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Abstract— We propose a new, human consistent method for the
evaluation of similarity of time series that uses a fuzzy quantiﬁer base
aggregation of trends (segments), within the authors’ (cf. Kacprzyk,
Wilbik, Zadrożny [1, 2, 3, 4, 5, 6] or Kacprzyk, Wilbik [7, 8, 9]) approach to the linguistic summarization of trends based on Zadeh’s
protoforms and fuzzy logic with linguistic quantiﬁers. The results obtain are very intuitively appealing and justiﬁed by valuable outcomes
of similarity analyses between quotations of an investment fund and
the two main indexes of the Warsaw Stock Exchange.

1

Introduction

Among various application areas of advanced data mining and
knowledge discovery tools and techniques, all kinds of ﬁnance
related areas are of primordial and growing importance. For
instance, in an interesting statistical report [10] on top data
mining applications in 2008, the ﬁrst two positions are, in the
sense of yearly increase:
• Investment/Stocks, up from 3% of respondents in 2007 to
14% of respondents in 2008% (350% increase),
• Finance, up form 7.2% in 2007 to 16.8% in 2008 (108% increase).
This trend will presumably continue in view of serious difﬁculties on ﬁnancial/investment market which is expected to
continue well after 2009.
This paper is a continuation of our previous works (cf.
Kacprzyk, Wilbik, Zadrożny [1, 2, 3, 4, 5, 6] or Kacprzyk,
Wilbik [7, 8, 9]) which deal with the problem of how to effectively and efﬁciently support a human decision maker in making decisions concerning investments. We deal mainly with
investments in investment (mutual) funds. Clearly, decision
makers are here concerned with possible future gains/losses,
and their decisions is related to what might happen in the future. However, our aim is not the forecasting of the future
daily prices, which could have been eventually used directly
for a purchasing decision. Instead, in our works, we follow a
decision support paradigm, that is we try to provide the decision maker with some information that can be useful for
his/her decision on whether and how many units to purchase.
We do not intend to replace the human decision maker.
This problem is very complex. First of all, there may be two
general approaches. The ﬁrst one, which may seem to be the
most natural is to provide means to derive a price forecast for
∗
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an investment unit so that the decision maker could “automatically’ purchase what has been forecast, and as much as he/she
could afford. Unfortunately, the success in such a straightforward approach is much less than expected. Basically, statistical methods employed usually for this purpose are primitive
in the sense that they just extrapolate the past and do not use
domain knowledge, intuition, some inside information, etc. A
natural solution may be to try to just support the human decision maker in making those investment decisions by providing
him/her with some additional useful information, and not getting involved in the actual investment decision making.
Various philosophies in this respect are possible. Basically,
from our perspective, the following one will be followed. In
all investment decisions the future is what really counts, and
the past is irrelevant. But, the past is what we know, and the
future is (completely) unknown. Behavior of the human being
is to a large extend driven by his/her (already known) past
experience. We usually assume that what happened in the past
will also happen (to some, maybe large extent) in the future.
This is basically, by the way, the very underlying assumption
behind the statistical methods too!
This clearly indicates that the past can be employed to help
the human decision maker ﬁnd a good solution. We follow
here this path, i.e. we present a method to subsume the past, to
be more speciﬁc the past performance of an investment (mutual) fund, by presenting results in a very human consistent
way, using natural language statements.
It should be noted that this line of reasoning has often been
articulated by many well known investment practitioners, and
one can quote here some more relevant opinions. In any information leaﬂets of investment funds, one may always notice
a disclaimer stating that “Past performance is no indication of
future returns” which is true. However, on the other hand, for
instance, in a well known posting “Past Performance Does Not
Predict Future Performance” [11], they state something that
may look strange in this context, namely: “. . . according to an
Investment Company Institute study, about 75% of all mutual
fund investors mistakenly use short-term past performance as
their primary reason for buying a speciﬁc fund”. But, in an
equally well known posting “Past performance is not everything” [12], they state: “. . . disclaimers apart, as a practice investors continue to make investments based on a schemes past
performance. To make matters worse, fund houses are only
too pleased to toe the line by actively advertising the past performance of their schemes leading investors to conclude that
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it is the single-most important parameter (if not the most important one) to be considered while investing in a mutual fund
scheme”.
As strange as this apparently is, we may ask ourselves why
it is so. Again, in a well known posting “New Year’s Eve: Past
performance is no indication of future return” [13], they say
“. . . if there is no correlation between past performance and
future return, why are we so drawn to looking at charts and
looking at past performance? I believe it is because it is in our
nature as human beings . . . because we don’t know what the
future holds, we look toward the past . . . ”.
And, continuing along this line of reasoning, we can ﬁnd
many other examples of similar statements supporting our position. For instance, Myers [14] says: “. . . Does this mean
you should ignore past performance data in selecting a mutual fund? No. But it does mean that you should be wary
of how you use that information . . . While some research has
shown that consistently good performers continue to do well
at a better rate than marginal performers, it also has shown a
much stronger predictive value for consistently bad performers . . . Lousy performance in the past is indicative of lousy
performance in the future. . . ”. And, further: Bogle [15] states:
“... there is an important role that past performance can play in
helping you to make your fund selections. While you should
disregard a single aggregate number showing a fund’s past
long-term return, you can learn a great deal by studying the
nature of its past returns. Above all, look for consistency.”.
In [16], we ﬁnd: ”While past performance does not necessarily predict future returns, it can tell you how volatile a fund
has been”. In the popular “A 10-step guide to evaluating mutual funds” [17], they say in the last, tenth, advise: “Evaluate
the funds performance. Every fund is benchmarked against an
index like the BSE Sensex, Nifty, BSE 200 or the CNX 500 to
cite a few names. Investors should compare fund performance
over varying time frames vis-a-vis both the benchmark index
and peers. Carefully evaluate the funds performance across
market cycles particularly the downturns”.
One can give many more quotations from all kinds of investment guides, analyses, etc. by leading experts. Virtually
all of them emphasize the importance of looking at the past
to help make future decisions. Moreover, they also generally
advocate a more comprehensive look in the sense that what
might be useful would rather be not particular single values
but some deeper meaning, even nature of past behavior and
returns.
We have followed this line of reasoning in our past papers
(cf. Kacprzyk, Wilbik, Zadrożny [1, 2, 3, 4, 5, 6] or Kacprzyk,
Wilbik [7, 8, 9]), i.e. to try to ﬁnd a human consistent, fuzzy
quantiﬁer based scheme for a linguistic summarization of the
past in terms of various aspects of how the time series representing daily quotations of the investment fund(s) behave.
However, we have mainly concentrated on a sheer absolute
performance, i.e. the time evolution of the quotations themselves. This may be relevant, and sometimes attractive to the
users who can see a summary of their gains/loses and their
temporal evolution.
However, for many more detailed analyses we need to relate the performance of an investment fund to the performance
(time evolution) of some benchmark(s) against which the particular investment fund is to be compared, as stated in its
ISBN: 978-989-95079-6-8

prospectus. These benchmarks are usually some stock exchange indexes, or a composition thereof.
One of more interesting and relevant questions that may
be posed by both a professional analyst or a customer whose
money is being invested may be: how similar was the temporal
evolution of quotations of the particular investment fund and
its benchmark(s)? This has clearly to do with the measuring
of similarity of time series.
The problem of similarity of time series or ﬁnding similar subsequences of time series is an important issue in many
problems, e.g., in indexing [18, 19], clustering [20] or motif discovery [21, 22]. A similarity measure should allow
for the imprecise match, i.e., should indicate time series sequences that are similar to some extent. Moreover, the algorithm should be very efﬁcient [23], as we may consider very
long time series.
Different approaches to the similarity measures of time series were considered and proposed in the literature. A simple solution is to view each sequence as a point in an ndimensional Euclidean space, where n is the length of the
segment (trend). The similarity or dissimilarity is based on
the Euclidean distance, and computed as the norm in this
space [24]. This approach can be used for various time series but normally some extensions should be applied providing various transformations such as scaling or shifting were
proposed [21].
Another methods use, for instance, the Dynamic Time
Wraping (DTW) [19] and Longest Common Subsequence
(LCS) measures [24], and they allows gaps in sequences. They
are successfully used in other domains such as speech recognition and text pattern matching [25].
Other approaches developed for similarity search in time
series data are based on dimension reduction. This can be
achieved in numerous ways, e.g. using the Discrete Fourier
Transform (DFT) [23], wavelets [26], etc.
One can also mention here approaches based on the piecewise linear representation of time series [27]. In this approach
time series are represented by segments (trends), not the particular values. The method proposed here falls into this category.
In this paper we propose new method of calculating the similarity of time series; as we have already indicated, this concerns the quotations of an investment fund and some benchmark. The degree of similarity of two time series is meant
here as the degree to which, for instance, “most” of the long,
overlapping segments are similar (for instance, such that “almost all” of their features are similar). Notice that this has
very much to do with a soft deﬁnition of consensus meant
as a degree to which, for instance, “most of the important
individuals agree as to almost all of the relevant options”.
This was introduced by Kacprzyk and Fedrizzi [28, 29, 30],
Kacprzyk, Fedrizzi and Nurmi [31], and recently by Kacprzyk
and Zadrożny [32] and has been found useful in many areas.
We will now discuss ﬁrst the segmentation of time series, as
the similarity will proceed in terms of segments (trends), not
all the consecutive values. Then, we will propose some new,
linguistic quantiﬁer based measures of similarity, followed by
examples on real data, and conclusions.
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2

Segmentation of time series

In our approach (cf. Kacprzyk, Wilbik, Zadrożny [1, 2, 3, 4,
5, 6] or Kacprzyk, Wilbik [7, 8, 9]) we summarize the trends
(segments) extracted from a time series, and we have to extract these segments assumed to be represented by a fragment of a straight line. There are many algorithms for a
piecewise linear segmentation of time series, including, e.g.,
on-line (sliding window) algorithms, bottom-up or top-down
strategies (cf. Keogh [33, 34]). We may either divide the
time series into k segments (using, e.g., bottom-up or topdown strategies), where k is speciﬁed by the user, or divide
it so that the maximum error for any segment does not exceed some threshold value ε, also speciﬁed by the user. In
our works [1, 2, 3, 4, 5, 6, 7, 8, 9] we used a simple on-line
algorithm, a modiﬁcation of one proposed by Sklansky and
Gonzalez [35] in the contest of image analysis. The method
is simple and fast, and fully satisﬁes our needs though many
other methods are possible.
Our algorithm constructs the segments so that the maximum
distance between the segment line and the observed time point
is smaller than a user speciﬁed ε value. It works by constructing the intersection of cones starting from point pi of the time
series and including a circle of radius ε around the subsequent
data points pi+j , j = 1, 2, . . ., until the intersection of all
cones starting at pi is empty. If for pi+k the intersection is
empty, then we construct a new cone starting at pi+k−1 . Figure 1 present the idea of the algorithm. The family of possible
solutions is indicated as a gray area. Clearly other algorithms
can also be used, and there is a lot of them in the literature (cg.
[18, 36]).

read_point(p_0);
read_point(p_1);
while(1)
{
p_2=p_1;
Alpha_02=find();
Alpha_01=Alpha_02;
do
{
Alpha_01 = Alpha_01 ∩ Alpha_02;
p_1=p_2;
read_point(p_2);
Alpha_02=find();
} while(Alpha_01 ∩ Alpha_02 = ∅);
save_found_trend();
p_0=p_1;
p_1=p_2;
}

Figure 2: Pseudocode of the modiﬁed Sklansky and Gonzalez [35] algorithm for extracting trends
The bounding values of Alpha_02 (γ2 , β2 ), computed by
function find() correspond to the slopes of two lines that (1)
are tangent to the circle of radius ε around point p2 = (x2 , y2 )
and (2) start at the point p0 = (x0 , y0 ). Thus

β2 , γ2 = arctg 

∆x · ∆y − ±ε

!

(∆x)2 + (∆y)2 − ε2

(∆x)2 − ε2




where ∆x = x0 − x2 and ∆y = y0 − y2 .
The resulting linear ε-approximation of a group of points
p_0, . . . ,p_1 is either a single segment, chosen as, e.g., a
bisector of the cone, or one that minimizes the distance (e.g.,
the sum of squared errors, SSE) from the approximated points,
or the whole family of possible solutions, i.e., rays of the cone.
This method is effective and efﬁcient as it requires only
a single pass through the data. From now on we will identify (partial) trends with the line segments of the constructed
piecewise linear function.

3 Linguistic summarization of time series
(a) the intersection of the cones (b) a new cone starts in point p2
is indicated by the dark grey
area

Figure 1: Illustration of the segmentation algorithm used

First, we will outline the very essence of our approach to the
linguistic summarization of time series which is based on the
two types of protoforms of linguistic summaries of trends:
• a short form:
Among all segments, Q are P

To present details of the algorithm, let us ﬁrst denote:
• p_0 – a point starting the current cone,
• p_1 – the last point checked in the current cone,
• p_2 – the next point to be checked,
• Alpha_01 – a pair of angles (γ1 , β1 ), meant as an interval,
that deﬁnes the current cone as shown in Figure 1(a),
• Alpha_02 – a pair of angles of the cone starting at the point
p_0 and inscribing the circle of radius ε around the point p_2
(cf. (γ2 , β2 ) in Figure 1(a)),
• function read_point() reads a next point of data series,
• function find() ﬁnds a pair of angles of the cone starting
at the point p_0 and inscribing the circle of radius ε around
the point p_2.
A pseudocode of the algorithm that extracts trends is depicted in Figure 2.
ISBN: 978-989-95079-6-8

(1)

e.g.: “Among all segments, most are slowly increasing”.
• an extended form:
Among all R segments, Q are P

(2)

e.g.: “Among all short segments, most are increasing”.
whose truth values are, respectively:
$
T (Among all y’s, Q are P ) = µQ

T (Among all Ry’s, Q are P ) = µQ

&n

n
1
µP (yi )
n i=1

%
(3)


µR (yi ) ∧ µP (yi )
i=1
&n
i=1 µR (yi )

(4)

where ∧ is the minimum operation (more generally it can be
another appropriate operator, notably a t-norm).
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For more information on this approach, and on the advan- where wdur + wdyn + wvar = 1, here all are equal, wdur =
tages of using protoforms as general forms of linguistic sum- wdyn = wvar = 13 .
Next, to obtain the similarity of A and B, we need to agmaries, see Kacprzyk, Wilbik, Zadrożny [1, 2, 3, 4, 5, 6] or
gregate above similarity values between the overlapping segKacprzyk, Wilbik [7, 8, 9].
ments, and again we use a linguistic quantiﬁer driven aggre4 A new fuzzy quantifier based method for the gation.
evaluation of similarity of time series
$ &n p −p
%
i+1
i
sim(api , bpi )
i=1
T
sim(A, B) = µQ
(7)
The degree of similarity of two time series is meant here as
&n pi+1 −pi
i=1
T
the degree to which, say “most” of the long, simultaneous segments are similar (i.e., “majority” of their features are similar). where p
i+1 − pi is the difference between the two consecuThe time series is represented by its segments (trends). tive partition points p and p , and T is the total time span
i
i+1
Each segment is described by the following four values:
considered.
&
n
• starting time, called here a partition point,
As i=1 pi+1 − pi = T we may simplify this formula and
• duration of the segment (expressed in time units),
we obtain
• dynamics of change (expressed as the slope of the segment),
%
$ n
 pi+1 − pi
• variability occurring in the segment, describing the variabilsim(api , bpi )
(8)
sim(A, B) = µQ
ity of differences between the trend (segment line) and the
T
i=1
particular time series values over the duration of this trend.
Let us assume, we wish to compare two time series A and
5 Numerical results
B. As the result of the segmentation procedure time series A
was divided into k segments, represented by aj , j = 1, . . . , k The method proposed in this paper was tested on data on quoand time series B was divided into l segments, represented by tations of an investment (mutual) fund that invests at most
50% of assets in shares listed at the Warsaw Stock Exchange
bj , j = 1, . . . , l.
Next we create the set of partition points of the two time (WSE). We have used two benchmark time series, the index
series considered, i.e. this set contains the time points when of WSE companies (WIG), that is the benchmark for this fund
at least one segment has started. There are at most k + l such mentioned in the fund prospectus, and the index of 20 biggest
partition points. Those times are sorted, so that the earlier ones and most liquid companies (WIG20). More information can
be found on the WSE Web page (http://www.gpw.pl).
come ﬁrst.
Data shown in Fig. 3 were collected from the beginning of
Now between any consecutive partition points (e.g. pi and
2007
until the end of 2008 (501 quotations); notice that one
pi+1 ) there is only one segment (or a part of it) of each time
can
see
when world wide ﬁnancial problems begun. They are
series. We may denote those segments as api and bpi , i.e.,
measured
in different units, and in order to compare them, we
api is the segment representing time series A that take place
have
scaled
them using the following formula. The new value
between pi and pi+1 . Now we can compute the similarity of
of
the
quotation
such simultaneous segments.
We compute the degree of similarity of two segments
vi − v0
10 + 10
v̄i =
(trends), as the degree to which “most” of their features are
v0
similar. Here we consider for simplicity the three features
only: duration, dynamics and variability. The values of the where v0 is the quotation value of the ﬁrst observation, i.e. on
features of segment api are durapi for duration, dynapi for January, 2, 2007. Those scaled time series may be interpreted
dynamics, and varapi for variability. Rdur , Rdyn and Rvar as the amount of money that would be earned if we invested
are the ranges of possible values of duration, dynamics and PLN 10 (PLN stands for the Polish Zloty) in the mutual fund
variability. The degree of similarity of segments api and bpi or stocks of the index on January 2, 2007.
with respect to duration is computed as


|durapi − durbpi |
simdur (api , bpi ) = µdur
(5)
sim
Rdur
Similarly, separate functions can be deﬁned for the similarity
var
for each feature, here µdyn
sim and µsim . Let µQ1 (.) be the membership function of quantiﬁer “most”, i.e regular, nondecreasing and monotone. Thus the degree of similarity of segments
api and bpi is computed as






|durapi − durbpi |
Rdur



|dynapi − dynbpi |
+ wdyn µdyn
+
sim
Rdyn



|varapi − varbpi |
+ wvar µvar
sim
Rvar

sim(api , bpi ) = µQ1
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wdur

µdur
sim


+

Figure 3: Daily quotations of an investment fund considered
and the WIG and WIG20 indexes
(6)

The value of the mutual fund time series was equal PLN
5.28 at the end of the time span considered. The minimal value
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recorded was PLN 4.63 while the maximal one during this
Table 3: Linguistic summaries for the WIG20 index time seperiod was PLN 12.86.
ries
The values of the benchmark time series were equal to PLN
linguistic summary
T
5.46 and PLN 5.61 at the end of the time span considered for
Among all y, most are constant
1
the WIG and WIG20, respectively. The minimum value of
Among all y, most are constant and low
1
WIG recorded was PLN 4.71 while the maximum one during
Among all y, most are low
1
this period was PLN 13.20. The minimum and maximum valAmong all constant y, most are low
1
Among all low y, most are constant
1
ues for WIG20 were PLN 4.62 and PLN 11.70, respectively.
Among all medium y, most are constant
1
Using the modiﬁed Sklansky and Gonzalez algorithm
Among all medium y, most are constant and low
1
(cf. [2]) and ε = 0.25 we obtained 43 extracted trends (segAmong
all
medium
y,
most
are
low
1
ments) for the fund time series, 51 for the WIG time series and
Among
all
medium
and
constant
y,
most
are
low
1
49 for the WIG 20 time series.
Among all medium and low y, most are constant
1
We can describe each time series independently using linAmong all short y, most are low
1
guistic summaries of time series (cf. Kacprzyk, Wilbik,
Among all short and constant y, most are low
1
Zadrożny [1, 2, 3, 4, 5, 6] or Kacprzyk, Wilbik [7, 8, 9]).
Among all long y, most are constant
1
As those data sets serve only the purpose of example and are
Among all long y, most are constant and low
1
small, we applied the granulation with 3 labels for each feature
Among all long y, most are low
1
only, namely decreasing, constant and increasing for the dyAmong all long and constant y, most are low
1
Among all long and low y, most are constant
1
namics of change; short, medium length and long for duration
Among all short and low y, most are constant
0.9713
and low, moderate and high for the variability.
Among all short y, most are constant
0.9465
The summaries obtained for the fund time series along with
Among
all
short
y,
most
are
constant
and
low
0.8850
their truth values T are shown in Table 1.
Among all constant y, most are medium

0.7333

Table 1: Linguistic summaries for the mutual fund time series
linguistic summary
Among all y, most are constant
Among all medium y, most are constant
Among all moderate y, most are constant
Among all low y, most are constant
Among all medium and moderate y, most are constant
Among all medium and low y, most are constant
Among all long y, most are constant
Among all long and moderate y, most are constant
Among all short y, most are low
Among all short y, most are constant
Among all moderate y, most are medium
Among all moderate y, most are medium and constant
Among all long y, most are constant and moderate
Among all long y, most are moderate
Among all long and constant y, most are moderate

T
1
1
1
1
1
1
1
1
0.8107
0.7819
0.7462
0.7462

The degree of similarity between the fund quotation time
series and the WIG time series is equal 0.8622, while the degree of similarity of the fund quotation time series and the
WIG20 time series is equal to 0.7529. This result clearly conﬁrms our intuition. This may be viewed, on the one hand, as
a proof of usefulness of our method, and on the other hand is
quite natural because the investment fund considered in based
on the WIG index. Luckily enough, the similarity with the
WIG20 index, that of the biggest and most liquid companies,
is also at a similarly high level.

6

Concluding remarks

We have proposed a new, human consistent method for the
evaluation of similarity of time series, within our approach to
0.7302
the linguistic summarizatioon of time series that uses a fuzzy
0.7302
quantiﬁer based aggregation of trends. The results obtained
0.7302
are very intuitively appealing. This is justiﬁed by the analysis
The summaries obtained for the WIG index time series of similarity between quotations of an investment fund and the
two main indexes of the Warsaw Stock Exchange, WIG and
along with their truth values T are shown in Table 2.
WIG20. It also seems that a relation to natural language generation (NLG), along the lines of Kacprzyk and Zadrożny [37],
Table 2: Linguistic summaries for the WIG index time series may be very promising.
linguistic summary
Among all y, most are constant
Among all medium y, most are constant
Among all low y, most are constant
Among all moderate y, most are constant
Among all medium and low y, most are constant
Among all medium and moderate y, most are constant
Among all long y, most are constant
Among all short and moderate y, most are constant
Among all short y, most are constant
Among all short and low y, most are constant

T
1
1
1
1
1
1

1
1
0.9950
0.7856

The summaries obtained for the WIG20 index time series
along with their truth values T are shown in Table 3.
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