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Abstract— Fuzzy associative memories (FAMs) and, in particular, the class of implicative fuzzy associative memories (IFAMs) can
be used to implement fuzzy rule-based systems. In this way, a variety of applications can be dealt with. Since there are inﬁnitely many
IFAM models, we are confronted with the problem of selecting the
best IFAM model for a given application. In this paper, we restrict
ourselves to a subclass of the entire class of IFAMs, namely the subclass of IFAMs that are associated with the Yager family of parameterized t-norms. For simplicity, we speak of the class of Yager IFAMs.
In this setting, we formulate the problem of choosing the best Yager
IFAM for a given application as an optimization problem. Considering two problems in time series prediction from the literature, we
solve this optimization problem and compare the performance of the
resulting Yager IFAM with the performances of other fuzzy, neural,
neuro-fuzzy, and statistical techniques.
Keywords— Fuzzy associative memory, implicative fuzzy associative memory, Yager family of parameterized t-norms, time-series
prediction, hydroelectric plant, monthly streamﬂow prediction.

1

Introduction

Implicative fuzzy associative memories (IFAMs) belong to the
class of fuzzy morphological associative memories (FMAMs)
[1, 2]. The theoretical background for FMAMs can be found
in fuzzy mathematical morphology (FMM) [3, 4]. More precisely, FMAMs can be viewed as fuzzy neural networks whose
neurons perform elementary operations of fuzzy mathematical
morphology [2].
Recently, Sussner and Valle [5] showed that many wellknown fuzzy associative memory (FAM) models such as the
FAMs of Kosko, Junbo et al., Liu, and Bělohlavék [6, 7, 8, 9]
represent particular instances of FMAMs. In this paper, we
focus on the FMAM subclass of IFAMs. Upon presentation
of an input pattern x, an IFAM model performs max-T products, where T is a t-norm, at every node. A certain continuous t-norm determines a particular IFAM model. For example, the Lukasiewicz IFAM is associated with the Lukasiewicz
t-norm. Learning in IFAM models occurs by forming the
R-implication of the underlying t-norm and by computing a
matrix product that corresponds to the Bandler-Kohout superproduct [10, 11]. In the context of fuzzy associative memories, we speak of implicative fuzzy learning. As we have
pointed out in previous articles, implicative fuzzy learning is
based on the greatest solution of a fuzzy relational inequality [1, 12, 13]. In the general setting of FMAMs, implicative
ISBN: 978-989-95079-6-8

fuzzy learning generalizes to learning by adjunction, a recording strategy that was derived from a concept in mathematical
morphology known as the duality relationship of adjunction
[2, 14].
We have successfully applied IFAMs to some problems in
time series forecasting, in particular a problem of forecasting the demand of man power in steel manufacturing industry
in the state of West Bengal, India, and a problem of stream
ﬂow prediction in a hydroelectric plant in southeastern Brazil
[5, 15]. In these prediction problems, the Lukasiewicz IFAM
exhibited the best performance compared to a variety of other
FAM models and to a number of statistical, neural, fuzzy, and
neuro-fuzzy approaches from the literature. The goal of this
paper is to optimize our results by considering not only a ﬁnite
number of IFAMs but an inﬁnite number of IFAM models.
To this end, we introduce the class of Yager IFAMs, a class
of parameterized IFAM models depending on a single parameter. We simply deﬁne a Yager IFAMs as an IFAM that is associated with a Yager t-norm [16]. Recall that a Yager t-norm
is of the form T d (x, y) = 1 − {1 ∧ [(1 − x)d + (1 − y)d ]1/d },
where the symbol ∧ denotes the minimum operation and
where d > 0.
Thus, we can formulate an optimization problem depending
on the parameter d that consists in minimizing the distance between the target pattern and the pattern produced by the IFAM
corresponding to the parameter d. As a result of this optimization process, we obtain the Yager IFAM (or the set of Yager
IFAMs) that provides the best ﬁt with respect to the training
data.
The paper is organized as follows. After presenting a brief
introduction to IFAMs, we introduce the Yager class of parameterized IFAMs in Section 3. Subsequently, we discuss the
aforementioned prediction problems and determine the Yager
IFAMs that minimize the mean squared distance between the
outputs produced by the memory cues xξ and the desired outputs. We ﬁnish the paper with some concluding remarks and
suggestions for further research.

2

A Brief Introduction to Implicative Fuzzy
Associative Memories

Implicative Fuzzy Associative Memories (IFAMs) can be deﬁned in terms of certain matrix products, namely the max-T
product and the min-I product, where T is a t-norm and I is
a fuzzy implication [2]. We will make use of the following
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t-norms:

Here, the t-norm T occurring in the max-T product is such
that its R-implication I is associated with the product ””
(Minimum)
(1) of (9). In other words, the t-norm T of (10) and the fuzzy
(Product)
(2) implication I of (9) are adjoint [2, 4].
(Lukasiewicz) (3)

TM (x, y) = x ∧ y ,
TP (x, y) = x · y ,
TL (x, y) = 0 ∨ (x + y − 1) ,

x ∧ y, x ∨ y = 1 ,
TW (x, y) =
0,
x∨y < 1.

3

The Yager Class of Parameterized IFAMs

(Nilpotent Min.)

Note that a particular IFAM model is determined by a con(4) tinuous t-norm. An entire subclass of IFAM models is given
by the class of Yager t-norms or intersections which are obReverse fuzzy implications can be easily derived from fuzzy viously continuous. Recall that the class of Yager t-norms
implications. Recall the following popular implications:
represents a family of parameterized t-norms given by the fol
lowing equation [16]:
1, x ≤ y
,
(Gödel)
(5)
IM (x, y) =
y, x > y


1,
x≤y
T d (x, y) = 1 − 1 ∧ [(1 − x)d + (1 − y)d ]1/d , d > 0 .
IP (x, y) =
,
(Product)
(6)
y/x, x > y
(11)
For d = 1, the Yager t-norm coincides with the Lukasie(Lukasiewicz)
(7)
IL (x, y) = 1 ∧ (y − x + 1) .
wicz t-norm TL . For t → 0 the Yager t-norm approaches
Let A ∈ [0, 1]m×p and B ∈ [0, 1]p×n . The max-T product the nilpotent minimum TW , which is the pointwise smallest tof A and B is given by the matrix C = A ◦ B and the min- norm. For t → ∞ the Yager t-norm approaches the minimum
I product of A and B is given by the matrix D = A  B, t-norm TM , the pointwise largest t-norm [17, 18].
where C and D are deﬁned as follows (note that the min-I
For d > 0, the symbol I d denotes the R-implication of T d .
product of A and B can also be viewed as a Bandler-Kohout The operator I d can be computed as follows:
superproduct [10, 11]).

cij =

p


p


C(aik , bkj ) and dij =

k=1

I(bkj , aik ) .

(8)

k=1

A FAM is a fuzzy neural network that is designed to
store
memory
set, i.e., a set of associations


 ξ a ξfundamental
x , y : ξ = 1, . . . , p , where xξ ∈ [0, 1]n and yξ ∈
[0, 1]m . This task can be achieved by means of a synaptic
weight matrix W ∈ [0, 1]m×n . Let X = [x1 , x2 , . . . , xp ] ∈
[0, 1]n×p denote the matrix whose columns are the input patterns and let Y = [y1 , y2 , . . . , yp ] ∈ [0, 1]m×p denote the
matrix whose columns are the output patterns. We suggested
the following rule for synthesizing the weight matrix W of an
IFAM [1, 12, 13]:
W = Y  XT .

(9)

Note that (9) depends on the choice of a fuzzy implication.
In an IFAM model, we require that the underlying fuzzy implication I is the R-implication of a continuous t-norm T . In
other words, the corresponding fuzzy implication I must be
adjoint to a continuous t-norm T [2, 4]. For example, the
pairs (IM , TM ), (IP , TP ), and (IL , TL ) represent pairs of adjoint operators.
There are inﬁnitely many IFAM models. In the special
cases where the fuzzy implications occurring in (9) are IM ,
IP , and IL , we speak of the Gödel IFAM, the Goguen IFAM,
and the Lukasiewicz IFAM, respectively.
Once the recording phase has been completed, the IFAM
weight matrix can be applied to an arbitrary input pattern x ∈
[0, 1]n . If θ denotes a threshold or bias vector that is given by
the entry-wise minimum over all yξ , where ξ = 1, . . . , p, then
we obtain the following output pattern y ∈ [0, 1]m :
y = (W ◦ x) ∨ θ ,

where

θ=

p

ξ=1
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yξ .


1/d
I d (x, y) = 1 − 0 ∨ [(1 − y)d − (1 − x)d ]
, d > 0.
(12)
The resulting IFAMs are called Yager IFAMs. These parameterized IFAM models will be considered in the applications of the next section. In fact, we will tackle the problem of
choosing the best Yager IFAM for a given application in terms
of an optimization problem.
the fundamental memory set
Toξ this
 end, let us consider

x , yξ : ξ = 1, . . . , p which can be viewed as the set of
training patterns. Let W d denote the synaptic weight matrix of
the Yager IFAM with parameter d > 0. A possible approach
towards ﬁnding the best Yager IFAM consists in minimizing
the distances between (W d ◦d xξ ) ∨ θ and yξ for ξ = 1, . . . , p,
where the symbol ”◦d ” denotes the max-T d product. This optimization problem can be formulated as follows:


minimize
subject to

p
ξ=1

yξ − [(W d ◦d xξ ) ∨ θ]
d>0

2

. (13)

If yξ,d = (W ◦d xξ ) ∨ θ and Y d is the matrix Y d =
[y1,d , . . . yp,d ] then the optimization problem of (13) can be
expressed in terms of the Frobenius norm as follows:

minimize Y − Y d F
.
(14)
subject to
d>0

In the applications as fuzzy rule-based systems that are described below, an input fuzzy set x ∈ [0, 1]n is derived from a
real-valued input vector v and the respective output fuzzy set
y = (W d ◦ x) ∨ θ is defuzziﬁed yielding a real-valued output
s = def uzz(y). The training patterns are given in the form
(v1 , s1 ), . . . , (vp , sp ). Let sξ,d denote the defuzziﬁcation of
yξ,d , i.e. sξ,d = def uzz(yξ,d) for all ξ = 1, . . . , p. If we
1
p T
d
1,d
p,d T
(10) have s = (s , . . . , s ) and s = (s , . . . , s ) then we
choose to minimize the following expression instead of (14):
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minimize s − sd 2
subject to
d>0

.

Table 1: Set of input and output pairs used in the forecasting
(15) application

In other words, we minimize the Euclidean distance between the desired results s and the results produced by the
Yager IFAMs for d > 0. To this end, we applied the routine
FMINBND of MATLAB’s Optimization Toolbox in order to
determine a local minimum of the real-valued objective function f (d) = s − sd 2 in an interval. Note that plotting the
objective function f : R → R allows us to select an interval [x1 , x2 ] such that an application of FMINBND yields a
candidate for a global minimum. The resulting parameter d
yields the Yager IFAM that exhibits the best performance on
the training data. The next sections describes applications of
this strategy to two forecasting problems that can be found in
the literature.

4

Applications of Yager IFAMs in Prediction

Fuzzy associative memories such as IFAMs can be used to
implement mappings of fuzzy rules. In this case, a set of rules
in the form of human-like IF-THEN conditional statements
are stored. In this subsection, we consider two problems in
time-series prediction. We use (15) to select the Yager IFAM
that produces the least MSE on the training data.
4.1 Prediction of Manpower Requirement in Steel
Manufacturing
Let us consider the problem of predicting the manpower requirement in steel manufacturing industry in the state of West
Bengal, India [19]. Initially, we have ﬁve linguistic values Ai ,
i = 1, . . . , 5 and a set of fuzzy conditional statements such as
“If the manpower of year n is Ai , then that of year n + 1 is
Aj ”. The linguistic values Ai correspond to fuzzy sets. Table
1 shows the set of input-output pairs that we stored in a number of different FAM models including the Gödel, the Goguen,
the Lukasiewicz, and the Yager IFAMs with d > 0.
If W is the synaptic weight matrix of an IFAM model and
θ is the threshold obtained after the learning process, then the
predicted manpower of year n + 1 is given by the following
equation:
(16)
An+1 = (W ◦ An ) ∨ θ ,
where An is the manpower of year n and ◦ is the max-t composition. Note that here we have θ = (0, 0, 0, 0, 0)T and
therefore
(17)
An+1 = W ◦ An .
The fuzzy set An is computed by fuzzifying the numerical input value v corresponding to the manpower requirement
of year n according to the method described by Choudhury
et. al. [19]. We calculated the predicted value s of the required manpower for year n + 1 by applying (17) to An and
by defuzzifying the result An+1 using the ”mean of maxima”
(MOM) scheme.
Choudhury et. al. used this problem to compare the average or mean percentage error (MPE) produced by Kosko’s
FAM [6, 20] and by the statistical methods ARIMA1 and
ARIMA2 [21, 22]. In a recent paper [1], we included some
IFAM models, in particular the Lukasiewicz IFAM, as well as
the Lukasiewicz Generalized FAM (GFAM) of Chung and Lee
[23] and the max-min FAM with threshold of Liu [8] in this
ISBN: 978-989-95079-6-8

xξ
[1.0, 0.5, 0, 0, 0]T
[0.5, 1.0, 0.5, 0, 0]T
[0.5, 1.0, 0.5, 0, 0]T
[0, 0.5, 1.0, 0.5, 0]T
[0, 0.5, 1.0, 0.5, 0]T
[0, 0.5, 1.0, 0.5, 0]T
[0, 0, 0.5, 1.0, 0.5]T
[0, 0, 0.5, 1.0, 0.5]T
[0, 0, 0, 0.5, 1.0]T
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Figure 1: The distance s − sd 2 between the actual demand
of manpower between 1984 and 1995 and the demand of manpower predicted by the Yager IFAM as a function of d.

comparison. The Lukasiewcz IFAM, which is closely related
to the original morphological associative memory (MAM)
[1, 24, 25], exhibited the best performance among all the models mentioned above. Recall that the Lukasiewicz IFAM coincides with the Yager IFAM for d = 1.
In this paper, we determine the best Yager IFAM for this
prediction problem by solving the optimization problem of
(15). Since the Lukasiewicz IFAM is taken into account in
the optimization process, the IFAMs representing solutions
of (15) are guaranteed to perform at least as well as the
Lukasiewicz IFAM with respect to the MSE. In fact, the minimum mean squared error (MSE) is adopted for any value of d
in the interval (0, 1] as shown in Figure 1.
Table 2 presents a comparison of the FAM models and the
statistical autoregressive integrated moving average (ARIMA)
methods in terms of the MSE, the MPE, and the mean absolute
error (MAE). Figure 2 provides for a graphical interpretation
of the predictions.
The results of this experiment indicate the utility of IFAMs
for prediction problems and the validity of our approach for
determining the best Yager IFAM. However - as the reader
may have noticed - this prediction problem does not include
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any test data that would allow us to assess the performance of
the models for years beyond the year of 1995. More realistic
problems such as the one described below consist of training
data and test data. In this case, the optimization should be
performed on the training data and the test data should serve to
validate this approach (possibly, separate validation data can
be extracted from the training data and the validation data can
be used to choose the best model).
4.2 Prediction of Average Monthly Streamﬂow of a
Hydroelectric Plant
Furnas is a large hydroelectric plant that is located in southeastern Brazil. Magalhaẽs et al. as well as Sussner and Valle
have previously discussed the problem of forecasting the average monthly streamﬂow [26, 15]. The seasonality of the
monthly streamﬂow suggests the use of 12 different models,
one for each month of the year. The training data correspond
to the years 1931 − 1990 and the test data correspond to the
years 1991 − 1998.
Let sξ , where ξ = 1, . . . , p, be samples of a seasonal
streamﬂow time series. The goal is to estimate the value of
sγ from a subsequence of (s1 , s2 , . . . , sγ−1 ). Here, we employ subsequences that correspond to a vector of the form
vγ = (sγ−h , . . . , sγ−1 )T ,

(18)

where h ∈ {1, 2, . . . , γ − 1}. In this experiment, we employed a ﬁxed number of three antecedents in our IFAM models. For example, only the values of January, February, and
March were taken into account to predict the streamﬂow of
April.
The uncertainty that is inherent in hydrological data suggests the use of fuzzy sets to model the streamﬂow samples.
For ξ < γ, a fuzziﬁcation of vξ and sξ using Gaussian membership functions yields fuzzy sets xξ : U → [0, 1] and
yξ : V → [0, 1], respectively, where U and V represent ﬁnite universes of discourse. A subset S of the resulting inputoutput pairs (xξ , yξ ), where ξ = 1, . . . , p, is implicitly stored
in an IFAM model (we only construct the parts of the weight
matrix that are actually used in the recall phase). We employed the subtractive clustering method to determine the set
S [27]. The centers and the widths of the Gaussian-type membership functions of the input patterns xξ and the output patterns yξ in S were estimated by means of the MATLAB function subclust. Here, we used a constant width of r = 0.5.
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Table 2: MSE, MAE and MPE produced by the prediction
models
MSE
MAE
MPE
Method
(×105 ) (m3 /s) (%)
Yager IFAM (d ∈ (0, 1]):
1.92
32.75
2.29
Lukasiewicz IFAM:
1.92
32.75
2.29
Kosko’s FAM:
2.57
38.75
2.67
Lukasiewicz GFAM:
2.57
38.75
2.67
Gödel IFAM:
2.89
38.58
2.73
Max-min FAM/threshold:
2.89
38.58
2.73
Goguen IFAM:
3.14
42.75
2.99
ARIMA2
9.36
83.55
5.48
ARIMA1
23.26
145.25 9.79

1500

1400

1300

1200

1100
1984

1986

1988

1990
Year

1992

1994

1996

Figure 2: Comparison in forecasting manpower. The continuous line represents the actual manpower. The dashed line
marked by ‘◦’ corresponds to the Lukasiewicz IFAM model,
i.e., the Yager IFAM for d = 1 and the dashed line marked
by ’’ corresponds to the Goguen IFAM. The dotted line
marked by ‘×’ refers to Kosko’s FAM model as well as the
Lukasiewicz Generalized FAM, and the dotted line marked by
‘+’ refers to the max-min FAM with threshold and the Gódel
IFAM. The lines marked by ‘’ and ‘’ represent ARIMA1
and ARIMA2.

Upon presentation of the input pattern xγ , the IFAM with parameter d yields the corresponding output pattern yγ,d . For
computational reasons, xγ is modeled as a discrete Dirac-δ
(impulse) function. A defuzziﬁcation of yγ,d using the centroid method yields sγ,d.
As before, we generated the vectors s = (s1 , . . . , sp )T
and sd = (s1,d , . . . , sp,d )T . We employed the MATLAB
function FMINBND to solve the optimization problem given
by (15). This optimization process resulted in the parameter
d = 4.3568. Figure 3 depicts s − sd 2 for d ∈ (0, 10]. For
the training data concerning the years 1931 − 1990, the MSE
of the Yager IFAM with d = 4.3568 is 12087.3 whereas the
MSE for the Lukasiewicz IFAM, i.e., the Yager IFAM with
d = 1, is 12387.4.
Table 3 provides the MSEs, the MPEs, and the MAEs produced by some IFAMs and other models during the testing
phase. The values of the periodic auto-regressive moving average model (PARMA) [21], the fuzzy neural network NFN
[28], and the predictive fuzzy clustering method FPM-PRP
were drawn from the literature [26].
Figure 4 shows the forecasted streamﬂows estimated by the
prediction model based on the FMAM for the Furnas reservoir from 1991 to 1998. Table 3 compares the errors that
were generated by the IFAMs and several other models [26].
In contrast to the IFAM models, the MLP, NFN, and FPMPRP models were initialized by optimizing the number of the
parameters for each monthly prediction. For example, the
MLP considers 4 antecedents to predict the streamﬂow of January and 3 antecedents to predict the streamﬂow for February. Moreover, the FPM-PRP model also takes advantage of
slope information which requires some additional “ﬁne tuning”. Nevertheless, the Yager IFAM resulting from the min-
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Figure 3: The distance s − sd 2 between the actual stream- Figure 4: The streamﬂow prediction for the Furnas reservoir
ﬂows given by the training data and the streamﬂows predicted from 1991 to 1998. The continuous line corresponds to the
by the Yager IFAM as a function of d.
actual values and the dashed line corresponds to the prediction
of the Yager IFAM with d = 4.3568. The dotted line refers to
the values predicted by the Lukasiewcz IFAM.
Table 3: Mean square, mean absolute, and mean relative percentage errors produced by the prediction models.

Method
FPM-PRP
Yager IFAM (d = 4.3568)
Lukasiewicz IFAM
PARMA
MLP
NFN

MSE
(×105)
1.20
1.28
1.27
1.85
1.82
1.73

MAE
(m3 /s)
200
216
229
280
271
234

MPE
(%)
18
21
24
28
30
20

imization performed in (15) and the Lukasiewicz IFAM produced very satisfactory predictions that are visualized in Figure 4. Note that in the testing phase the MSE produced by
the Yager IFAM with d = 4.3568 is slightly higher than the
one produced by the Lukasiewicz IFAM although the Yager
IFAM with d = 4.3568 outperforms the Lukasiewicz IFAM
in terms of MAE and MPE. This fact may be due to overﬁtting to the training data. With some ﬁne tuning of the parameters, it is possible to experimentally determine a Lukasiewicz
IFAM (and thus a Yager IFAM) that outperforms the FPMPRP with respect to the three error measures MSE, MAE, and
MPE [15]. In our opinion, however, the ﬁne tuning of the parameters should preferably not be performed experimentally
but should be part of the optimization process.

5

Concluding Remarks

This paper represents the ﬁrst attempt of tackling the problem
of selecting the best IFAM for a given application. To this
end, we introduced parameterized IFAM models, speciﬁcally
the Yager class of IFAMs, and we formulated the problem of
determining the Yager IFAM that yields the best ﬁt to the training data as an optimization problem.
Recall that an IFAM is uniquely determined by a continuous t-norm, such as a Yager t-norm T d with parameter d for
ISBN: 978-989-95079-6-8

0 < d < ∞, which gives rise to an R-implication. Although
other continuous parameterized t-norms could have been chosen [29], the Yager t-norms T d have the advantage that T d
approaches TW , the pointwise smallest t-norm, for d → 0 and
T d approaches TM , the pointwise largest t-norm, for d → ∞.
Moreover, T 1 equals the Lukasiewicz t-norm which implies
that the Lukasiewicz IFAM, i.e., the IFAM that exhibited the
best performance in our previous experiments, is taken into
account in the optimization process.
We applied our approach to two prediction problems from
the literature. In the ﬁrst problem concerning the prediction of
the manpower requirement in steel manufacturing industry in
West Bengal, India, only training data are available. The minimization of the MSE for the Yager IFAMs resulted in an inﬁnite number of Yager IFAMs corresponding to d ∈ (0, 1] that
exhibit the same errors on the training data as the Lukasiewicz
IFAM (d = 1). For the streamﬂow prediction problem in
a major Brazilian hydroelectric plant, we dispose of training data and test data. The optimization process generated
a Yager IFAM that outperforms the Lukasiewicz IFAM with
respect to the MSE on the training data but exhibits a slightly
higher MSE on the test data. This result may be due to overﬁtting and in fact we know that better Yager IFAMs exist for
this problem. Nevertheless, the particular Yager IFAM derived from the optimization process exhibits very satisfactory
results (which are better than those of the Lukasiewicz IFAM
with respect to the MAE and MPE error measures), especially
in view of the fact that we used a ﬁxed number of antecedents
and other parameters in conjunction with the Yager IFAM.
In the near future, we intend to incorporate the selection of
additional parameters into the optimization process and we intend to use validation and/or regularization techniques to avoid
overﬁtting. Furthermore, we plan to investigate other classes
of parameterized IFAMs that are based on other types of parameterized t-norms.
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