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Introduction

In most optimization problems, the coefficients, parameters
and variable decisions involved are assumed to be precise elements of some real space Rn . However in many real situations
there is not such certainty about those values and is necessary
to consider some models or methods to deal with optimization
problems under uncertainty. Two main approaches have been
deeply developed when we consider uncertainty in the parameters, in the constraints or in the values of the objective function, these are stochastic programming and fuzzy optimization. We may refer [1] or [2] for stochastic programming and
[3], [4] or [5] for an overview of fuzzy optimization.
By the other hand, in connection with applications and
modelling using fuzzy theory, a different kind of fuzzy optimization problems has been appeared in which some of the
decision variables are itself fuzzy, this means, optimization
of fuzzy variable functions. Some situations like this can be
found in problems of depend or constraints programming as is
shown in [6] or [7]), in estimation and regression models for
fuzzy random variables as in [8], [9], [10], [11] or [12], or in
problems of optimal control for fuzzy differential equations as
in [13] or [14].

In this work we are dealing with fuzzy quantities in Rn ,
specifically we are considering En the spaces of compacts,
upper semicontinuous and normal fuzzy sets of Rn . It is well
known that En with usual arithmetic between fuzzy numbers
is not a vector space, so many of general results in optimization theory are not availables immediately on this context, precisely because most of them use the vector space structure.
Taking advantage of the special characteristics and properties
of En we will be able to show two interesting theoretical results in optimization of fuzzy variable functions.
In section 2 we set the two problems under consideration
and we recall some basic notation and definitions. In section
3 we recall some results about compacity in En . Section 4
presents our first main result related to conditions for existence
of optimal global solutions for some general class of optimization problems on En . In section 5 we recall the Zadeh’s principle of extension and some related properties and in section
6 we present our second main result related to preservation of
local optimality points, via Zadeh’s principle of extension.

2

Preliminaries

We are going to consider first the following optimization problem:
min f (u)

subject to

u∈D

(1)

with D ⊂ En and f : En → R. Later we will consider a
given function f : Rn → R and study the problem of optimal
local points of the function fˆ : En → E defined by Zadeh’s
principle of extension from f .

Besides of the space En we will also use the metric space
K(Rn ) of compacts subsets of Rn with the Hausdorff metric
h defined by h(A, B) = max{d(A, B), d(B, A)} where A, B
In most of the cases those fuzzy variable optimization probare compacts subsets of Rn , d(A, B) = supa∈A d(a, B) and
lem was faced successfully using some ad hoc techniques or
d(a, B) = inf b∈B d(a, b).
properties, some heuristic algorithm, or considering just specific classes of fuzzy numbers such as triangular or L-R fuzzy
Let u be an element of En . For every α ∈ (0, 1] the αnumbers. We believe that fuzzy variable optimization problevel of u is defined by uα = {x ∈ Rn : u(x) ≥ α} and
lems have not been thoroughly studied yet, and they deserve a
u0 = supp(u) = {x ∈ Rn : u(x) > 0}.
systematic study in itself, because a general approach to this
issue can leave a fertile field for their application and theoretical developments.
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The supremum metric d∞ on En is defined in terms of
Hausdorff metric between α-level sets:
d∞ (u, v) = sup h(uα , vα ),

An also well known corollary it follows, but first we need
an additional notation. For c ∈ R and f : D → R the set
Lf,D (c) is defined by

α∈[0,1]

n

where u, v ∈ E .

3

Compacity in En

Lf,D (c) := {x ∈ D : f (x) ≤ c}
Corollary 3.5. If f is continuous and exist c ∈ R such that
Lf,D (c) is not empty and compact then exists an optimal
global solution for problem 1.

Proof: If Lf,D (c) is not empty and compact then previous theorem implies that the function f reaches a minimum at
some x∗ ∈ Lf,D (c) when f is restricted to Lf,D (c). By definition if x ∈
/ Lf,D (c) then f (x) > c. But f (x∗ ) ≤ c < f (x)
∗
If a subset U of En is compact-supported then is bounded. so x is an optimal global solution of problem 1
We explain this in the next theorem to be used later.
So far what we have just write are old compacity results.
Theorem 3.2. Let U be a subset of En . If U is not compact- Those results can be easy to understand but maybe hard to apsupported then exist a sequence {uk } ⊂ U such that ||uk || := ply because until now we have not talked about the meaning
d∞ (uk , 0) → ∞ as k → ∞.
of compacity on (En , d∞ ).
Definition 3.1. A set U ⊂ En is said to be compact-supported
if there is a compact subset K of Rn such that supp(u) ⊂ K
for every u ∈ U .

Proof: If U is not compact-supported then for every comAn interesting characterizations of compacity in (En , d∞ )
pact set K ⊂ Rn there exist some uK ∈ U such that in terms of concepts previously defined is the following.
supp(uK ) ⊂ K. If we take K = Bk (0) the closed ball with
center 0 an radius k, then for each k ∈ N there is a uk ∈ U
Theorem 3.6. A subset D of (En , d∞ ) is relatively compact
such that supp(uk ) ⊂ Bk (0).
if D is compact-supported and equicontinuous.
We have that d(0, Bk (0)) = 0 and d(Bk (0), 0) = k so
Proof: See Corollary 10 in [15]
h(0, Bk (0)) = k, and by the other hand we have that at
k
least one element x of supp(u ) is not an element of Bk (0)
so d(x, 0) > k and this implies that d(supp(uk ), 0) = Corollary 3.7. If a subset D of (En , d∞ ) is closed, compactd((uk )0 , 0) > k and furthermore h((uk )0 , 0) > k.
supported and equicontinuous then D is compact.
By definition of supremum metric we have that
d∞ (uk , 0) = sup h((uk )α , 0) > k,
α∈[0,1]

4

A Coercitivity Condition

In this section we will prove our first main result. We need to
recall some definitions.

Definition 4.1. A sequence {xk } ⊂ En is called critic in relation to a set D if {xk } ⊂ D and ||xk || := d∞ (0, xk ) → ∞
k
/ D.
We consider also the level-set mapping u(·) : [0, 1] → or x → x with x ∈ D but x ∈
n
K(R ) which associate with each α the level-set uα .
Definition 4.2. A function f is coercive in a set D if for all
sequence {xk } critics in relation to D, lim supk→∞ f (xk ) =
Definition 3.3. A set D ⊂ En is called equicontinuous if the +∞.
family of level-sets functions {u(·) : u ∈ D} is a family of
Previous ones are well known definitions on normed vecequicontinuous functions of [0,1] in K(Rn ).
tor spaces but even if En is not exactly a vector space, this
concepts can be used in this context because of the special
n
The following is a well known result of metric spaces writen characteristics of E . Let’s see how this can be done.
in terms of our fuzzy optimization problem:
Theorem 4.3. If f is continuous and coercive in D and exist
Theorem 3.4. Let D be a compact subset of En and f a conti- c ∈ R such that Lf,D is not empty and equicontinuous, then
nuous function on D. Then exists an optimal global solution problem 1 has an optimal global solution.
for problem 1.
Proof:We will show that under this hypothesis Lf,D (c) is
compact and then we use corollary 3.5.

so, ||uk || := d∞ (uk , 0) → ∞ as k → ∞

ISBN: 978-989-95079-6-8

1354

IFSA-EUSFLAT 2009
If Lf,D (c) is not compact then because corollary 3.7 and
Nevertheless, even that this order has been used succesfully
hypothesis, Lf,D (c) is not closed or is not compact-supported. for theoretical developments as in [18], it is still a little unsatisfactory at least in the case n = 1 because in this case this
If Lf,D (c) is not closed, as we assume that Lf,D (c) is order is not a generalization of usual order on R. In fact, numnot empty, then exist a sequence {uk } ⊂ Lf,D (c) such that ber 2 is not longer greater than 1, they are not even comparable
/ Lf,D (c). If u ∈ D then continuity of f in using this order.
uk → u and x ∈
D and the fact that f (uk ) ≤ c for all k = 0, 1, ..., allow us
to conclude f (u) ≤ c but u ∈
/ Lf,D (c) by definition of u, so
There is, however, a generalization of natural order on R
u∈
/ D.
that we are going to consider now. Before, is necessary to note
that if u, v ∈ E this implies that all their α-cuts are bounded
This means that {uk } is a critic sequence in relation to D closed interval of real line, this means that for all α ∈ [0, 1]
and by coercitivity of f in D we have that f (uk ) → ∞, which
is a contradiction because f (uk ) ≤ c.
uα = [aα , bα ], vα = [cα , dα ]
with aα , bα , cα , dα ∈ R.
Now, if Lf,D (c) is not compact-supported then for thek
orem 3.2 there is a sequence {u } ⊂ Lf,D (c) such that Definition 5.2. Given u, v ∈ E and α ∈ [0, 1] we consider
||uk || := d∞ (uk , 0) → ∞ and again because of coercitivity uα = [aα , bα ] and vα = [cα , dα ]. We define a partial order
of f we conclude that f (uk ) → ∞ which is again a contra- relation on E by:
diction because f (uk ) ≤ c.
u ≤1 v ⇔ aα ≤ cα and bα ≤ dα
So Lf,D (c) has to be compact and the desired result it folfor all α ∈ [0, 1].
lows from corollary 3.5

5

Zadeh’s Principle of Extension and
Ordering in E

We recall now for the case of f : Rn → R one of the cornerstones of fuzzy theory.

It is easy to show that previous order is in fact a partial order
on E and that it is indeed a generalization of natural order on
R.

6

Local Optimality Preservation

Now we are going to prove our second main result. We are still
considering the order defined in definition 5.2 and the supreZadeh’s Principle of Extension: Given a function f :
mum metric on En
n
R → R we define the Zadeh’s extension of f by:
Theorem 6.1. If f : Rn → R is continuous and has a local
fˆ : En → E,
minimum (maximum) at x∗ then fˆ : (En , d∞ ) → (E, d∞ , ≤1 )

has also a local minimum (maximum) at x∗ .
supz∈f −1 (x) u(z), if f −1 (x) = ∅,
ˆ
f (u)(x) =
Proof: We will just make the proof for local minimum. The
0,
if f −1 (x) = ∅,
other
part is identical.
for each u ∈ En .
If f has a local minimum at x∗ then exist a closed ball
Next theorem is now a well known result and establishes
Br (x∗ ) ⊂ Rn such that f (x∗ ) ≤ f (x) for all x ∈ Br (x∗ ).
conditions on f in order to fˆ be a well-defined and continuous
function.
Because fˆ is just an extension of f to En and the order ≤1
Theorem 5.1. If f : Rn → R is continuous then fˆ : is a generalization or usual order of R to E then obviously
∗
ˆ ∗
ˆ
(En , d∞ ) → (E, d∞ ) is a well-defined continuous function f (x ) ≤1 f (x) for all x ∈ Br (x ) so we need to find a neigh∗
n
borhood of x in (E , d∞ ) with the same property.
and
[fˆ(u)]α = f (uα ),
for all u ∈ En and α ∈ [0, 1].
Proof: Proof of this result is an easy adaptation of theorems
2.1 and 3.3 at [16] and a famous result of Nguyen at [17]
A usual partial order on En is defined by α-cuts inclusion
in the following way:
u ≤ v ⇔ uα ⊆ vα

for all α ∈ [0, 1]],

We consider simply the closed ball B̃r (x∗ ) ⊂ (En , d∞ )
with the same radius and center than the previous one, this
means
B̃r (x∗ ) ={u ∈ En : d∞ (u, x∗ ) ≤ r}
={u ∈ En : sup h(uα , x∗ ) ≤ r}
α∈[0,1]

n

={u ∈ E : ∀α ∈ [0, 1] h(uα , x∗ ) ≤ r}

(2)

B̃r (x∗ ) ={u ∈ En : ∀α ∈ [0, 1] uα ⊂ Br (x∗ ), }

with u, v ∈ En .
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and we have that Br (x∗ ) ⊂ B̃r (x∗ ) when elements of
Br (x∗ ) are considered as fuzzy as well.
∗

∗

If u ∈ B̃r (x ), we have that for all α ∈ [0, 1], uα ⊂ Br (x )
so f (uα ) ⊂ f (Br (x∗ )) and by definition of Br (x∗ ) this implies that for all α ∈ [0, 1], f (x∗ ) ≤ y for all y ∈ f (uα ).
By theorem 5.1 we have that [fˆ(u)]α = f (uα ) so, for all
α ∈ [0, 1]
f (x∗ ) ≤ y

for all y ∈ [fˆ(u)]α .

(3)

If we write [fˆ(u)]α as an interval, this means, [fˆ(u)]α =
[aα , bα ] for some aα , bα ∈ R the previous expression in the
specific case of aα and bα becomes
∀α ∈ [0, 1],

f (x∗ ) ≤ aα

and f (x∗ ) ≤ bα .

(4)

Because f (x∗ ) = fˆ(x∗ ) and because f (x∗ ) considered as a
fuzzy set has α-level sets always equals to [f (x∗ ), f (x∗ )], the
previous considerations and the expression 4 implies that for
u ∈ B̃r (x∗ )
fˆ(x∗ ) ≤1 fˆ(u),
so fˆ has a local minimum at x∗ .

References
[1] J.R. Birge, F. Louveaux, Introduction to Stochastic Programming, Springer-Verlag, (1997).
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[9] R. Körner, W. Näther, Linear regression with random
fuzzy variables: extended classical estimates, best linear estimates, least squares estimates, Journal of Information Sciences 109 95–118, (1998).
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