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1 Introduction

Throughout this paper R is a commutative ring with identity
and M is a unitary R-module. The prime spectrum Spec(R)
and the topological space obtained by introducing Zariski
topology on the set of prime ideals of a commutative ring
with identity play an important role in the fields of
commutative algebra, algebraic geometry and lattice theory.
Also, recently the notion of prime submodules and Zariski
topology on Spec(M), the set of all prime submodules of a
module M over a commutative ring with identity R, are
studied by many authors (for example see [1,2], [3]) that is
in [3] a module with Zariski topology is called top module
and it is shown that every multiplication module is a
topmodule. As it is well known [4], introduced the notion of
a fuzzy subset x of a nonempty set X as a function from X to
unit real interval 1= [0, 1]. [5] replaced | by a complete

lattice L in the definition of fuzzy sets and introduced the
notion of L-fuzzy sets. the notion of fuzzy groups was
introduced by Rosenfeld [6]); and fuzzy sub-modules of M
over R were first introduced by Negoita and Ralescu [7]. In
[8] Pan studied fuzzy finitely generated modules and fuzzy
quotient modules (also see [9]). In the recent five years a
remarkable amount of work has been done on fuzzy ideals in
general and prime fuzzy ideals in particular, and some
interesting topological properties of the spectrum of fuzzy
prime ideals of a ring are obtained (see [10], [11], [12], [13],
[14], [15] and [16,17].

Finally R.Ameri and R. Mahjoob 2007 studied
Zariski topology on L —Spec(M) defining all prime
submodules of M. They investigated some basic properties
of prime L-submodules and characterize the prime L-
submodules of M. They established the relationship between
primeless and L-primeless for a given module via the role of
the lattice L. Finally they investigated the Zariski topology
on L—Spec(M). They showed that for L-top modules
Zariski topology on L — Spec(M ) exists. In this paper we
contmue the paper [18] R.Ameri and R. Mahjoob
2007. L(M) defines all L —submodules of M. We define

L-special submodule of M to construct a topology on L-
spec(M). Then we examine the relationship between with
the L-special submodule and L-irreducible submodule.

L_Tp module is defined to construct a topology. We
L(M) is L_T,
L-Spec(M) isa T, space. We show that L-Spec(M) is
a T, space if and only if for every e L-Spec(M) is
maximal. The topological space (L-Spec(M)=,T)

where M is a Noetherian R —module is compact. We
show that where Y is a closed subset of N, If J(Y) is

L-prime submodule of M then Y s irreducible. And if
neY isageneric pointof Y then Y isirreducible.

introduce that |If module then

2 Preliminaries.

Throughout of this paper, by R we mean a commutative ring
with identity, and M is a unital R-module and L denotes a
complete lattice. By an L-subset x of a non-empty set X, we
mean a function x from X to L and if L = [0, 1], then u is
called a fuzzy subset of X. LX denotes the set of all L-
subsets of X.

Definition 2.1: A fuzzy ideal of R is a fuzzy subset of R
such that;

i- 2(X = y) = min(u(x), ()

ii- 1(xy) > u(x) vx,yeR
The set of all L-ideals of R is denoted by L I (R).

VX, yeR

Definition 2.2: If g is a fuzzy subset of M , then for any
te [0,1] the set z4 :{Xe M | 1(X) Zt} is called a

level subset of M with respectto 4 .

Definition 2.3([19]): Let & and o be a fuzzy ideal of R
Then VX € R there exists y,Z € R s.t.

pa(x,y) =sup{min(u(y), o(2))}.

X=yz

Definition 2.4: Let R bearingand < LI(R).Anon
constant £ is called L-prime ideal for every

n,pBeLl(R), nf < u impliesthat n <y or S .
By L-Spec(R) we mean the set of all prime L-ideals of R.

Definition 2.5: A fuzzy submodule of M is a fuzzy subset
of M such that

1- u(0)=1


mailto:ersoya@yildiz.edu.tr
mailto:dan.ralescu@uc.edu

2-u(rX)> u(x) VreR and VxeM
3- p(x+y)=min((x), u(y)) VX yeM

L-(M) denotes the set of all L-submodules of M .

Theorem 2.6: u is a fuzzy submodule of M if and only
if g, isasubmodule of M forall telmyu.

Definition 2.7 ([20]): For ,v e L™ and 1 e L®, define
w:nel™ asfollows: ,Lz:n:U{Ve LM| nvg,u}.

Definition 2.8: Let M be an R module and € L(M).
A non constant £ is called L-prime submodule for every

nelLl(R) and felL(M), nf < u implies that
ncuor fouly.

By L-Spec(M) we mean the set of all L- prime
submodules of M .

3 L-prime Spectrum on Modules

Example3.1:
1 if (x,y)=(0,0)

u(x,y) = % if (x,y)e(%,0)-{(0,0)}} is
0 otherwise

L-submodule of (Z, 0),
1 if (x,y)=(0,0)

oY) =% if (x,y)e(0,2)-{(0,0)} is
0 otherwise

L-submodule of (0,Z) and
1 if ,y)=(0,0

LX) = ) .( ) is  L-prime
0 otherwise

submodule of (Z,Z). uz f and v f but

unNnvecp. We show that

nNvcu—=ncuorvcu isnot always true for

L-prime submodules in general; Every prime submodule is
not L-Special submodule.

Definition 3.2: A submodule x of M s called L-Special

submodule, if for any 77,V L-submodule of M such that
nNvcu=ncuorvc.u.

Example 3.3: Every prime L-ideal of M
submodule of R module R .

is L-Special

Definition 3.4: Let 1 be a L-subset of M . V(u) is a
subset of all L-prime submodules of M defined by
V(u)={n|n is L - primesubmodule of M, ucn |

For any L-submodule & of M, itis easy to show that
vV(,)=<,V(0,)=L-Spec(M),
V() =V (Z4) and V() OV () <V (7).

iel iel

Proposition 3.5: Let M be an R module. For any L-
submodule 77,v of M, V(nnv)=V(n)uV(v) if
and only if every L-prime ideal x of M is L-Special
submodule.

Proof:  Suppose that for all 7,velL(M),
V(i nv)=V(n) V().
Let v u for all L-prime ideal 4 of M.

nnveu=ueVnnv)=V V()
= ueV@n)or ueV(y)
=S>nCcuorvcu

Conversely, let any every L-prime ideal ¢ of M be L-
Special submodule. Then

peVmnv)ennveu
Sncuorveu
S ueV@n)uv().

Definition 3.6: A L-submodule # of M s called L-
irreducible submodule, if NV =u=n=pu orv=u
for any 77,v L-submodule of M .

Proposition 3.7: Every L-special submodule x of M is
L-irreducible module.

Proof: Let nv=u. Then nc u Orvc u. And
also ucn or ucvthenn=u oOrv=u.

Proposition 3.8: Let x be L-submodule of M, v be
prime L-submodule of M . If [n:y]g[v:y] implies
ncv for each 1 L-submodule of M, then v is L-
special submodule of M.

Proof: Let 77 1 C v. Since [V:lM] is L-prime ideal by
R. Ameri ([1]) theorem 3.6
[now:, ]clviyy]=[n:ly )0y ]e[vily ]
=[n:1,]c[vily] or [x:1y]s[vily]
=>ncvorucrv.

Definition 3.9: An L-submodule of 4 of M s called T
L-submodule, if

) (mV)u=nurve  Vnve LIR)



i) [7:u]lc[viu]l=ncv  VpvelM).

Theorem 3.10: Let z be T L-submodule of M . Then
n is L-special submodule if and only if for (< u)

[77 : ,u] is a special L-ideal.

Proof:Let v, eLI(R) and x,m7eL(M) such that
v B < [n:u] Thensince
[7:ulucn,

vapuc|n:ulu=vun pucn . Since i isL-
special vucn or fucn. Then

Vg[n:y]orﬂg[n:,u].

submodule,

Conversely, let 7v < u for all v,npeLl(R) and
w,pel(M) Then

[nev:Blelu: fl=[n: AlAlv: Bl u: 5]
Therefore for T L-submodule then

[7:p]c[u:B)or[v:Blc[u:B] Ten ncu

orvcu.

For any L-submodule g of M, V(u) denotes
the set of all prime submodules of M containing ¢, that

is; V()= {77 € N| U 77} . It is clear that;
V(@)= { } and V (0,,) = . Also we can show that for
any family of submodules of {ui}iel of M and

wuveL(M), OV (1) =V Q).

iel
V() UV (V) <V (uNv). Therefore if (M) denotes
the collection of all subsets V () of L—Spec(M) then
¢ (M) contains empty set and itself. Also (M) closed

under arbitrary intersection. But ¢'(M) is not closed under

finite union. Therefore on the set of all prime submodules
Zariski topology does not exist since third rule of Zariski

topology is not satisfied, i.e; V(¢ V) =V (1) UV (V).
If this inequality replaces with equality these modules can be
calledas L _ T, modules.

Definition 3.11: Let £,V be L-submodule of M. L(M)
is called L_Tp
V(unv)=V () WV (V).

module if and only if

Lemma 3.12: L(M) is L_T_ module if and only if

every L-prime submodule g is L-special submodule of
M .

Proof: From proposition 2.5.

Lemma 3.13: Let x4, be an L-submodule of M . If
(a < p) such that <a> = [, then V() =V (0).

Proof:Let , /3 be an L-submodule of M and <a> =p
.Since ac B, V() V().

Conversely Let g€V (a). Then o < p. This implies
that <a> g<,u> and so ,Bg(,u). Since u is L-prime

submodule of M, then [ < u. Therefore u eV (f).
This completes the proof.

Definition  3.14:
nv,uelL(M)

) (m+v)Nu=n )+ (Vo w)
i)(nWV)+u=m+pu) N (V+ ).

L(M) is distrubutive if

Definition 3.15: Let Y be a subset of L(M). J(Y) is
the intersection of all prime submodules which belongs to

Y.

Definition 3.16: Let x bea L-subsetof M .

p.rad () = {n| <7, 77is prime L-submodule}
is called a radical of .

Definition 3.17:Let M be an R

module.
N:L-Spec(M):{ 4| 44 is prime L-submodule of M}

is called L-prime spectrum of M .

Definition 3.18: V(X) = {77 € N| n(x) =1} for all
xeM.

If we could not find any L-prime submodule v which
contains L-prime submodule g, then p.rad(u) =1,,.

Theorem 3.19: Let L(M) be L_T,  module with
p.rad(u) = u. Then L(M) is distrubutive.

Proof: n7,v,u€ L(M) .



(m+Vv)np=prad((7+v)Nu)
=J(V((n+Vv)nw)
=J(V(n+v)V ()
=J(V(nuv)LV(u)
=J(V(nwuv)LV(u)
=J((V () "V (V) WV (1))
=J((V(m) WV (1)) N (V (V) LV (1))
=J(Vinn )N V(v )
=J((Vin ) w (v w)
=J((Vin )+ (v )
= prad((n N w)+ (Vo w)

=((m )+ (vow)
Therefore L(M) is distrubutive.

Theorem 3.20: Let L(M) be L_T_ module, u be L-

submodule of M, and Y be a subset of L-Spec(M).
Then

i) V(u) is closed in L-Spec(M) and J(Y)is an L-
submodule of M equal to p.rad(J(Y)).

i) V (J(Y))is the closure of Y in L-Spec(M) .

Proof: i) It is clear that V(1) is closed in L-Spec(M)

and J(Y)is an L-submodule of M . Finally

p.rad(J(Y)) = p.rad (" {n |y is prime L-submodule in Y}
:r\{77|77 € Y} i
=J(Y).

) Let V(u) be closed set containing Y. That is

Y <V (u). Consequently, V(J(Y)) <V (u). Since

Y <V((Y)), then V(JI(Y)) is the smallest closed

subset of L-Spec(M) . Thus Y =V (J(Y)).

Proposition 3.21: Let Y be a subset of
Then

) JVI(Y))=prad(J(Y)) = J(Y)
i) VIV (Y))) =V(prad(Y)) =V(Y).

L —Spec(M).

Corollary 3.22: For every family {Yi}_ be a closed

ieA

subsets of L-Spec(M), J(M,_,Y;) = p.rad (DI (Y,).

Proof: Since {Yi}ieAbe a closed subsets of

L-Spec(M), thenevery Y, =V (Y;) foreach i€ A. So

J (mieAYi) =J (mieAV (J (Yi )
=J(V (Ui, I(V)))
=3IV IM))
= p.rad (> J(Y,)) byproposition 2.20.

Corollary 3.23: Let ueY cL-Spec(M). Then

{,u} the closure of u is the set V (1z) . We say that {,u}
is the closed point of L-Spec(M) if and only if u is
maximal submodule in L-Spec(M) .

Proof: Let Y = {,u} then V(J(Y)) = m by theorem
219and V(J(Y)) =V (I (w) =V ().

{u} is the closed, that is {,u}:m. This implies
VA()=p. Sso u
L-Spec(M).
Conversely

is maximal submodule in

now suppose that 4 is maximal in

L-Spec(M), then V(,u):{,u}:Y and so Y=Y .

Hence Y is closed.

Proposition 3.24: If L(M) is L_T, module and

1,v € L-Spec(M). Then ,ue{v} if and only if
Hov.

Proposition 3.25: Let L(M) be L_T  module and
L-Spec(M) isa T, space.

Proof: Let x,v € L-Spec(M) be two distinct points. We
have two cases;

i) ,ue{v}:>vg,u. Since u#v, V%{ },then

c c

Ve {,u} . Therefore { } is an open set which contains
v but not g

i) ve{u}=ucv. Since p=v, pe{v}, then

C c

HE {v} . Therefore {7} is an open set which contains
M butnot v.

Proposition 3.26: L-Spec(M) is a T, space if and only if
for every 1 € L-Spec(M) is maximal.



Proof: Let Yuel-Spec(M) be maximal =
{7}=V(J(,u))=V(,u):> Since u is maximal,

yz{?}. This means that {x} is the closed. Thus,
L-Spec(M) isa T, space.
Conversely vice versa. (L-Spec(M) is a T, space.

u={up)

Definition 3.27:  N(u) ==V (u) is
complement of V () in L-Spec(M).

called the

Proposition 3.28: Let Y be a subset of X and Y denote

the closure of Y. Then Y <V (1,,) where N = M-
peY

1,(x)=1< p(x)=1 VB eY.
Therefore if 7€YY, then 1, <7 and consequently
1 €V (1). Therefore the closed set V (1) containing Y,

Proof: Clearly

contains Y .

Definition 3.29: Let X be element of M,
V(x) ={ e L-Spec(M)| u(x)=1}.

Theorem 3.30: Let f:M — M’ module epimorphism

and f :L-Spec(M') — L-Spec(M) be a function

defined by f (7)=f (7). Then f
injective and L-Spec(M) is homeomorphic to the closed

is continuous,

subset V(L (). If f is an isomorphism, then f s
homeomorphism.

Proof: Let &« and V be an L-prime submodules of M.

Since f is surjective,

f(w)=TfE=f"(wm)=f7(v)(m vmeM.

Note that; R. Ameri([1]) theorem 3.14 f (V) is prime
submodule. Then by definition,

u(f(M)=v(f (M) VmeM. This implies that,

1=V.So f isinjective.

If V(m) is a basic closed set in L-Spec(M), then
-1

f (V(m)) is abasic closed set in L-Spec(N). Because

-1

v(m) 2{# e L-Spec(M‘)‘ T(m) =1}
= {11 < L-Spec(M)| 1 (u)(m) =1

= {u € L-SpeC(M')‘ (T (m)) =1}
=V (f(m),).

Hence f is continuous. Let M and V Dbe an L-prime
submodules of M. f (1) is constant on Kerf . Indeed
f ()(M) = p(f (M) = (0) =1 for all me Kerf .
Then f () eV(L) 1 veV(Q,)

v e L-Spec(M) constant on Kerf . Since f
isomorphism it follows from theorem 3.5.11
f(v) eL-Spec(M). This defines a

g(v)=f()

then
is an
that
function

g V() — L-Spec(M)  where
-1

Clearly E:T . To prove the continuity of E

V' (f (m)) be aclosed setin L-Spec(M). Then

T V(M) =TV (Fm)y)
. {T(v)| v(f (m)) = 1}

={£7w)] Fw)m) =1}
=V (m) ﬁV (1Kerf )

which is closed subset of L-Spec(M).

Finally, suppose that f

Kerf = {O} and
V(o) =V (0,,) = L-Spec(M).

is an isomorphism. Then

Corollary 3.31: If N is submodule M such that

- - M
N c ,an*’ then L-Spec(M) and L-Spec( %\l) are

homeomorphic.

Proof: Let f be a natural homomorphism of M onto

M%\I . Then each 77 € ¥ is constant on Kerf.

Theorem 3.32: Let M be a Noetherian R — module. The
topological space (L-Spec(M) =, T) is compact.

Proof: If L—{l} has no prime element, then N =

proof is complete. Suppose that L—{l} have prime



elements and @ be a prime element of L—{l}. Let
{N((mi)t)‘ ieAteKc L—{O}} be a cover of X by
its basic open sets. Let v{t| te K} =b. Then

{N((mi)b)| ieA} also  cover NX.  Therefore

N=U{R((M),)] i € A} =8(_m),)). Hence
ieA
V(U(m),)) =<. Let N be a prime submodule of M.
ieA
Define n:M —L, defined by
m) 1 if meN s L Leori
= : i -prim
7 0 otherwise °me Prime
submodule then 7€ {N((mi)b)| e A} and  so

\_J(M;), @ 1. This implies that Ji € A st. (M), 7.
ieA

Hence either b>np(m) or b and 7n(m) are

noncomparable. In either case M, & N. Therefore

{mi| e A} is not contained in any proper submodule of
M. <{ml,m2,...,mk}> =M since M is Noetherian.
suppose V(UK (M),) =D let BeV (U, (M),
Then U, (M), < f= B(M)>b forall i=1..K.
i, s.t. pm) =1. Now

Bm) = (M) A AM)= AL =D Now

peX and so pfe {N((mi)b)| ie A}. Therefore
JdieA st feN((m)),). Then (M), & B. Thus
either b> B(m;) or b and B(m;) are noncomparable.

K

However, S(m,)= ﬁ(Zrimi)z AKLB(M)> b, This is
i-1

a contradiction. Hence A(m;)=1. This implies that

M = 4.

V(Urzl(mi)b) =J.

{N((mi)b)| iel,...,k} is a subcover of N. This

completes the proof.

Suppose

This is a contradiction.  Therefore

Consequently,

Definition 3.33: A topological space T is called irreducible
if for any decomposition T = A U A, where A, A, are

closed subsetsof T ,then T=A or T =A,.

Theorem 3.34: Let Y be a closed subset of N. If J(Y)
is L-prime submodule of M , then Y is irreducible.

Proof: Suppose that J(Y) is L-prime submodule of M .
Suppose Y =Y, UY,, where Y,,Y, are closed subsets of

N. Then J(Y)<J(Y,)) and J(Y)c<J(Y,). Also
JY) =3V, UY,)=J(Y,) N I(Y,). Then
3403 (Y,) S 3(%) A I(Y,) < I(Y). Since I(Y) s
L-prime submodule of M, then J(Y,) < J(Y) or
J(Y,) e (J(Y):L,). if J(Y) < JI(Y), the proof is

complete. If J(Y,)e (J(Y):1,), then
J(Y,) < J(Y). This completes the proof.
Definition 3.35: Let Y be a closed subset of N and

neY. Then n is called a generic point of Y if

Y = {77} , the closure of 7.

We know that 1f Y < N where X is a topological space,

then Y is irreducible if and only if 'Y isirreducible.

Theorem 3.36: Let Y be a closed subset of & and 7 €Y
be a generic point of Y Then Y is irreducible.

Proof: Since 7 is a generic point of Y , then Y = {77} .

Since {77} is irreducible, { } is irreducible. Therefore Y
is irreducible

4 Conclusion

Letting L—§(M)={V(,u.1M)|,ue LI(R)}. It is easy
to prove that this set always induces a topology T on
L—spec(M). R. Ameri and R Mahjoob showed that
L—Z&(M) induces a topology which is called Zariski

topology if and only if M is a top module. By following
them we show that a topology T on L —spec(M) exists

L(M) is L_T, module. Under this
condition topology T on L—spec(M) is T, space.

if and only if

Behind the existing T, space, if M is a Noetherian

R — module, then the
(L-Spec(M) =N, T) is compact.

topological space
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