarity of these conditions becomes evident as soon and positive conditions.
In [15, 16] we propose a “fuzziﬁcation” of the formula (3)
as one adopts the following interpretation. The former condition C may be seen as expressing the negative preferences: and study its basic properties. Here we focus on the questhe tuples which do not satisfy it are deﬁnitely not matching tion of combining fuzzy conditions C and P and will treat
the whole query. The latter condition P , on the other hand, them in what follows as atomic. From this point of view it is
has a positive character: a tuple satisfying it is preferred over worth mentioning some other approaches which are of releanother tuple not satisfying it, provided both tuples satisfy the vance here. Dujmović [17] introduced the concept of the partial absorption function which may be used to combine the
mandatory condition C.
For the purposes of a further discussion we will use the fol- values of two variables in such a way that one variable conlowing notation. We assume the queries are addressed against trols the inﬂuence of the other on the result of their combinaISBN: 978-989-95079-6-8
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tion. It makes it possible to express the requirement that for
a high value of the result a high value of the ﬁrst variable is
mandatory while the high value of the second is desired but
not mandatory. When applied to the aggregation of the values of C(t) and P (t) this is somehow similar to the idea of
bipolar query expressed by (3), but lacks its dependence on
the content of the whole database. This approach may be seen
as based on a sophisticated, dynamic weighting of the importance of the combined values, where the weights itself depend
on the combined values. A similar approach has been proposed by Dubois and Prade; cf., e.g., [4].
The operator “among”, very close to the discussed here operator “and possibly”, has been proposed by Tudorie [18]. She
considers queries of the type “ﬁnd tuples satisfying a condition P among those satisfying a condition C”, which are in
fact equivalent to the bipolar queries understood as in (2). The
evaluation of a query with the “among” operator is very similar to the one adopted by us for the bipolar query, but is expressed in terms of the rescaling of the linguistic terms used in
the condition P . Namely, ﬁrst the set of tuples satisfying the
condition C to a non-zero degree is selected. Then the membership functions of the fuzzy sets representing the linguistic terms appearing in P (such as “near” in (1)) are rescaled
taking into account the actual range of the corresponding attributes in the set of tuples selected in the ﬁrst step. For example, if originally the distance of 2 kilometers from the station
has the membership value to the fuzzy set representing the
term “near” equals 0.5, and it turns out that it is the shortest distance among the houses selected in the ﬁrst step (i.e.,
among non-expensive houses, in case of the query (1)), then
this membership degree may be changed to 1 (the actual algorithm of rescaling may, of course, take different forms). Finally, the overall matching degree is computed as a conjunction of the matching degrees against the condition C and the
“modiﬁed” condition P , i.e., the one for which the rescaled
membership function of the linguistic terms is used. Please
note that if there is no interference between both conditions (in
the sense discussed earlier) then there is no need for rescaling
the membership functions and the query turns into a conjunction of both conditions, like in the case of the bipolar query.
Bipolar queries may be also seen a special case of queries
with preferences proposed recently, for the crisp case, by
Chomicki [19]. In the framework of this approach a new relational algebra operator called winnow is introduced. This
unary operator selects from a set of tuples T those which are
non-dominated with respect to a given preference relation R,
R ⊆ T × T . If two tuples t, s ∈ T are in relation R, i.e.,
R(t, s), then it is said that the tuple t dominates the tuple s
with respect to the relation R. Then the winnow operator ωR
is deﬁned as follows
ωR (T ) = {t ∈ T : ¬∃s∈T R(s, t)}

(4)

Thus, for a given set of tuples it yields a subset of the nondominated tuples with respect to R.
The concept of the winnow operator may be illustrated with
the following example. Let us consider a database of a realestate agency with a table HOUSES describing the details of
particular real-estate properties offered by an agency. The
schema of the relation HOUSES contains, among other, the
attributes city and price. Let us assume that we are interISBN: 978-989-95079-6-8

ested in the list of the cheapest houses in each city. Then the
preference relation should be deﬁned as follows
R(t, s) ⇔ (t.city = s.city) ∧ (t.price < s.price)
where t.A denotes the value of attribute A (e.g., price) at a
tuple t. Then the winnow operator ωR (HOUSES) will select the
houses that are sought. Indeed, according to the deﬁnition of
the winnow operator, we will get as an answer a set of houses,
which are non-dominated with respect to R, i.e., for which
there is no other house in the same city which has a lower
price.
In [16] we proposed a fuzzy counterpart of the winnow operator taking into account the fuzziness of the preference relation R and of the related concept of non-dominance as well as
the fact that the set of tuples T is also a fuzzy set. It may be
expressed as follows:
µωR (T ) (t) = truth(T (t) ∧ ∀s (T (s) → ¬R(s, t)))

(5)

where µωR (T ) (t) denotes the value of the membership degree
of the tuple t to the fuzzy set of tuples deﬁned by ωR (T ).
A bipolar query (C, P ) may be expressed using the concept
of the fuzzy winnow operator as follows [19, 16]. Let R be
a fuzzy preference relation of the following form (symbols R
and P denote both the fuzzy predicates and the membership
functions of corresponding fuzzy sets, depending on the context):
R(t, s) ⇔ P (t) ∧ ¬P (s)
(6)
Then the bipolar query may be expressed as the combination
of the selection and fuzzy winnow operators ωR (σC (T )), i.e.,
µωR (σC (T )) = truth(C(t) ∧ ∀s (C(s) → (¬P (s) ∨ P (t))))
(7)
(where σC (T ) is a usual “fuzzy” extension of the standard
relational algebra selection operator, i.e., µσC (T ) (t) = C(t)).
The deﬁnition of the fuzzy winnow operator (5) as well as
the “fuzziﬁcation” of the formula deﬁning a bipolar query (3)
leave open the question of a choice of the logical operators
which should be used to model particular logical connectives
occurring in both formulas. In [16] we show that for a speciﬁc
choice of them the fuzzy set of tuples obtained using (7) is
identical with the fuzzy set deﬁned by (3). In [20] we analyze
the properties of the “fuzziﬁed” version of (3) for the broader
class of the logical operators. In the next section we further
advance this study.

3

Various interpretations of bipolar queries
and their properties

In our previous work [15, 16, 20] we studied a speciﬁc fuzzy
version of the Lacroix and Lavency formula (3) representing
an interpretation of the concept of bipolar queries. We have
also shown its basic relation with a fuzzy version of the winnow operator we proposed. Here we extend this study comparing three formulas that may be used to represent the bipolar query and their properties under different interpretations of
the logical connectives occurring in them.
We derive the logical formulas expressing the matching degree of a bipolar query in three different ways (we repeat here
some formulas introduced in the previous section for the convenience of the reader):

1290

IFSA-EUSFLAT 2009
• making a direct “fuzziﬁcation” of the formula (3) proposed for the crisp case by Lacroix and Lavency [8]:

We use generalized quantiﬁers while interpreting formulas
(8)-(10) and particular t- and s-quantiﬁers will be denoted in
what follows by the ∀ and ∃ symbol with a subscript indicatC(t) and possibly P (t) ≡
ing underlying t-norm or s-norm, e.g., ∃max denotes a fuzzy
C(t) ∧ (∃s (C(s) ∧ P (s)) ⇒ P (t)) (8) existential quantiﬁer which obtains when the t-conorm “maximum” is used.
• making a direct “fuzziﬁcation” of the crisp winnow operWe consider two implication operators related to a given De
ator (4) and applying it with a speciﬁc preference relation Morgan Triple (∧, ∨, ¬), so-called S-implications:
(6) to obtain a bipolar query representation:
(13)
x →S−∨ y = ¬x ∨ y
C(t) and possibly P (t) ≡
and R-implications:
C(t) ∧ ¬∃s ((C(s) ∧ P (s) ∧ ¬P (t))) (9)
x →R−∧ y = sup{z : x ∧ z ≤ y}
(14)
• using our fuzzy version of the winnow operator (5) and
Thus, for particular De Morgan Triples one obtains the folapplying it as above:
lowing R-implication operators:

C(t) and possibly P (t) ≡
1 for x ≤ y
x →R−min y =
C(t) ∧ ∀s (C(s) ⇒ (¬P (s) ∨ P (t))) (10)
y for x > y

1
for x = 0
It may be easily seen that in the framework of the classical
x →R−Π y =
y
min{1,
}
for x = 0
logic all three above formulas are equivalent. Here we study
x
their properties in case of fuzzy (multivalued) interpretation,
x →R−W y = min(1 − x + y, 1)
in particular taking into account various operators which may
be used to model logical connectives. We follow usual ap- and the following S-implication operators:
proach of modeling conjunction and disjunction by the t-norm
x →S−max y = max(1 − x, y)
and t-conorm operators, respectively [21].
x →S−Π y = 1 − x + x · y
In order to carry out the analysis we consider so-called
x →S−W y = min(1 − x + y, 1)
De Morgan Triples (∧, ∨, ¬) that comprise a t-norm operator ∧, a t-conorm operator ∨ and a negation operator ¬, where
Now let us consider the question of the choice of one of the
¬(x∨y) = ¬x∧¬y holds. Three following De Morgan Triples
formulas (8)-(10) to represent bipolar queries and an approplay the most important role in fuzzy logic (cf., e.g., [21] for
priate modeling of the logical connectives occurring therein,
a justiﬁcation) (∧min , ∨max , ¬), (∧Π , ∨Π , ¬), (∧W , ∨W , ¬),
i.e., the choice of one of the De Morgan Triples.
where particular t-norms and t-conorms are deﬁned as folIn [20] we have shown certain basic properties of the fuzzilows:
ﬁed version of the original formula (8). Some of them are
t − norms
valid for any choice of logical operators, some are limited to
x ∧min y
= min(x, y)
minimum
some special cases. We study some of them here again, check=x·y
product
x ∧Π y
ing if they are valid also for the formulas (9) and (10). How= max(0, x + y − 1) Łukasiewicz
x ∧W y
ever, ﬁrst we start with a property identifying the equivalence
between formulas (8)-(10) for a certain choice of the logical
t − conorms
operators.
x ∨max y
= max(x, y)
maximum
Property 1 For a distributive De Morgan triple, i.e., when
=x+y−x·y
probabilistic sum
x ∨Π y
x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z), and a related S-implication
= min(1, x + y)
Łukasiewicz
x ∨W y
all formulas (8)-(10) are equivalent.
We will refer to these De Morgan Triples in what follows as,
We will show the equivalence between (8) and (9) and the
respectively, MinMax, Π and W triples. The negation opera- remaining equivalences may be shown in a similar way (the
tor ¬ in case of all the above De Morgan Triples is deﬁned as: equivalence of (8) and (10) was shown by us in [16] for the
¬x = 1 − x. Both t-norms and t-conorms are by deﬁnition speciﬁc case of the MinMax De Morgan Triple). Formula (9)
associative and thus may be treated as m-ary operators, i.e., may be rewritten as follows:
expressions like x ∧ y ∧ . . . and x ∨ y ∨ . . . are well deﬁned.
C(t) ∧ ∀s (¬C(s) ∨ ¬P (s) ∨ P (t))
Basically, the general and existential quantiﬁers are identiﬁed in fuzzy logic, for the case of a ﬁnite universe, with the what, due to the assumed distributivity of the triple is equivamaximum and minimum operators, respectively. They may be lent to:
generalized via the use of other t-norms and t-conorms what
leads to the concept of t-quantifiers and s-quantifiers; cf., e.g.,
C(t) ∧ ((∀s (¬C(s) ∨ ¬P (s))) ∨ P (t))
[22]. The truth of a statement involving such a quantiﬁer is
computed as follows ({a1 , . . . , am } is a ﬁnite universe under and via the following series of transformations leads to (8):
consideration):
C(t) ∧ ((∀s ¬(C(s) ∧ P (s))) ∨ P (t)) ≡
truth(∀xA(x)) = µA (a1 ) ∧ µA (a2 ) ∧ . . . ∧ µA (am ) (11)
truth(∃xA(x)) = µA (a1 ) ∨ µA (a2 ) ∨ . . . ∨ µA (am ) (12)
ISBN: 978-989-95079-6-8

C(t) ∧ ((¬∃s (C(s) ∧ P (s))) ∨ P (t)) ≡
C(t) ∧ (∃s (C(s) ∧ P (s)) ⇒ P (t))
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The last equivalence holds for “⇒” being an S-implication.
Among three De Morgan Triples that we consider in this
paper only the MinMax triple is distributive. Thus for it and
related S-implication we get equivalence of all three formulas (8)-(9). Property 1 shows only a sufﬁcient condition for
this equivalence, but for the other two triples some counterexamples for such an equivalence may be easily shown.
In [20] we have shown a property which is worth reminding as it best characterizes the understanding of the bipolar
queries adopted here. Namely, if there is no conﬂict between
the required (C) and preferred (P ) conditions at all, i.e., there
is a tuple fully (to a degree equal 1) satisfying both of them
then the formula (8) turns into a regular conjunction of both
conditions. This may be formally expressed as follows.
Property 2 If there exists a tuple t such that C(t) = P (t)
= 1 then a bipolar query (C, P ) turns into the conjunction
C ∧ P.
In [20] we have shown that for any combination of a t-norm,
t-conorm and S-implication or R-implication such that (1 ⇒
x) = x, Property 2 holds in case of the formula (8). Note that
the conjunction mentioned in the Property is modeled then via
assumed t-norm.
Here, in view of the Property 1, it is clear that in case of the
MinMax De Morgan Triple and the S-implication, Property 2
holds also for the formulas (9) and (10). Moreover, it may be
easily proved that this property also holds for the MinMax De
Morgan Triple and the R-implication in case of the formula
(10). Namely, we will show that:
truth(∀s (C(s) ⇒R−min (¬P (s) ∨max P (t))) =

1
if C(s) ≤ ¬P (s) ∨max P (t)
min
¬P (s) ∨max P (t) otherwise
s
(15)
is equal P (t) for any tuple t, under the assumptions of the
Property 2. If P (t) = 1 then for all tuples s the value of C(s)
is lower or equal max(1 − P (s), P (t)) and thus (15) is equal
1, i.e., is equal to P (t). Now let us assume that P (t) < 1
and let us denote with u a tuple for which C(u) = P (u) = 1
(the existence of such a tuple is assumed in the Property 2).
Then, for any tuple t, the minimum over s in (15) is realized
for s = u and thus is equal max(1 − 1, P (t)), i.e., P (t), what
completes our proof of the Property 2 also for the formula (10)
and the R-implication operator.
Some examples may be easily found showing that Property
2 fails for the W and Π De Morgan triples.
Another property of the formula (8), shown in [20], is valid
for two other formulas (9) and (10), and may be expressed as
follows.
Property 3 If for a tuple t the value of P (t) is equal to 1,
then a bipolar query (C, P ) turns into C(x).
This property holds for all formulas (8)-(10), for any combination of a t-norm, t-conorm and S-implication or Rimplication.
This property is a direct consequence of the general properties of the t-norm ((x ∧ 0) = 0), t-conorm ((x ∨ 1) = 1 and
(0 ∨ 0) = 0) and implication operators ((x ⇒ 1) = 1).
Now we show some additional properties of the formulas
(8)-(10).
ISBN: 978-989-95079-6-8

Property 4 Let us assume that truth(∃s (C(s)∧P (s))) > 0.
Then, for a De Morgan Triple with a t-norm without zero divisors, i.e., where ∀x, y > 0 (x ∧ y) = 0, and the related
R-implication, the matching degree computed using (8) for a
tuple t fully satisfying the required condition and not satisfying the preferred condition at all (i.e., C(t) = 1 and P (t) = 0)
is equal 0.
This is a property of the R-implication. Notice that this
means that such a tuple t will get lower matching degree than a
tuple s which satisﬁes both conditions to a degree , whatever
small  is. Thus it is surely a property we would like to avoid
and which makes (8) under both MinMax and Π De Morgan
Triples (whose t-norms do not have zero divisors) with related
R-implications less appealing as models of the bipolar query.
A similar property, formulated below, is exhibited by (10).
Property 5 Let us assume that there is at least one tuple u
such that C(u) > 0 and P (u) = 1. Then, for a De Morgan Triple with a t-norm without zero divisors and the related
R-implication the matching degree computed using (10) for a
tuple t fully satisfying the required condition and not satisfying the preferred condition at all (i.e., C(t) = 1 and P (t) = 0)
is equal 0.
Thus also (10) under both MinMax and Π De Morgan
Triples with related R-implications is not very appealing as
a model of the bipolar query. This property seems to favor the
W De Morgan Triple, at least in case of the R-implication and
formulas (8) and (10).
Another negative property of (8) for a speciﬁc combination
of logical operators may be expressed as follows.
Property 6 For the MinMax De Morgan Triple used with
related S-implication, the aggregation scheme deﬁned by (8)
may lead to the same matching degree for two tuples t and u
while t strongly Pareto dominates u, i.e., C(t) > C(u) and
P (t) > P (u).
This may be demonstrated with the following example. Let
us denote ∃s (C(s) ∧ P (s)) with ∃CP . Let ∃CP = 0.7 and
C(t) = 1, P (t) = 0.3, C(u) = 0.3 and P (u) = 0. Then the
matching degree computed for both tuples is equal 0.3, while
t strongly Pareto dominates u.
In fact this property may be supplemented by observing
that all tuples t such that P (t) ≤ (1 − ∃CP ) and C(t) ≥
(1 − ∃CP ) obtain the same matching degree, equal 1 − ∃CP .
This fact has been observed by Dubois and Prade [5] for a
formula similar to (8). However, it should be noted that even
for the tuples not satisfying the above conditions, the Pareto
domination may be not reﬂected by (8) used with the logical
operators speciﬁed by Property 6. For example, for a tuple u,
such that C(u) = P (u) = 0.6, still assuming ∃CP = 0.7,
the matching degree is equal 0.6. The same matching degree
obtains for t such that C(t) = 1 and P (t) = 0.6 as well as for
t such that C(t) = 0.6 and P (t) = 1.0, while in both these
cases the tuple t Pareto dominates u.
Note, that due to the Property 1, the Property 6 is also valid
for two other formulas (9)-(10).
Certainly the list of properties discussed in the paper is not
exhaustive and they should be seen as a ﬁrst attempt at a more
comprehensive analysis of the bipolar queries and their various representations proposed here. Such an analysis should
provide some hints which representation should be used un-
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der which conditions and using which set of logical operators.
However, already the properties discussed here provide some
hints which may be summarized as follows.
We ﬁrst list some general properties shared by all three formulas (8)-(10) under any combination of the logical operators.
These properties may be expressed concisely as the properties
of the “and possibly” operator, which is the essence of our understanding of bipolar queries (this operator is denoted below
as ∧possibly , but it should be remembered that this operator is
not truth-functional):

2522 of Lecture Notes in Computer Science, pages 174–182.
Springer, Berlin, Heidelberg, 2002.
[6] D. Dubois and H. Prade. Handling bipolar queries in fuzzy
information processing. In Galindo [23], pages 97–114.
[7] D. Dubois and H. Prade. An overview of the asymmetric bipolar representation of positive and negative information in possibility theory. Fuzzy Sets and Systems, 160(10):1355–1366,
2009.

• monotonicity (but not strict) in both arguments,

[8] M. Lacroix and P. Lavency. Preferences: Putting more knowledge into queries. In Proceedings of the 13 International Conference on Very Large Databases, pages 217–225, Brighton,
UK, 1987.

• boundary properties: 1∧possibly 1 = 1 and x∧possibly 1 =
x (Property 3).

[9] D. Dubois and H. Prade. Default reasoning and possibility theory. Artificial Intelligence, 35(2):243–257, 1988.

Now let us look at particular formulas (8)-(10) and summarize their properties in combinations with all considered logical operators.
Formula (8) exhibits Property 2 when used with any combination of logical operators. This is surely its advantage as
this property is characteristic for our understanding of bipolar
queries. Property 4 seems to suggest that the R-implication
should be avoided in case of formula (8) (unless it is used
in the framework of the W De Morgan Triple, but then both
types of implication operators are identical, thus a general hint
of avoiding R-implication may be still seen as valid). Property
6 suggests that the MinMax De Morgan Triple is generally not
appropriate for the formula (8).
Formula (9) exhibits Property 2 only for the MinMax De
Morgan Triple, but Property 6 makes this triple inappropriate
to some extent.
Formula (10) also satisﬁes Property 2 only for the MinMax
De Morgan Triple, which is on the other hand somehow inappropriate due to the Properties 5 and 6.
Concluding, if Property 2 is required, what seems to be a
reasonable postulate, then the best choice of the representation of the bipolar queries and logical operators to model the
logical connectives therein– according to studied properties–
seems to be formula (8) with the Π De Morgan Triple and
the S-implication operator. Such a choice saves the obtained
representation from some negative properties discussed in this
paper. Further studies are needed in order to identify a more
comprehensive list of postulated properties.
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