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Message from the Editor-in-Chief (June 2015)

HUMBERTO BUSTINCE

o
i
-

pr= 5
|

LY

The new issue of our Mathware&Soft Computing maga-
zine has arrived to your computers. And once again, we have
our best to bring it full of contents which may attract the in-
terest not only of our community but also of those working
in fields which are more or less close to us.

To start, and following the tradition of all our previous
issues, we publish a dialogue between two of the main rel-
evant members of our community. In this case, Javier Mon-
tero and Etienne Kerre has accepted to share with all of us
their opinions, experiences and points of view. Of course it
is not necessary to introduce them, but Daniel Gémez has
accepted to write a very personal view on a fuzzy day in the
life of Javier Montero.

One of the main purposes of our magazine is to promote
and disseminate scientific activities. In this sense, this is-
sue comes with some relevant works that approaches us to
different aspects of nowadays research. First of all, by B.R.
Campomanes-Alvarez, C. Campomanes-Alvarez, E. Bermejo,
A. Valssecchi, O. Ibafiez, S. Damas and O. Cordén have pre-
pared a report on the use of Soft Computing and Vision tech-
niques for Forensic identification. This work provides a very
interesting view of an application of fuzzy techniques in a

specific problem. I would like to profit from this collabora-
tion to invite every researcher in our community to commu-

nicate its work to all the readers of our magazine. In this
way I am sure many interesting collaborations between re-
searchers will emerge.

Besides, we also publish in this issue a selection of the
best papers which were presented at the Third Brazilian
Congress on Fuzzy Systems, which was held in Joao Pessoa
in August 2014. In particular, we include 4 papers which give
us just a view of the huge development that Fuzzy Sets theory
is enjoying nowadays at the other side of the Atlantic, thanks
to the work of many devoted researchers and students. [ have
no doubt that, in the future, the Brazilian community will be-
come very relevant and many links will be established with
them. For this reason, and from our magazine, we want to
help their work to be widely known.

But of course we do not forget our own EUSFLAT com-
munity, to which our work is devoted. For this reason, every
announcement, call for paper or news that you have sent has
been also published in this issue. Moreover, and following
with a section already started in previous issues, we have also
included an abstract of the contributions of students which
have awarded an EUSFLAT supported grant. The very high
quality of the work of these young researchers is a guarantee
of future and, reading these abstracts, all of us can congrat-
ulate.

In a few days many of us will meet in Gijon, in the joint
IFSA-EUSFLAT conference. I hope that this conference will
open many research lines and collaborations and the pages of
our Mathware&Soft Computing magazine will be open to re-
ceive all of them. Recall that this magazine is your magazine
and that only with your help and collaboration, new issues
will be possible. So our pages are open to any contribution
you consider.

And now, enjoy our Mathware&Soft Computing maga-
zine!

Humberto Bustince
Editor-in-chief
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Message from the President (June 2015)

GABRIELLA PASI

Dear EUSFLAT members,

the date of the Joint IFSA/EUSFLAT Conference is ap-
proaching; in fact the 16™ World Congress of the Interna-
tional Fuzzy Systems Association (IFSA), and the 9th Confer-
ence of the European Society for Fuzzy Logic and Technology
(EUSFLAT) will take place jointly in Gijon, Asturias, Spain,
from June 30th to July 3rd, 2015. The program of the con-
ference is extremely rich and interesting; many thanks to the
organisers for the great job they did to make this event a suc-
cessful event! The participation of the EUSFLAT members to
this conference is very important, as it will offer an oppor-
tunity to meet colleagues from both the European and the
international Fuzzy Associations, by thus offering a chance
to open new collaborations and to launch new joint projects.
For this reason I invite all of you warmly to attend, and to
participate to the EUSFLAT General Assembly, that will take
place during the IFSA/EUSFLAT Conference, on July the 1st
from 6pm to 8pm (Sala Anfiteatro). During this Assembly
the elections of the new Board will take place: so your par-
ticipation is very important.

An important event that I am happy to announce is the
first European Summer School on Fuzzy Logic and Appli-
cations, which will take place at the Lake Como School of
Advanced Studies, Villa del Grumello, Como, Italy, from
the 7th to the 11th of September 2015 (http://sfla.
lakecomoschool.org/). This school is one of the out-
comes of the current EUSFLAT Board, which is nearing its

end. The school is aimed at PhD students, Post-Doc and also
to professional to whom an introduction will be offered both
to theoretical aspects and to established and emerging ap-
plications. This School has been conceived as a yearly event
that will be organized each year by different research teams
and Universities; the bids to apply for the organization of the
school will be opened, and each EUSFLAT member can apply.
We need your help to make this school a success! Please ask
your students to register: they are also expected to prepare a
poster synthesizing their research that will be discussed with
the lecturers during the School. Please notice that EUSFLAT
offers 8 grants covering the registration fee to PhD students
that are EUSFLAT student members. Students who wish to
apply for a grant have to send their application to the ad-
dress grants@eusflat.org, by justifying their request and by
including both a curriculum vitae and a reference letter from
their PhD advisors. For students who will receive an Eusflat
grant, the preparation of a poster for the poster session is
mandatory.

As I previously mentioned the two years of the mandate
of this Board are going to an end; in Gijon the elections of a
the new Board will take place. I am very grateful to all col-
leagues, friends of EUSFLAT who supported this Board two
years ago, and for the trust they have placed in us.

These two years have constituted a beautiful journey, in
which the Board has worked to maintain the quality of the
Society (that was achieved by the previous Boards), and to
launch new initiatives (like the School). I would like to ex-
press my gratitude to all the EUSFLAT board members for
their invaluable help and support during these two years.

Last but not least, I thank all of you for your presence and
your continuous support.

Looking forward to meeting you in Gijén, on behalf of
the whole EUSFLAT Board,

Warm wishes

Gabriella Pasi
President of EUSFLAT


http://sfla.lakecomoschool.org/
http://sfla.lakecomoschool.org/
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INTERVIEW

Dialogue between Etienne E. Kerre and Javier

Montero

Etienne Kerre and Javier Montero surrounded by other colleagues at IFSA 2013.

JAVIER MONTERO: I think we should start this conversation
acknowledging Humberto Bustince for the great job he and
his team at the Public University of Navarra are doing with
the EUSFLAT Magazine, which is becoming a reference be-
tween our colleagues around the whole world. It is a great
honour to be invited for this conversation with you, and a
challenge after the wonderful conversations between Lofti
Zadeh and Ron Yager; Enric Trillas and Alejandro Sobrino;
Didier Dubois and Henri Prade; Janusz Kacprzyk, Jose Luis
Verdegay and Gabriella Pasi; Irina Perfilieva and Antonio di
Nola; Radko Mesiar and Peter Klement; and Francesc Esteva
and Lluis Godo. In these kind of situations, when someone
does not how to start, we have in Spain a famous sonnet to
jump into any topic: “A sonnet Violante bids me write, such
a grief I hope never again to see; they say a sonnet’s made
of fourteen lines; Io and behold, before this line go three.”
(Lope de Vega, “Instant Sonnet”, translated by Alix Ingber,
1995; in Spanish: “Un soneto me manda hacer Violante,
que en mi vida me he visto en tal aprieto; catorce versos di-
cen que es soneto: burla burlando van los tres delante.”) So,

starting from the list of previous conversations, one idea
comes to my mind, and thinking precisely about you, Eti-
enne: it is easy now to find out how much you have done
to promote the theory and applications of Fuzzy Sets from
the University of Ghent. Young readers can simply surf the
Web for your papers, the list of your Ph.D. students, and the
amazing number of “Fuzzy” activities you have somehow
launched, promoted and supported; but it is not so easy to
tell what you have received back from the Fuzzy Sets com-
munity after all your efforts. ..

ETIENNE KERRE: First of all I agree with you to say thanks
to Humberto for editing the EUSFLAT magazine. I really en-
joyed the previous conversations between some pioneers of
the Fuzzy Set Theory and its applications! I hope that our
conversation will be appreciated too. Now concerning your
question about my life with fuzzy sets, let me first say a
few words about my pre-fuzzy life! I obtained a graduate
in mathematics from Ghent University in Belgium in 1967.
I submitted a research project to the National Institute for
Research in Industry and Agriculture and I was very happy
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to

Etienne Kerre and Lofti Zadeh in San Franscisco.

be one of the 10% selected candidates to perform research
on the diffraction of electrons by crystals. Two years and
three months later I obtained the Ph.D. degree in mathemat-
ics. After my Ph.D., I became an assistant in the department
of mathematical analysis at Ghent University where I became
a big fan of the so-called modern mathematics based on Set
Theory! During three to four years I have put all my energy
into the modernization of the basic courses on mathemati-
cal analysis for undergraduates in mathematics. So my pre-
fuzzy life has to do with mathematical analysis, theoretical as
well as applied! Now coming back to your question: I cannot
imagine my scientific as well as my social life without fuzzy
sets! Already in 1974 I received a bad smelling Xerox photo-
copy of Lotfi’s seminal paper “Fuzzy sets”. At that time there
was no internet, no email, only a few journals where after
some time you could obtain a copy if you were lucky that
your university had a subscription to the journal! The title of
this paper made me very curious to see its contents because
in my mind sets were very clear and crisp entities with sharp
boundaries and certainly no fuzziness present! At that time
my mind was indeed full of the strict mathematics as taught
or exposed by the famous BOURBAKI group composed of
big French mathematicians such as Jean Dieudonne, Henri
Cartan, Maurice Frechet who introduced beautiful structures
such as metric spaces, normed linear spaces, Banach spaces,
generalized derivatives, differential calculus... They consid-
ered Cantor’s Set Theory, based on binary logic, as the base
of all mathematics (algebra, geometry, differential and in-
tegral calculus, etc.) and from time to time they published
the so-called “fascicules”, a kind of small booklets where one
specific domain was developed starting from scratch. I still
remember the definition of the empty set that consisted of a
long list of letters and symbols from the alphabet! Beautiful
mathematics but not daily workable. With this background I
have read Zadeh’s paper and I never got away of this enrich-
ment of our binary models! Now Javier tell me your fuzzy
starting point!

JM: Well, I think I was born to be fuzzy! I can neither imagine
my life without Fuzzy Sets Theory... It was 1978 when Prof.
Sixto Rios, head of the Department of Statistics and Oper-
ational Research at my University and the principal person
in this field by then, asked me if I wanted to start my Ph.D.

studies on Arrow’s Impossibility Theorem, in principle noth-
ing to do with fuzzy sets. After one year reading books and
papers on how difficult it was to keep rationality in a demo-
cratic decision system I was overwhelmed with the number
of variants of the same theorem, and I went to his office and
more or less I told him that I did not want to find a another
similar impossibility theorem, but something really original.
And then he said to me: “Try with this paper”. And then he
gave the paper he had in his hands: Lotfi Zadeh’s 1965 sem-
inal paper (by the way, also in a bad smelling photocopy like
yours). In my Ph.D. thesis I started claiming for a fuzzy ap-
proach to all those elements in Arrow’s theorem, particularly
for a fuzzy rationality, and then all those fields I was inter-
ested in started to be contaminated with the fuzzy argument
(among other things, I was teaching a course on Systems Re-
liability). I think that even my brain got definitively contam-
inated with fuzziness, as a very good friend of mine pointed
out some time ago: “you are being binary” is for me a very se-
rious criticism when someone assumes any excessively strict
position in life. And I remember myself explaining to my
kids that “If you ever see something absolutely clear, be sure
you are wrong and keep thinking on your problem”. In fact,
the tools we use for thinking are not independent from our
thoughts and feelings (as Lotfi Zadeh has said, “When the
only tool you have is a hammer, everything begins to look
like a nail.”). You should not expect, for example, a kind dis-
course from people convinced that binary logic is the unique
logical tool. Assuming that the world is binary is the an-
nouncement of a restrictive and stressing view of the world,
where people who are not our friends must be therefore ene-
mies, or that our acts can be simply classified as good or bad.
Coming back to the field of my Ph.D. dissertation, I think that
the underlying message of a logical

Javier Montero, Lotfi Zadeh and Javier Montero’s wife at the
ceremony of Zadeh’s DHC at Oviedo (December 1, 1995).
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uniqueness is terrible for a Society. Education should focus
not only in acquiring knowledge but should mainly provide
an attitude based upon ethical principles towards personal
honesty, respect to the others and our capacity to learn, all
together being conscious that the world is complex. But if
ethical principles are viewed as crisp, surely we will find our-
selves in a continuous sequence of contradictory situations.
Our decisions should be illuminated by our principles, which
are, or should be fuzzy. Negotiation abilities are much more
important than bargaining abilities. Maximizing economic
benefit is a dangerous outcome of a simplifying crisp cul-
ture. I am particularly worried about the consequences of
the economic crisis we are currently living, not only because
the direct consequences on people, but also because in some
countries they are severely cutting back in future. Main de-
cisions of a Government should pursue more health, more
safety, better education and better research. This is what a
democratic Society is for. Budget cuts in education and re-
search means not only reducing our Society capacities, but
furthermore important, without education and research So-
ciety loses the correct human attitude. No matter where we
are living and working, we need some understanding of our
surrounding world and some innovation spirit. Anyhow, I
think that our position as University professors has given us
an exceptionally grateful profession, don’t you think?

Etienne Kerre with the winners of the best paper award at
ISKE 2013, in Shenzhen.

EK: You are right, becoming a professor at the university is
a very big present. It gives a lot of freedom, sometimes too
much in the sense that the job is never finished, especially
with respect to research, and that sometimes one forgets that
there is a life besides the university. Do you know that dur-
ing many years I have been teaching about 18 hours a week!
The professor in charge became seriously ill and could not
continue lecturing. I, as his senior assistant, was appointed
to take over the lectures but there was nobody to take over
my lectures on the exercises, so the work doubled. During
all these years I have been working around 75 hours a week,
because I didn’t want to eliminate my research but I could
manage it because I loved my job! Since my retirement 5
years ago I am only missing the lecturing part of the job.
Luckily from time to time I am asked to give some lectures
in my previous courses on fuzzy sets, for example related to
fuzzy topology which was the starting point in my fuzzy

Etienne Kerre, Javier Montero and other colleagues at FLINS
2014.

research. I was responsible for the basic courses on math-
ematical analysis to the undergraduates in mathematics,
physics and computer science. During these courses from
time to time I was making some publicity for the Fuzzy
Set Theory telling them for example that the binary clas-
sification in good and bad objects is a very rude one.
One of my famous example is with respect to the con-
vergence of sequences where we divide the class of se-
quences into convergent (good) and non-convergent (bad)
ones. The real sequence (1,-2,3,-4,5,-6,...) is clearly
a non-convergent sequence. Also the sequence (0.001,-
0.001,0.001,-0.001,0.001,-0.001,...) is a non-convergent
one. So both sequences belong to the set of bad objects with
respect to being convergent while there is a big difference
between them: the first one is totally hopeless (one of my
professors should have called it: red-hot divergent!) while
the second one is almost convergent to zero. So if conver-
gence should be introduced as a gradual notion the second
sequence should have obtained a high degree. By telling
from time to time such kind of examples I could attract the
attention of young people in this new theory and invite them
to take one of my courses on fuzzy sets. From the very be-
ginning I was convinced about the importance of teaching
and already in 1979 I was authorized to organize an optional
graduate course on the basic principles of Fuzzy Set Theory
that was attended by 35 people, most of them being profes-
sors from sciences and engineering. This was an important
starting point because I could convince the faculty of sciences
to organize an obligatory course “Fuzzy sets and their ap-
plication to computer science” for the mathematicians and
computer scientists. I think that Ghent University has been
a pioneer in providing such course in the regular program
and it has been an example for other universities to intro-
duce such a course in their curricula! That course was very
successful and attracted excellent students who after their
graduation stayed with me to prepare a Ph.D. My goodness
I have been so lucky to have the opportunity to guide such
excellent students! Most of them became already a professor
and are continuing teaching and research on soft computing
techniques! That makes me very proud!

JM: You are right, Etienne. Teaching, research and hard
work, as long as they come with passion and freedom, sug-
gest a wonderful job, difficult to defeat if you are lucky
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Celebrating Prof. Da Ruan 50th birthday with his parents.

enough to gather a nice team around you. Students make
us feel always young! You indeed should be proud of your
students. One of the things that made me admire you -
not the only one, of course- was your ability to attract such
tough and brilliant students. Some of them are now pres-
tigious colleagues. Among those students of yours, I must
recognize that I still miss the energy of our friend Da Ruan.
His death was the saddest moment while I was President of
EUSFLAT...I use to say that the best way to know who you
are is to look at your friends. Similarly, somehow the success
of our students is the best compliment for us as professors.
Still, beside our personal history, and after the first 50 years
with Fuzzy Sets Theory precisely this year, our fuzzy commu-
nity has been able to convince the whole scientific commu-
nity that fuzzy sets can help to generate attractive alternative
tools for many different problems. But do you think that we
can consider that our theoretical model is basically closed?

EK: Javier if you don’t mind before answering your interest-
ing question I would like to say a few words on the way I
entered into Fuzzy Set Theory. As said before I spent a few
years on the modernization of the basic courses on mathe-
matical analysis and after that I was looking for a new re-
search domain related to mathematical analysis when I saw
Zadeh’s paper and some of the rather straightforward fuzzyfi-
cations of the existing mathematical structures leading to the
birth of: fuzzy topology, fuzzy groups, fuzzy vector spaces,
fuzzy geometries. ... My first steps into the fuzzy world were
undertaken in the domain of fuzzy topology, more precisely
on the characterization of a fuzzy topology by means of a
pre-assigned operation. We could easily show that a fuzzy
topology in the sense of C.L. Chang could be characterized
in terms of closed sets, by an interior operator, by a closure
operator but not by means of neighborhood systems. For the
first time I realized that while generalizing a concept or a
structure one can lose some properties. At the same time
this was my first fuzzy frustration: in some papers it was
stated that a straightforward fuzzyfication of the crisp neigh-
borhood system also leads to the characterization of a fuzzy
topology, mentioning that the proof was straightforward! Af-
ter a few years we could find a counterexample stating that
this conjecture was false and we could completely solve this
characterization problem by means of an adapted neighbor-
hood concept using fuzzy points and fuzzy singletons. In this
way we could completely analyze the many different gener-

alizations of the neighborhood concept in the framework of
Lattice Theory. During those years I could also experience
the power of a conference to inform the participants about
new topics. Every four years mathematicians gather for the
International Conference on Mathematics, a very big event
with thousands of participants and where also the so-called
Field Medals, considered as the substitute for the missing No-
ble prize for mathematics, are awarded. At the ICM 1978
in Helsinki I could present during 12 minutes my first fuzzy
results concerning the characterization of a fuzzy topology
in one of the 36 parallel sessions. One of the listeners to my
talk was Prof A. Mashhour, a famous classical topologist from
Mansoura University in Egypt. For him it was the first time
he heard about fuzzy sets and fuzzy topology and he went
back to Egypt starting the well-known flourishing Egyptian
school of fuzzy mathematics and fuzzy topology! Now, com-
ing back to your question, of course our theoretical model
is not yet finished! There are still so many domains to de-
velop from theoretical as well as practical point of view! Es-
pecially from point of view of applications I see still many
challenges for the young researchers. One of them is the
further development of one of my favorite topics: fuzzy rela-
tions. Sometimes science has been described as the discov-
ery of relations between objects in a very broad sense and in
many domains one is looking for existing relationships be-
tween notions and structures, especially in medical diagno-
sis. Looking to the current work of my ex Ph.D. students:
Peter Ottoy, Bernard De Baets, Gert de Cooman, Martine De
Cock, Chris Cornelis, Guoqing Chen, Xuzhu Wang, Steven
Schockaert, Mike Nachtegael, who became professor some-
where I can be proud and full of confidence with regards
to the further development and application of this beautiful
and powerful tool! Javier your group and Spanish institutes
and universities have contributed so much to this theory, but
I wonder what about the practical applications and help to
industry?

A group of young fuzzy spaniards at IFSA 1985.

JM: For some reason Fuzzy Sets Theory was successfully soon
expanded in Spain, with a number of researchers and groups
that started to work on Fuzzy Sets. Indeed the energy of En-
ric Trillas played a key role, from the early beginning of Fuzzy
Sets in Spain, to the creation of the Spanish Society for Fuzzy
Sets (ESTYLF) and its further transformation into our Euro-
pean EUSFLAT Society. But I always declare that important
things never happen because a single cause. ..If I go back to
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my memory, in the late 70ts, when I started to work on my
Ph.D., there was not much research as such around me. Good
professionals at the University were mainly devoted to study
and teach. Only a few people published regularly in interna-
tional journals. By then publishing in international journals
was not really needed for the promotion within Spanish uni-
versities, and you didn’t expect to get a better job outside
the University even if you had proven to be able of doing re-
search. There was not much research culture in that Society
(“let others invent it” was ironically proposed by a famous
Spanish philosopher one century ago). Somehow a whole
generation of young researchers decided to jump into com-
petitive research. Democracy had just been established in
Spain, and despite all economic, social and political prob-
lems, the Spanish Society was willing to feel part of Europe,
to end with the long isolation of Spain. This generation of
researchers, as part of its Society, deeply wanted to become
Europeans. We were willing to travel, to see what was going
on in other countries, to learn from them, to start new ad-
ventures. Perhaps I have an excessively romantic memory of
those days, but I think that such a creative energy that came
with democracy brought to the universities in Spain an ab-
solute need for new projects and new ideas. But these new
projects had to be launched taking into account the poor sci-
entific infrastructures we had then (when Spain joined the
European Union January 1, 1986, things started to change).
Our main resource was our own creativeness. In my case, my
Ph.D. advisor retired immediately after I finished my Ph.D.
in 1982. I paid from my own pocket my first national and
international conferences, till I got my first Grant, several
years later. Nobody told me ever the convenience of sub-
mitting a paper to an international journal. Nobody helped
me to write my first papers. Nobody explained me how to
apply for a national science foundation project...I have a
wonderful memory of the 1985 IFSA conference in Palma
de Mallorca, where I met Lotfi Zadeh and all the important
fuzzy “popes”, including Enric Trillas and all those, now not
so young, Spanish colleagues whose friendship I still cherish.
I think that Fuzzy Sets appeared in Spain as a brand new field
where many interesting things could be done, a new theory
still to be developed with lots of suggestive applications. A
perfect topic to start a new life! The collaboration with indus-
try started to grow exponentially, and the creation in 2005 of
the Soft Computing Centre in Asturias (where the IFSA 2015

A moment at FLINS 2014.

A group of fuzzy researchers at the ceremony of Enric Trillas’s
DHC at Pamplona in 2014.

conference will be held) is a major achievement. The eco-
nomic crisis and those policies that do not recognize the
direct and indirect impact that research outcomes always
brings back to industry and the whole Society is jeopardizing
part of the good things achieved in Spain during the last 30
years. In Spain, as in many other countries, we are partic-
ularly suffering from poor institutional support to young re-
searchers. I hope this nightmare will end before long, since
a Society that does not promote research soon loses the ad-
venture spirit that we need to build a better future.

EK: I also vividly remember the first IFSA congress in Las Pal-
mas in 1985 where I presented a paper on fuzzy information
retrieval and databases, invited by the other pioneer Hans
Zimmermann! I cannot remember if we met there for the
first time but I still have the flag with the welcoming address
that hung at the entrance of the campus where the congress
took place: it was some kind of hand painted piece of linen
material, too nice to disappear in the dust-bin! As you said it
was not that easy to attend conferences from financial point
of view. I remember that those days we could get from the
Faculty of Sciences every two years ten thousand Belgian
francs (this is less than 250 EUR!) for attending a confer-
ence, in most cases it was only enough money to pay for the
registration. But because of my lecturing on fuzzy sets and
the popularity of the practical applications in Japan, soon
after the first IFSA congress I was contacted by former mas-
ter students who were employed in industrial companies to
search the possibilities of applying Fuzzy Set Theory in their
plant. For example in 1987 I was contacted by Dow Chemical
Company who had a branch in the south of The Netherlands,
close to the Belgian border. They had a problem with a large
amount of data to control in real time. Their best experts
were not always available and they wanted to build a system
that could help whenever some component failed and has
started to fail other components and at the end shut down
the whole system. So we have built an IDR, Intelligent Data
Reducer based on Fuzzy Set Theory, more precisely on Fuzzy
Reliability Theory where we allowed degrees of relevance.
During three years I got money to pay young researchers such
as Gert de Cooman and Bernard De Baets and to attend con-
ferences and buy computers! Other companies for which we
have done applied research and lectured the basic principles
of Fuzzy Set Theory are Agfa Gevaert where we worked on
the selection of patents, Lastekon NV where we developed
a semi-automatic welding machine and Alcatel Bell, where
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I gave a lot of lectures. Now I also want to come back to
Da Ruan! In 1987 a bilateral cooperation between Ghent
University and the prestigious Fudan University in Shanghai
(one of the four top universities in China) has started where
every year 2 students from Ghent could go and study at Fu-
dan University and vice versa. That year Da Ruan got after
a strong selection and based on his excellent master results
such a grant and it was asked to the Faculty of Sciences if
someone was willing to guide this guy! In this way Da be-
came my first Chinese Ph.D. student! After his Ph.D. in 1990
he went to the Belgian Nuclear Research Center where he
performed theoretical as well as applied fuzzy research in
the domain of nuclear research. After his Ph.D. and till his
sudden death in 2011 we stayed in close contact almost ev-
ery week by phone, email or physically! He was one of my
best friends and I am very grateful to you Javier that I got
a lot of support in erecting a steering committee in order to
continue the work of Da with respect to the successful FLINS
and ISKE conferences. I am still missing the friendship of Da
very much!

Etienne Kerre and thre of his PhD students at FLINS 2010.

JM: The fuzzy community has been always a friendly com-
munity, most probably influenced by the personality of Lotfi
Zadeh. Fuzzy community should never lose that sincere sci-
entific spirit of collaboration with as many colleagues as pos-
sible, even far away from our specific field. It is very im-
portant to enjoy our work through the inspiration of new
ideas. I use to recommend my students that they should
not have just one single research interest, and that part of
their time should be devoted to read and attend conferences
about topics in principle not related to their research. You
should not fish always in the same river if you are looking
for a different kind of fish. Moreover, despite all the great
work done within the fuzzy field, there are key issues still to
be addressed. For example, I think we do not have a good
formalization of fuzzy experiments, how they can be run and
managed. Long time ago a student of mine asked me, once a
long course on Statistics was finished, what was the most im-
portant thing of Statistics, and I remember I answered that
the most important things in Statistics were those that re-
fer to how to observe reality (the design of an experiment),
and how results should be presented so users can understand
data. In between observation and nice graphics there was
simply mathematics, I said. With a good data set many in-
teresting things can be done, but nothing interesting can be

obtained from a bad data set. The concept of experiment is
precisely formalized in the crisp framework. A crisp experi-
ment needs crisp results, crisp events and specific conditions
in order to guarantee and validate results. But I think we
have not still been able to fully agree on how fuzziness con-
nects with reality by means of fuzzy experiments. Kind of
surprising since managing fuzzy information is precisely the
basis of the great success of human being. Our capability
to represent an indeed complex reality in terms of compact,
robust but flexible (fuzzy in nature) concepts, is in my opin-
ion deeply related to the creation of languages, and shar-
ing a language has been essential for social learning instead
of learning as individuals, simply from our surviving genes
and our closest community. I have to acknowledge that my
early research was focused on decision making, but when I
read those studies in Psychology and Neurology about how
human decision making is made, I started to believe that it
was misleading to pursue a formalization of rational decision
making. Rationality can be found in our argumentation, but
what we do at the end is strongly influenced by too many
things, too often impossible to control (emotions also play
a key role). The only thing we can assure is certain consis-
tence between our rational arguments and our move. And I
strongly believe that our main decisions are likely to be fuzzy:
most of our important decisions are strategic decisions about
our life, where alternatives and consequences are poorly de-
fined most of the time. It now comes to my mind that in a
FLINS conference I told a personal experience, when I de-
cided to help a homeless I saw at the end of a long street
while in Berkeley, and how while walking I was not able to
complete my analysis about alternatives and consequences
because nothing was ever clear enough, and how I reached
the homeless without any decision, so in the very last mo-
ment I picked out a random coin from my pocket. How can
anybody infer from that coin I gave to the homeless that I
had simply decided to be good that day? Our acts too of-
ten seem to be a consequence of strategic decisions through
a chaotic process. Instead of telling people which one is the
optimal decision we should help them understand their prob-
lem through a good analytic approach, developing decision
aid tools aiming for a comprehensible output...and then al-
low them to take their own risk and responsible decisions.
Anyhow, I think that the main ideas of my research were
more or less contained in my Ph.D. thesis (some time ago

A moment of the social activity of FLINS 2012 in Istambul.
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I was told that most mathematicians have a unique idea in
their life, and that this idea always pops up when they are
young, that’s why Field Medals cannot be awarded to se-
nior researchers). Iliked Arrow’s approach to group decision
making, based upon ethical principles rather than any solu-
tion based upon Game Theory, but principles should never
be strict and they are always subject to conflict. The key is-
sue for me became how reality should be described (models
for fuzzy classification), how complex information should be
presented (for example, image analysis should help to de-
velop some kind of descriptive statistics for fuzziness: we
need to learn how fuzzy classes should be painted), how to
measure the quality of a fuzzy classification and how to mea-
sure consistency (which in my mind was from the beginning
conceived as a fuzzy property: still now I see some standard
fuzzy definitions as dangerously crisp). In my Ph.D. thesis I
also started to focus on how things can be effectively reck-
oned (for example, avoiding the strong associative condition
which assumes the existence of a unique operator for sequen-
tial aggregations, which will later on lead to a more general
but operational recursive approach). At the end, we should
keep stressing that we cannot miss relevant elements of re-
ality in our mathematical modeling. In this sense, two of my
first papers in Fuzzy Sets and Systems journal, also based
on my Ph.D. thesis, pursued to justify that the simplest rep-
resentation of fuzziness requires several simultaneous con-
nectives, to be able to answer several questions at different
extensive and comprehensive levels. For example, to what
extent John or Paul are tall, to what extent John is tall or
very tall, and to what extent John is tall or blonde. Not tak-
ing into account the relationship between pixels in an image
or between categories in a classification, for example, may
produce misleading results. In particular, a key argument
in my research has been to stress the underlying structure
of systems...We even published a joint paper in Fuzzy Re-
liability Theory, don’t you remember? Having the opportu-
nity of working with you and other colleagues and students
has been great. I am fully convinced of the advantages of
team work. Lots of wonderful moments sharing ideas with
colleagues come to my mind. Many of those colleagues are
now close friends. I have no words to thank all the sincere
friendships I have found while working!

Enjoying THE dinner at IFSA 2013 in Edmonton.

EK: Indeed Javier, we got a lot of friendship from the fuzzy
community. Every time we attend a conference we are

A group of mature fuzzy spaniards at the ceremony of Lotfi
Zadeh’s DHC at Oviedo (December 1, 1995).

warmly welcomed by our colleagues, especially the old ones
that became real friends, as we can see around new year
when one email after the other is coming in wishing the best
for the coming new year. Surely Lotfi is a binding factor,
he has shown the way to be friendly and open minded! I
very much appreciate the sentence finishing his talks: please
don’t hesitate to disagree! His kindness and concern is leg-
endary . I remember when we had breakfast together during
the Fuzzy Days (my goodness I miss this series of confer-
ences -at least 10- organized by Bernd Reusch in Dortmund,
Germany) that Lofti advised me: eat your breakfast your-
self, share your lunch with your friends and give your din-
ner to your enemies! Even during breakfast he advised me
to take some extra piece of fruit because later on, he said,
there will be no more fruit offered! Another good memory,
my goodness I have so many from my fuzzy life, is the din-
ner during the IFSA conference in Edmonton when we were
sitting on a round table with about 20 people listening to
the vivid life stories of our friend Burhan Turksen! Unforget-
table! Of course I think we have more than one joint pub-
lication. Do you know I still have the poster announcing
your first talk in my department on March 21, 1994 about
Consistency Measures of Fuzzy Preferences? I agree with
you that it is important to stimulate our students to become
familiar with other domains. In this respect I regularly or-
ganized in my department one hour talks on differing sub-
jects by eminent researchers such as you, Radko Mesiar on
compensatory operators, Ania Radzikowska on fuzzy rough
sets, Hung Tung Nguyen on random sets, Gabriella Pasi on a
fuzzy object-oriented data model, Laszlo Koczy on fuzzy con-
trollers, Huang Chongfu on the prediction of natural disas-
ters such as earthquakes, Sandor Jenei on non-classical trian-
gular norms, Sergei Orlovski on describing natural concepts
, Janos Fodor on uninorms, Henk Heijmans on mathemati-
cal morphology, Peter Klement on fuzzy logic in Linz Labo-
ratorium, Guoging Chen on mining association rules, Maciej
Wygralak on fuzzy cardinalities, Yuji Yoshida on fuzzy deci-
sion making, Madan Gupta on fuzzy-neural computing sys-
tems, Peter Walley on belief functions, Pengfei Shi on imag-
ing engineering in China, John Dockery on virtual reality and
the disabled -an exercise in tailoring a fuzzy world-, Vilem
Novak on mathematical fuzzy logic, Patrik Eklund on metric
image spaces applied to texture analysis in mammography,
Krassimir Atanassov on intuitionistic fuzzy sets and Jie Lu on
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recent developments on E-service intelligence. It is already
a long list , there are more and I apologize to those I forgot,
but this list shows that informing students on new topics can
lead to new interests and new developments. Such talks have
inspired several of my students to start research leading to a
Ph.D.! Let me end with some thoughts about the future of
our research domain. First of all the fuzzy community should
agree about the definitions of the basic concepts (for example
a fuzzy number, a fuzzy topology...) and determine the es-
sentials that should be known by newcomers in the domain
and present to them in affordable textbooks. I know there
are already several textbooks but I am not completely satis-
fied with any of them because they are mostly written from
the personal background of the author(s). Another point of
attention concerns the fast growing number of journals on
soft computing. For a long time there have been only a few
journals that accepted papers on fuzzy sets. Nowadays there

are more than 25 journals with fuzzy in the title, this is too
much and will at the end negatively influence the quality of
the accepted papers. Regularly I hear colleagues complain-
ing about the huge number of papers to referee! I myself
have been referee for more than 70 journals with around 80
papers per year! Many times I experienced that I wrote a
negative report on some submission that some months later
I saw published in another journal! A similar warning can
be made about the increasing number of conferences in our
domain. Let’s keep watchful concerning the quality of our
journals and conferences! To conclude I want to say, my dear
friend Javier, that I am very happy that I discovered Zadeh’s
paper “Fuzzy Sets”. It enjoyed my life and I sincerely hope
that more and more people, especially mathematicians, will
become aware of the power of this beautiful gradual theory
and start to further develop it in all possible domains in order
to make our world better!
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1. Introduction

After obtaining my degree in Mathematics in 1999, I had
the pleasure to meet professor Javier Montero. I was starting
my pre-doctoral courses when I met him. I had already de-
cided most of the courses to attend except one and I was vac-
illating between Generalized Markov Processes and Decision
Making in fuzzy environment. Finally I took the second op-
tion, probably because the words decision making in the title
attracted my attention more than Markov processes. Now I
can say that probably this decision was one of my best choices
from a professional point of view.

In this paper, I will try to write about Professor Javier
Montero, some of his important achievements in science
(from my point of view) and I will try to explain some of
his characteristics as a researcher and as project leader. It is
important to note that this is only my personal opinion and
my reduced vision of his main achievements.

Starting from the beginning, there is one characteristic
that is inherent and perfectly defines Javier Montero as a re-
searcher. I think that this characteristic clearly protrude over
others. Javier Montero is always questioning the things that
are assumed as certain by most of the researchers. When I
think in Javier as a researcher, I have the picture in my mind
of other classic romantic researchers trying to convince the
rest that they are wrong (now I am imaging Cristobal Colén
(Christopher Columbus) speaking with others about the fact
that after Finisterre cape there is not a dragon or a monster
that will eat the ship that go through). Also when I see Javier

Montero writing the projects in which he has been the leader
during the last 30 years I really see someone as Cristobal
Coldn asking for money to Catholic Kings of Spain for his
new expedition.

I remember the first lecture that I received from Javier as
if it was yesterday. Probability theory was for me a closed
and seamless theory. Javier was the first of my teachers to
point out the main debilities and wrong hypothesis of proba-
bility theory. Javier always said Science has a lot of tricks and
probability theory more. For example, the concept-idea of un-
certainty and his different meanings (see following picture).
It was something surprising for me to realize the existence
of other types of uncertainty in addition to the probabilistic
one. Or also the concept of statistical independence, always
present as an essential hypothesis in most of the models of
statistical inference or data analysis.

Photograph in which Javier shows me the difference
perception of reality of fuzzy sets and probability.

Probably, this characteristic of Javier Montero was (in ad-
dition to all of his human abilities) the main reason why I
decided to make my PhD thesis with him. Since then, I have
been closely working with Javier during the last 15 years and
it is clear that this relationship has been more beneficial for
me than for him. Now, [ am pleasant to have the opportunity
to say thanks in this paper for all the things that he has given
to me.
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Just to conclude this awkward introduction, I have to say
that this work is devoted to bring an idea about some of the
scientific ideas of Javier Montero in the events of a usual day
in his life. Starting with the alarm in the clock of his bedroom
and finishing when he returns back from the office.

2. A normal weekday?

First at all, I have to say that there is not a common week-
day in Javier’s life since each day is different. A standard
professor in Spain divides his work in three important pil-
lars: Teaching, Researching and Management. Since I met
him 15 years ago, Javier has put different intensities in these
three areas depending on his professional period. For exam-
ple, from 2013 to February 2015 Javier was Vicerector of the
Complutense University of Madrid (that is the biggest univer-
sity in Spain with more than 100.000 employments among
administrative personal and professors). So it is clear that
during that period a day in Javier’s life was very different
from now. Taking into account this disparity, I have decided
to talk about a weekday (that is not normal) in the present
days in which Javier dedicates his time to play with new re-
search ideas alone or in friends meetings, reading, connect-
ing ideas and people, teaching (from the beginning of un-
certainty to new degree students until the last advances and
news in science to post-doctoral students), and making man-
agement. Fortunately, for us, in this new period we can see
Javier more and we enjoy discussing with him new ideas,
taking the advantage of his way of pushing us to give all the
best.

Wake up !!!!

Beep, Beep, Beep. .. Javier hears the alarm of his clock. His
vision is fuzzy and he can’t distinguish the numbers of his clock.
Everything is very fuzzy in the morning. It should be 7 a.m.
more or less. Now its time to wake up. Marise (Montero’s wife)
tells him (gently) that he has to switch off the alarm. Otherwise
everybody in the house will wake up. Finally, Javier wakes up
and he goes to the kitchen thinking about how he will organize
the day. Javier’s body is asking for an orange juice, a coffee
with milk and some cookies. Nevertheless, Javier is in a diet
and he does not carry for this menu.

As I said previously, one of the main characteristics of
Javier Montero as a researcher is that he is not carried away
by the easier, by the common. Analyzing or reading the
papers that Javier Montero has published, we can see this
factor as a common characteristic. As an example, I will
told about my Phd thesis (supervised by Javier Montero and
Javier Yafiez). This was my wake up as a researcher. Mul-
ticriteria decision making problems was one of my favorite
issues during that time. In these problems, a usual assump-
tion is that there exist some decision alternatives, some cri-
teria and the decision maker is able to order the alternatives
based on each criteria or to quantify a value/score of each
alternative in each criteria. Although these assumptions are
usually accepted, they are too much for Javier Montero. In
2001, Javier put me some examples to show me that some-
times it is not possible to know your own criteria (even if you
are able to take decisions), other times the idea of criteria is
very general and you cannot order the alternatives based on

this criteria. Taking into account all these ideas, the search-
ing of the criteria that permits a good representation of a
preference data set and a fuzzy preference data set has been
one of the topics of Javier Montero in order to understand
the decision making problem ([[66}33], 34} [24]]).

The dimension concept for preference relations permits
to understand better the decision maker problem, to search
his criteria and also different types of rationalities. Given a
partially ordered set (or poset) R (that could model a clas-
sical preference relation of a decision making problem), the

dimension of P, Dim(P), is the minimal number of linear or-
Dim(P)

ders ({Ly,..., Lpim(py}) that permits to build P = ﬂ L;.
The linear orders L; model the classical criteria that ;l)e}mits
to explain the preferences of the Decision Maker. If the pref-
erence relation R is not a partially ordered set, the dimension
of R (dim(R)) was defined in [[66] [33] [34]] as the minimal
number of linear orders in such a way that P = UﬂL
L
This definition permits to explain the lack of transitiviéy, ra-
tionality or inconsistency that appears when the preference
relation is not a partially ordered set. Also, this definition
permits to extend the idea of dimension (see [66}[33],[34},[247])
to fuzzy preference relations. Here the idea of representa-
tion permits the understanding of a fuzzy preference rela-
tion, rather than some numbers in a matrix.

The analysis of the preferences in decision making, mul-
ticriteria decision making or group decision problems, has
been one of the main challenges of Javier’s research ([[14]
49, [50]]). During that period, most of the preference rela-
tions analysis (in a fuzzy or crisp framework) did not take
into account all the structure that appears in Decision mak-
ers mind (strict preference, weak preference, incompara-
bility and indifference). This omission, has strong conse-
quences, as the fact that the classical Orlosky intensities are
not always compatible with this structure ([44]). The idea
of transitivity of a preference relation appears also in con-
sonance with the analysis of the preferences. In 1986, he
published his first paper on that topic on FSS [38]], in which
he proposed a method to find (for a given fuzzy relation)
the closest rational and transitive fuzzy relation according
to the preferences of the DM. From this paper until now
([14, 40, 166} 66l 33 34, [15} 50} 22]]) he has dedicated many
efforts to deal with the idea of transitivity of a fuzzy relation,
the notion of rationality and coherence in preferences, and
his consequences to the study of preference relations, deci-
sion making problems, group decision making problems and
also multicriteria decision making problems.

ij

Arriving his second home

During the breakfast in Montero’s house is time to decide
the allocation of task between Marise and Javier. One of them
will have to take his three children to school. The discussion
and organization about the pros and cons takes all the break-
fast. But at the end and without any clear consensus Marise
takes the keys of the big car to carry their children to the school.
During the discussion, she realizes that today she has to go
against the traffic jam because she has a meeting in other place.
Thus Javier takes the small car to go to the university and to
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the Faculty of Mathematics, his second home.

From Javier’s point of view, complex decisions have a
long process that at the end finishes with a crisp decision,
but the previous process is usually fuzzy. Javier always says,
Crisp acts but Fuzzy decisions. One has to differentiate be-
tween a fuzzy decision as for example: to be good or to help
somebody, to buy a non expensive car and the crisp decision
that is the final output of the decision process. In this sense,
Javier (see for example [38,[45] [16] [17, 8] 52 [62],
[20, 271,[67]]) has developed many fuzzy models that could be
a fundamental tool in the decision processes, instead of refer-
ring to the final output of a decision, which is a crisp act. In
fact, while probability theory can properly model crisp acts,
this is not the case for fuzzy decisions. This is the reason
why we have to carefully take into account the information
that we receiv in a decision making problem, since we only
see the final output of a long mental process. Probably this
is the reason why the classical ideas about consistency, ra-
tionality, and transitivity (as we will see below) should be
relaxed.

In [52]], I can read his thoughts:

... human in general manage poorly defined arguments and
alternatives, and what we usually call a decision is always ill
defined, although we still expect they should produce consistent
acts as their consequence. These acts, still being consistent with
the previous fuzzy decision, are somewhat unpredictable, being
extremely dependant on the specific circumstances at the mo-
ment an act is required by decision makers. Therefore, in many
cases pursuing consistency of these subsequent crisp acts may be
misleading. The main issue should be in principle to check con-
sistency between those acts and the true decision behind them,
usually poorly formalized. But this objective may sometimes be
unrealistic, since there may be few chances to repeat the expe-
rience. We should also focus our attention on the arguments
that led us to such a poorly defined decision. This should be a
relevant role of fuzziness in decision making, viewed as a de-
cision support problem (acts are supported by a fuzzy decision
which is supported in fuzzy arguments).

The ideas of consistency in decision making models, that
have had a significative impact in the developing of prefer-
ence models during the last years, appear as a natural conse-
quence of focusing the attention in the decision models. Also
the idea of consistency will follow to Javier in other research
topics as: aggregation processes (see [[64] [65] 63} [30]), clas-
sification problems (see [[3} 4 [} [5] 25} [60]) and image
analysis ([27, 28] [7]].)

Discussing in the cafeteria

It’s 8:30 in the morning, and Javier has answered some
urgent emails. The door of his office sounds (knock, knock,
knock...). Its Javier Ydfiez, one of his oldest friends of the fac-
ulty, for more than 30 years. Javier Ydfiez wants to talk with
him since there are some questions that have to be solved. At
the same time, other colleagues also enter in the office to talk
with him. Javier decide to go with everybody to the cafeteria
since the problems are related. During the corridor that goes to
cafeteria Javier meets with other two or three professors that
want to talk with him. It’s time to aggregate the information
that he receives to give instructions to his people. He never

slows down!

Javier Montero with his friend and colleague Javier Yafiez in
1978 and 2008.

Aggregation is probably the topic that is in the intersec-
tion of his different research. The idea of aggregation ap-
pears in most of the research topics that he has been work-
ing out, since aggregation represents a fundamental tool
in: classification, group decision making, multicriteria prob-
lems, image analysis and optimization, among others (see
[7]). It is clear that aggregation is one of the most impor-
tant tools in science, and in particular in knowledge based
systems. In general, we can say that aggregation has the aim
of using different pieces of information to come to a con-
clusion, a decision and/or a classification. The first work
of Javier Montero in the field of aggregation processes [37]
can explain his thoughts and ideas that he has followed until
now. In this first work, published in 1985 in Fuzzy Sets and
Systems under the title A note on Fung-Fu's theorem, he real-
ized that the axiomatic approach of an aggregation process
in a decision making framework proposed by Fung and Fu in
1975 [I35] was too restrictive for a fuzzy environment. Ag-
gregation operators have been a widely topic in information
systems and soft computing. Nevertheless, many assump-
tions have been imposed when they are applied to real prob-
lems. How to deal and how to relax these classical assump-
tions have been ones of the challenges in Javier Montero’s
works during the last 30 years. Here we put some examples
(not all of them because the number is huge !!!):

e Unicity. A family of aggregation rules or global aggre-
gation process usually assumes that there exists only
one aggregation operator in the aggregation process.
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It has been lately made very clear that aggregation pro-
cesses can not be based upon a unique binary opera-
tor. Global aggregation operators have been therefore
introduced as families of aggregation operators {T,},,
being each one of these T, the n-ary operator actu-
ally amalgamating information whenever the number
of items to be aggregated is n. Of course, we should not
be accepting that aggregation operators can not evolve
in time or that they simply remain constant along the
complete aggregation process [}, (14} [13] (18, [16} [T7].
Although it is clear that some mathematical restrictions
have to be introduced (in order to assure an appropri-
ate meaning, consistency and key mathematical capa-
bilities), Javier can not accept, for example, only one
intersection operator to represent the intersection be-
tween two fuzzy sets during the whole classification
process.

e Associativity. Another classical mathematical prop-
erty, in which it is assumed in some way that
¢(p(x,y),2) = ¢ (x,p(y,2)). Although this property
could be viewed as a necessary restriction again it is
very restrictive for Javier and not desirable in many
situations [48], [1]. Associativity allows recursive ap-
plication of the same binary connective in such a way
that memorizing only one binary connective is enough.
Nevertheless, one of his favorite aggregation operators
(OWA operators) [9] is not associative and Javier can
not accept that the applications of OWA operators re-
quire a previously fixed dimension. For example, there
are many real life decision processes that require at dif-
ferent times the aggregation of inputs of different di-
mensions. Connective rules have to be defined before
knowing such dimensions.

Commutativity. Commutativity is a classical mathe-
matical property, in which it is assumed that aggre-
gation will be invariant with respect to permutation.
From Javier’s point of view, this property could imply
a severe restriction, since in many real applications the
decision maker wants to keep track on how data were
obtained, at least to be able to locate them in time,
place and other circumstances. Assuming that aggre-
gation does not depend on ordering implies that the
result is not being affected neither by the time in which
data are being produced nor by the time data take to
arrive to the decision maker, and it is also suggesting
that the result may not depend on key circumstances
surrounding data that most probably should have been
included as data themselves. Data are not just numbers
(see for example [45] 23] [T1]).

Recursivity. Javier proposed in many works (see
[3][41[13, 18] [T}, 23]]) a more general idea of recursivity.
As it happens with other classical properties, classical
recursivity definition is too restrictive and it is difficult
to apply in real applications. The idea inherent in all
of these papers is that the family of aggregation op-
erators or the idea of aggregation rule should be op-
erative and allows to build n-dimensional aggregation
operators by means of aggregation operators of lower
dimension. As a consequence, it is shown that if we im-

pose the aggregation to be strictly increasing, then we
can easily conclude that our aggregation is based upon
weighted sums. Indeed, this is an extremely important
result, with obvious consequences in any aggregation
procedure. This is a quite standard situation in Multi-
criteria and Group Decision making, Classification and
Time Series, for example. Such a basically additive
representation can be then assured, avoiding the re-
strictive associative approach which is based upon a
unique binary operator.

e Conjunctions and Disjunctions. Since there is only
one logical structure based upon the binary {0, 1} val-
uation space, one may be tempted to assume that ev-
ery aggregation procedure within this context should
be based either upon the above (crisp) conjunction or
the above (crisp) disjunction. In addition, once the
space of degrees of verification is extended to the unit
interval, of course we should be expecting that both
conjunction and disjunction can be modeled in many
different alternative ways ([[10, 11} 8] [32]]).

¢ Idempotency. From Javier’s perspective, this property
can be relaxed and even eliminated in some contexts,
due to some kind attraction behavior: a high degree,
if repeated, may suggest in many contexts a higher ag-
gregated degree, and a low degree, if repeated, may
suggest a very low aggregated degree.

e Consistency and stability. A family of aggregation
operators, has been classically defined as rules, from
which it is possible to deal with the information reach-
ing to us; its dimension not being previously fixed. This
is important because the number of items that has to be
aggregated is not always the same, since in practice it is
common that some information can get lost, be deleted
or added, and each time a cardinality change occurs a
new aggregation operator is needed. Taking this into
account, Javier always points out that this notion of
family of aggregation operators ({¢,, n = 2}) should
present some consistency and some stability between
its members. In [|63}/64,165,[30]], Javier presented some
properties related to the family of operators in a global
way. The concept of stability (and other related con-
cepts) for a family of aggregation operators are defined
in order to establish some properties for the family of
aggregation operators to be consistent. In particular,
the stability property for a family of aggregation oper-
ators tries to force a family to have a stable/continu-
ous definition in the sense that the aggregation of n—1
items should be similar to the aggregation of n items if
the last item is close to the aggregation of the previous
n—1.

First lecture for degree students

It’s ten o clock. It’s time to give the first lecture of the day.
A course of probability theory for first year students. Javier
proposes some problems for students and encourages them to
think about the models that they have seen previous days. It is
time to reflect on all the problems that can be solved by classical
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models and also on those who do not. It’s time to be rational. . .

The idea of rationality has been in Javier’s mind since he
started to research in his Phd Thesis. Some of the questions
that he has been trying to answer (at least in a particular
framework) are related with the questions: When a person
is rational? or When its preferences are rational? or When
its acts are rational?. In the analysis of crisp preference rela-
tions there exist some ideas of these concepts. How to extend
these ideas of rationality or assumptions into a fuzzy frame-
work has been one of his favorite research topic (see for ex-
ample [[39, 42| 41| [12] [48]]). Since fuzzy preference relations
formalize intensity of individual preferences over fixed sets of
alternatives, in [|39} 42} [16} (17} 22] he gave an axiomatic ba-
sis for defining the concept of fuzzy rationality. Specifically,
he established a collection of desirable conditions that any
fuzzy rationality measure should satisfy. Rationality is based
on the concept of fuzzy acyclity. He presented the rationality
of fuzzy preferences as a fuzzy property of fuzzy preferences.
Also, he proved that several rationality measures can be ag-
gregated into a global rationality measure. These concepts
were also applied to multicriteria decision making problems
and decision group problems in a fuzzy environment. From
the beginning until now these ideas appear partially in other
contexts as aggregation process (related with the idea of con-
sistency), representation decision making problems or clas-
sification problems.

Researching morning meeting

It’s 12:00 and the team of Javier Montero is ready to start
the meeting. Javier however still does not arrive. He will surely
have been held up by some students or staff in the hall. Finally,
he arrives at 12:15 and we start the meeting. First, the most
urgent things: some papers that need revision and some special
issues or congress with a close due-date. Also hurry the draft-
ing and all the paperwork that the team has to prepare for the
call for a Spanish project. Now it is time to discuss about one
research topic. One member of the team is going to talk about
the state of his research: the theme for today is image analysis
and fuzzy classification.

Research Meeting of FuzzyMAD 2014.

Fuzzy classification is another field in which Javier Mon-
tero has made some contributions. Classification appears
later in his interests than other disciplines as decision mak-
ing, aggregation process, logic, reliability systems or fuzzy
sets (in [3]], we can see his first publication on that topic).

Some years ago, I asked Javier what was the reason why he
decided to make research in classification, after dedicating
many years and efforts to decision making. He told me that
after many years he had realized that to make a good decision
and understand any decision making problem, you first have
to make a good classification of the set of alternatives. He
finished the conversation with the following quote that I will
try to translate: Dani, you have to realize that decision mak-
ing is just a particular case of a classification problem where
you have some classes: good alternatives, not as good, and bad
ones. A good decision process is to be able to make this classifi-
cation, since in most of the real situations, the final decision is
made randomly (to say something), in a not rational way and
it is very difficult to analyze and explain by the observers.

A standard crisp classification is a partition of the set of
objects. In a fuzzy classification, the equivalent concept is
the concept of fuzzy partition defined by Ruspini. But again,
swimming against the common, Javier thinks that this vi-
sion of fuzzy classification is not always desirable (at least
in the first steps of a classification process). In the Rus-
pini approach, each membership function can be evaluated
by itself, without taking into account the remaining classes.
Nevertheless, most users will find serious difficulties in as-
signing degrees of membership to one class without taking
into consideration the remaining possibilities for classifica-
tion. Classification procedures usually require a previous
look at all available classes. Hence, classification methods
are in general highly dependent on the family of classes the
user is forced to consider (even in a crisp context, users fre-
quently have a look at all possible choices before choosing
a particular class for a given object). Given a universe X,
and a set of classes Cj,...,C; with memebership functions
Uc,,--->Mc,- These fuzzy classes are a Ruspini partition if
DicikMe(x)=1,YxeX.

From Javier’s point of view, Ruspini partition seems a de-
sirable situation, since every object seems to be explained,
in some way, with the minimum amount of information. But
again Javier thinks that this definition shouldn’t be the only
way to represent a fuzzy classification since it is too restric-
tive for the fuzzy world ([I1} 2,3 4, [5} 25}, 31} 32}, 29]])). Usu-
ally, the fuzzy classes under consideration do not verify the
conditions of such a Ruspini fuzzy partition (for example, a
human decision maker will not meet those requirements if
not artificially forced). From Javier’s point of view, a Ruspini
partition is only obtained in a fuzzy classification after a long
learning process in which the classes are modified (as hap-
pens in statistics with the factors in multivariate analysis).
Again the idea of Javier appears that the most interesting
think is the learning process until you reach the final out-
put. Ruspini conditions should not be satisfied in the first
process and could not be satisfied also the in last iteration if
the classes that you want and you have are not orthogonal.
These ideas and impronta appears in all of his works of image
analysis and classification problems applied to remote sens-
ing [T} 2] 3] [4} 5, 25| 27, 28, 29]]. In [2]], Javier presented
some desirable properties for a classification process. It is
the first time in which the concepts of relevancy, redundancy
(or overlap) and covering for a fuzzy classification systems
appears.

Following with these ideas and the importance of the pro-
cess rather than the final output in a classification process
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(as also happens in a decision making problem), he started
to think that the information that should be showed to the
decision maker or user of a classification system is the evo-
lution of how these classes are formed until the last step. As
he always saiy

Sometimes a hierarchical clustering approach seems more
appropriate, since the overall splitting process can be visual-
ized, bringing specific advantages. The knowledge of hierar-
chical structure can be used to predict missing connections in
a more realistic way. The main advantage of this approach is
that it can show an evolution (in terms of a dendrogram) of
how the pixels are joined (in agglomerative methods) or split
(in divisive methods), from the beginning of the process to the
final step. Although hierarchical clustering methods may bring
more computational problems, they have an important advan-
tage (especially in social network analysis) because the results
are more informative than those given by partitional or non-
hierarchical clustering algorithms, which only provide a final
picture of the process.

During these last years he deeply studied and developed
the concepts of hierarchical classification (as a learning pro-
cess), hierarchical image segmentation and fuzzy image seg-
mentation 27].

Lunch time in Madrid during FLINS 2008 congress.

Now, it’s time to eat. Javier has finished his research meet-
ing and taking into account the hour, it does not merits to go
up to the office and then back down in a few minutes. So, he
decides to go down to the cafeteria, sitting on the patera’ table
and to start to eat while he waits for his friends to arrive. The
lunch time for the job-friends of Javier was always a problem
during years, since the lunch time never came like everyone.
For example, if someone had finished something and wanted to
take a rest, others were in the middle of a process and wanted
to delay a little longer. For this reason, Javier’s group reached
an agreement or consensus related with the lunch time and the
place. They will always eat at the same table and in the same
time (2 p.m. more ore less), in such a way that when someone
wants to eat, he can go down and feel free to eat with whoever
is at that time. In the same way when you have finished the
lunch, you can go to your office although your friends have not
finished eating yet.

Another topic in Javier Montero’s life as a researcher, has
been the problems related with decision group making, con-
sensus and voting problems. Javier has published many pa-
pers in the framework of decision making models, prefer-
ences and also in decision group problems (see for example
(46, 49 [33] [34] [19] [20, [21] 60l [61]) . In addition to the
visualization and representation problem (previously men-
tioned), again I have to remark the importance that Javier
gives to the decision processes, rather than the final deci-
sion. Aggregating the opinion of people is a crucial problem
in every society.

In order to understand the impact of Javier’s research in
group decision making, we have to come back to his Phd The-
sis. One of the first research papers that Javier read was re-
lated to Arrow’s theorem [[6]]. In Arrow’s work, it is showed
the impossibility of a rational procedure in group decision
making. Nevertheless, as always happen with Javier, he did
not accept this dramatic solution and found an escape. Javier
realized that in Arrow’s model there are many unrealistic as-
sumptions, hypothesis and objectives (some of them not ex-
plicit in the theorem) in its underlying binary logic (a crisp
definition is implied in preferences, consistency, consensus
and every concept or piece of information). Now the ques-
tion was how to present a model that permits a possible so-
lution for one of the main social choice paradoxes. At the
same time, in the office of Javier, he found a paper published
in 1965 by L. Zadeh about a new concept that he had never
heard about: fuzzy sets. With a different modelization of
the human logic based on this new concept he realized that
the dramatic interpretation of Arrow’s impossibility theorem
could have an interesting solution given by a more realistic
interpretation of reality. We can see these ideas in one of
his first published papers titled Arrow’s theorem under
fuzzy rationality. The Arrow paradox or Arrow Theorem es-
tablishes that when voters have three or more distinct alter-
natives, no rank order voting system can convert the ranked
preferences of individuals into a community-wide (complete
and transitive) ranking while also meeting a pre-specified
set of criteria. These pre-specified criteria are called unre-
stricted domain, non-dictatorship, Pareto efficiency, and in-
dependence of irrelevant alternatives.

From Javier Montero’s point of view, the impossibilities
in social choice given by the Arrow theorem are based on the
fact that he used Aristotelian logic in the decision making ag-
gregation process. In addition to the importance of the anal-
ysis of the decision making process, here also appear other
ideas that will follow Javier’s life until now as the ideas of
rationality, consistency or fuzzy opinion among many others.

From then until now, group decision making as an ag-
gregation process has been one of the main topics in Javier’s
research ([[43] [36]) and his ideas have been
the seed of many works in which the fuzzy sets has been used
as a fundamental tool in group decision making and his ag-
gregation processes (see for example [[56, 54,53} 57} (58} [55]]

among many others).

Reading time
Javier looks his clock after finishing the lecture. It’s 6 p.m.
and now the university starts to get empty. Everything is more
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quiet and it is a good time to read something interesting, to nav-
igate on the internet looking for new ideas and to think about
them. In this period of the day, Javier structures his ideas about
research and something more. ..

Probably, one of the main criticism of Javier Montero
about probability theory is the statistical independence. In-
dependence is usually assumed between variables, objects,
decision makers, criteria in many statistical inference prob-
lems, data analysis, machine learning, soft computing among
others disciplines. Javier looks the reality and always says
the same, the reality is too complex to make these strong
assumptions. It is clear that sometimes, you need to make
assumptions in order to be operational and efficient, but you
never have to forget that the objects, variables, criteria de-
cision makers are always related in some way. During many
years, Javier has put many effort to relax these conditions
and assumptions trying to be operational but also realistic
with his reality view. The variables, objects, items, criteria
or preferences have a structure and can not be considered as
independent units of information. Now I will try to summa-
rize some of his works in which he tried to break the walls of
these assumptions.

1. Structures in Fuzzy Sets. The meta fuzzy sets con-
cept defined in [51]] by Javier, Humberto and myself
is an example of this situation. In this paper, the au-
thors propose an interesting solution to the existing
controversy between intuitionistic fuzzy sets and inter-
val valued fuzzy sets. From a mathematical point of
view both models are equivalent. Nevertheless, both
models are very different when viewed as the result of
a classification problem. In that paper, it is assumed
that fuzzy sets are defined from a well-defined uni-
verse of objects into a valuation space where a par-
ticular structure (a graph) is being defined, in such a
way that each element of the considered universe has a
degree of membership with respect to each state in the
valuation space. After taking into account the structure
of these fuzzy sets, a natural explanation of the differ-
ent visions underlying Atanassov’s model and interval
valued fuzzy sets is given by the authors.

2. Structures in Preferences. From his first papers
[16, [T7]] until the last ones (see for example [33] [34,
191120, 211]) the structure and the representation of the
preferences is a key issue to understand and explain
the decision making and classification problems. Just
to put an example of one of his last papers published
in this topic, in [21]], the representation of the pref-
erences is based on the neutrality concept in between
opposite poles, such that a basic type of structure is
used to characterize in logical terms the concepts and
the knowledge that they generate. They modeled the
meaning of concepts by paired structures, and apply
these structures for learning and building the different
meanings of preference for decision making.

3. Structures in Classification problems: classes. The
classes of a classification problem always present a
structure that permits to relate them. It is necessary
to incorporate this inherent structure in order to build
a good classification system (see for example [3] 4]] or

[59, 160} 161, [31]). This fact will allow to improve the
learning process that permits to build the membership
functions of each class and also the class itself.

4. Structures in Image Analysis. In addition to the
classes, the units of information that have to be classi-
fied present some relations and structure among them.
Pixels (in case this is the unit of information) present
an inherent structure that has to be taken into account
in the classification process. Only considering the spec-
tral information of each pixel in an independent way
is not always a good approach (25} [26]]).

5. Structures in Aggregation process. Aggregation pro-
cesses have to take into account the meaning of the
information that is aggregated. This fact can be ob-
served in the aggregation process that appears in clas-
sification systems (see [3] 4} 5]]). In addition to this,
the properties that usually are defined for aggregation
operators should be defined according to the structure
of the information that is aggregated. In this sense,
in |64, |65], [30]], Javier presented the concept of con-
sistency and stability when the information units that
have to be aggregated present an hierarchical struc-
ture, or linear structure. Also the idea of recursivity
or associativity of a global aggregation operator has to
take into account the structure of the problem ([5])).

Going Home: Final conclusions

Javier looks through his window and it is dark outside. The
sun is falling down in the mountains and now it is time to go
home and think about the things that he will have to do tomor-
row. After a hard day of work it is time to relax and enjoy with
his family the rest of the day.

To conclude this work, I would like to say that Javier’s
human qualities and personality make him a extraordinary
man. Probably this is one of the reasons why many people
want to work with him, even with his limited time. I would
also like to thank the EUSFLAT magazine editors for giving
me the opportunity to write this paper. The content of this
paper is, of course, mine.

Gomez and Montero in San Francisco in 2005.
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FORENSIC IDENTIFICATION

Human identification is of paramount importance in our
society. It does not only resolves serious legal and social
predicaments, but it also provides a resolution to grieving
families who need closure to their sadness. During the last
two decades techniques like DNA or fingerprints have been
employed in many identification scenarios. However, the ap-
plication of these methods fail when there is not enough
information available, ante-mortem (AM) or post-mortem
(PM), due to the lack of data (second DNA sample), or due
to the state of preservation of the corpse. While the skele-
ton usually survives both natural and non-natural decompo-
sition processes (fire, salt, water, etc.), the soft tissue pro-
gressively degrades and is lost, as is the most frequent case
in disaster victim identification scenarios. In fact, the experi-
ence of several practitioners in the latter scenarios indicates
the poorer effectiveness of DNA analysis (around 3% of the
identifications) and dactyloscopy (15-25%) against skeleton-
based identification techniques (70-80%) [[1]].

Skeleton-based identification methods employed by
forensic anthropologists, odontologists, and pathologists are
crucial in AM data collection and biological profiling. What
is even more important, these methods represent the victim’s
last chance for identification using techniques such as com-
parative radiography or craniofacial superimposition. In this
short manuscript we will review the most recent advance-
ments made by the University of Granada and the Euro-
pean Centre for Soft Computing on the automation of the
Craniofacial Superimposition technique [2]]. Based on soft
computing and computer vision techniques, we have devel-
oped the first computer-aided automatic system in the field
of skeleton-based identification, Face2Skull software [27]].
These research has been supported by three national and two
regional research projects, as well as by an European project,
and has resulted in an international filled patenﬂ

CRANIOFACIAL SUPERIMPOSITION

Craniofacial superimposition (CFS) [2], B, 4, [5, 6] [7] is
one of the most relevant skeleton-based identification tech-
niques. It involves the process of overlaying a skull image (or

a skull 3D model) with a number of AM images of an individ-
ual and the analysis of their morphological correspondence.
By projecting photographs of the skull and of the missing
person on top of each other, the practitioner can try to estab-
lish whether they correspond to the same individual. Three
consecutive stages for the whole CFS process have been dis-
tinguised in [I8]]:

e Acquisition and processing of the face and the skull
photographs/models. In some approaches, this step
also involves the location of anatomical landmarks on
the skull and the face.

o Skull-face overlay (SFO), which focuses on achieving
the best possible superimposition of either an image,
video-frame or a 3D model of a physical skull, and a
single AM image of a missing person. This process is
iteratively repeated for each available candidate pho-
tograph, obtaining different overlays. Skull-face over-
lay thus refers to what traditionally has been known
as the adjustment of the skull size and its orientation
with respect to the facial photograph [2]].

e Skull-face overlay assessment and decision making, in
which the degree of support that the skull and the
available photograph belong to the same person or not
(exclusion) is determined. This decision is guided by
different criteria studying the relationship between the
skull and the face: the morphological correlation, the
matching between the corresponding landmarks ac-
cording to the soft tissue depth, and the consistency
between asymmetries.

An important historical limitation of the CFS technique
is the absence of a common methodology accepted world-
wide. Experts try to solve the CFS problem by applying a spe-
cific approach considering their knowledge and the available
technologies. During the SFO stage, most practitioners fol-
low a trial-and-error method until they attain a good enough
superimposition. The adjustment of the skull size and its ori-
entation with respect to the facial photograph is a very chal-
lenging and time-consuming part of CFS. That task can take

1Cordén, O., Damas, S., Ibafiez, O., Santamaria, J., Alemdn, L., Botella, M. Sistema de Identificacién Forense por Superposicién Craniofacial Basado

en Soft Computing (Forensic Identification System Using Craniofacial Superimposition Based on Soft Computing). Publication No.: WO/2011/01274.
Publication date: 03/02/2011. International application No.: PCT/ES2010/00350. International filling date: 30/07/2010. Priority Data: P200901732
30.07.2009 ES. Designated States: International. Owning Institutions: Foundation for the Advancement of Soft Computing, University of Granada. Web:
http://www.wipo.int/patentscope/search/en/W02011012747,
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hours to arrive at the best possible fit [9} [10]]. Hence, a sys-
tematic and automatic method for CFS is a real need in foren-
sic anthropology [[10]. Fortunately, the European project ME-
PROCSEL participated by 25 labs from 17 countries, has re-
cently concluded with the development of the first standard
in the field, including good and bad practices, sources of er-
ror and uncertainties, technological requirements and desir-
able features, and finally a common scale for the craniofacial
matching evaluation [11]].

SOFT COMPUTING AND COMPUTER VISION FOR CRA-
NOFACIAL SUPERIMPOSITION

Computational methods as computer vision (CV) and soft
computing (SC) can be extremely useful for automating the
CFS process. Computer vision includes techniques for pro-
cessing, analyzing, segmenting, and registering image data
in an automatic way [[12]]. Within CV, image registration
(IR) aims to find a geometric transformation that overlays
two images taken under different conditions (at different
times, from different viewpoints, and/or by different sen-
sors) [[13]]. Meanwhile, SC aims to design intelligent sys-
tems able to process uncertain, imprecise, and incomplete
information [[I4]]. Soft computing methods applied to real-
world problems often provide more robust and tractable so-
lutions than those obtained by more conventional mathemat-
ical techniques. Two of the main SC techniques are fuzzy
logic and fuzzy set theory, which extend classical logic to
provide a conceptual framework for knowledge representa-
tion under imprecision and the consequent uncertainty [[15]],
and evolutionary algorithms (EAs), which are powerful bio-
inspired search and optimization tools to automate problem
solving in areas such as modeling, simulation, or global op-
timization [[16} [17]].

Figure 1. Moment of the photograph acquisition (a) and skull
3D modeling (b). Orientation of the skull 3D model in the
photograph by a location, scaling and perspective projection

(o).

Computer vision has been employed to automate the
time-cosuming and prone-error SFO stage. The most nat-
ual way to do so is to replicate the original scene in which
the photograph was taken. From the CV point of view, this

2http://www.meprocs.eu/

involves a 3D-2D IR problem [[13]]. Figure 1 illustrates the
different moments and elements that have to be considered
to model the SFO problem following an IR approach. Figure
1a shows the moment of the photograph acquisition with the
real scene enclosed by the 3D polygon in red. The skull 3D
model acquisition by using a range scanner as depicted in Fig.
1b, and the replication of the original scenario by means of
a 3D-2D IR task is shown in Fig. 1c.

The aforementioned IR scenario shows a high complexity.
It has the problem of presenting incomplete and vague infor-
mation guiding the process (matching of two different ob-
jects, a skull and a face), and requires searching in a huge so-
lution space with many local minima to identify the registra-
tion transformation parameters. Therefore, SC techniques,
advanced EAs in particular, have been designed to cope with
this really complex optimization task [[18 [19} [20].

SC has been also an essential set of tools to model SFO
sources of uncertainty. There is an inherent uncertainty that
is associated with the matching of two different kinds of ob-
jects that are involved in the process, i.e., a skull and a face.
In addition, there is also an uncertainty that is associated
with the 3D-2D overlay process that tries to superimpose a
3D model over a 2D image. This way, we have analyzed and
modeled the landmark location and matching uncertainties
using fuzzy sets and fuzzy distances significantly outperform-
ing previous results [21} [22]]. The landmark location uncer-
tainty is related to the extremely difficult task to locate the
points in an invariable place since the definition of any an-
thropometric landmark is imprecise in its own [23]]. It also
refers to the difficulty to locate landmarks with the accu-
racy required for the automatic overlay of a 3D skull model
and a 2D face photo. The ambiguity may arise from reasons
such as variation in shade distribution depending on light
condition during photographing, unsuitable camera focus-
ing, poor image quality, face pose in the photograph, partial
or whole landmark occlusion, etc [|6]]. Finally, the match-
ing uncertainty refers to to the imprecision that is involved
in the matching of two sets of landmarks corresponding to
two different objects: a face and a skull. There is a clear
partial matching situation. The correspondence between fa-
cial and cranial anthropometric landmarks is not always sym-
metrical and perpendicular; some landmarks are located in
a higher position in the alive person face than in the skull,
and some others do not have a directly related landmark in
the other set. Besides, the facial soft tissue depth varies for
each cephalometric landmark, as well as for different person
groups (based on age, race, and gender) [[7, 24]].

ILLUSTRATIVE RESULTS

Some experiments have been accomplished to illustrate
the behavior of the automatic SFO method based on CV and
SC proposed in [21},25] 22]]. Every superimposition reported
in the study has been directly obtained by our automatic
method always taking less than 4 minutes. The accuracy of
our method has been tested using a ground truth data set
[26]] showing an outstanding performance with an average
error of around 5mm [22]]. However, in some cases (in the
worst case the error reached 12 mm) the manual refinement
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of the resulting SFO by the expert using the software toold
could be required.

Figure 2 shows the superimpositions obtained for two
photographs of two different cases provided by the Physical
Anthropology Lab of the University of Granada. The out-
comes achived by the automatic SFO method are reported in
phantom mode. In particular, points in red color (in gray
in the black and white version) correspond to the cranial
landmarks after overlaying the skull 3D model on the pho-
tograph. Points colored in green (light gray in the black and
white version) are the facial landmarks marked by the expert
in the photograph.

Notice that, each pair of corresponding landmarks is ex-
pected to have a partial matching according to the soft tissue
depth and the effect of the projection on a 2D image. Never-
theless, the evaluation of the degree of matching between the
skull and the face corresponds to the forensic expert within
the decision making stage.

Figure 2. Automatically obtained superimpositions for female
(left) and male (right) case in phantom mode.

CONCLUSIONS AND FUTURE WORKS

Althoug applied for more than one hundred years, CFS
is still a very challenging identification technique from a
technological perspective. Our novel automatic proposal
[21], [22]], based on CV and SC, performs the second CFS
stage (SFO) in the most natural way by replicating the orig-
inal scene in which the photograph was taken. Analyzing
the achieving overlays, it obtains good superimpositions in
a complete automatic, reproducible and objective approach.
The next step is the modelization and automation of the last
stage, the decision making, by means of a fuzzy decision sup-
port system. In the third stage, forensic experts evaluate spa-
tial and morphological skull-face relationships focusing on
certain regions that demonstrated to be more discriminative.
The final decision is provided in terms of strong, moderate or
limited support to the assertion that the skull and the facial
image belong to the same person or not [[11]]. This is a sub-
jective process that can depend on the forensic expert’s skills
and the quantity and quality of the used materials. Hence,
having a decision support system that can assist forensic an-
thropologists to take the final decision in objective way can
be interesting. Our long-term, very complex goal is to de-
sign such a decision support system based on the evaluation
of the said spatial and morphological relations. This system
will provide a numeric index as output, aiming to support to
forensic anthropology to take the CFS final decision.
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Accurate and robust estimation of applied forces in

SCIENTIFIC REPORT

Robotic-Assisted Minimally Invasive Surgery is a very chal-
lenging task. Many vision-based solutions attempt to esti-
mate the force by measuring the surface deformation after
contacting the surgical tool. However, visual uncertainty, due
to tool occlusion, is a major concern and can highly affect the
results’ precision. In this paper, a novel design of an adaptive
neuro-fuzzy inference strategy with a voting step (V-ANFIS)
is used to accommodate with this loss of information. Ex-
perimental results show a significant accuracy improvement
from 50% to 77% with respect to other proposals.

A fuzzy edge-based image segmentation

approach

Carely Guada
Complutense University of Madrid

Segmentation is a technique used to partition the pixels
of an image in regions, where each detected region or object
is delimited by their boundaries. However, sometimes these
boundaries are not sharp and clear. In the IFSA/EUSFLAT
World Congress 2015’s Special Session of Image Processing
with Fuzzy Techniques, I will present an approach to define
the concept of Fuzzy Image Segmentation, which has not

been previously studied in the literature. This problem faces
the blurred nature of objects in a digital image, as well as
of the borders between them. The concept of fuzzy image
segmentation proposed here is based on the fuzzy boundary
class over the edge set of the image network. The concept of
crisp image segmentation into a fuzzy framework is extended
in this work. Based on this new approach, a specific visual-
ization of a fuzzy segmented image is proposed. It is impor-
tant to distinguish that even when using fuzzy-based tech-
niques, the resulting segmentation uses to be crisp. Some
computational experiences which give a fuzzy segmented im-
age are presented. The results have been obtained firstly by
segmenting an image in a series of hierarchical levels, and
subsequently developing an aggregation process that leads
to obtain a blurred graduation of the segmented image. In
these experiences, graduations in the lines used to delimit
the fuzzy segmented objects become more similar to a hu-
man segmentation. Also, in this way we deal with the noise
or imperfections that an image could have.
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The electricity market has been significantly changing in
the last decade. The deployment of smart meters is enabling
the logging of huge amounts of data relating to the opera-
tions of utilities with the potential of being translated into
valuable knowledge on the behaviour of consumers. This
work proposes a methodology for predicting the typical daily
load profile of electricity usage based on static data using
fuzzy clustering and modelling. The methodology intends
to:

(1) determine consumer segments based on the metering
data using the fuzzy c-means clustering algorithm, and

(2) develop Takagi-Sugeno fuzzy models in order to pre-
dict the demand profile of the consumers.
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intervals
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Linear order are required in some theoretical and applied
developments. Examples of such are Choquet and Sugeno
integrals (in a theoretical context), or decision making and
fuzzy classification (in an applied one).

However, linear ordering becomes significantly more
complicated when it applies to non-scalar or intervalar data.
In particular, we study linear orders for m-tuples of closed

subintervals.
We only consider linear orders (<) which refine the par-
tial order on R?™ i.e., linear orders which satisfy that given
([ﬁl’yl]’ LR [Emifrn])’ ([11:71 ]> IR [Zm’ 7m]) such
that x, < y and X; < y; for all i € {1,...,m} then

1
([Epyl]’ LR mefm]) j ([11’71]’ LEES) [Zm7ym])- We re-
fer this class to admissible orders.
In the development of the work two different construct-
ing methods are studied.

Proposition 1 Let < p be an admissible order on the set of
one interval [1] and let o = (o(1),...,0(m)) be a permuta-
tion. The order <, p 5,1 on the set of m intervals, given by

([ﬁpfl]: cees [xmyym]) j[o‘,Bl,Bz] ([11’71], [ [Zm:Ym])

if and only if one of the following conditions holds
b [£0(1)7¥U(1)] <31,32 [10(1)170(1)]
b [EU(D’YU(I)] =[y

_ Zo(1)
[10(2), yo’(2)]

» Yol and [Eg(z)’fo(Z)] =B,.B,
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¥y  Yowmlforalie{l,...,m—2}

hd [ﬁg(i)afa(i)] = Yot)

and [Eg(m_l),fa(m—n] =<B,.B, [L(m_l):yo(m—l)]
hd [Eo—(i):fa(i)] = [.y_a_(l.)iyU(i)]for alli € {11 cee,M— 1}
and [Eg—(m):fo’(m)] jBl,B2 [Xg(m): 70(111)]

is an admissible order.

Definition 1 Let A = (A},A,,...,Ay,) be 2m aggrega-
tion functions A; [0,11*" — [0,1]. The 2m-
tuple A is admissible if for all m-tuples of intervals
RN IR PO )Y 205 2% RO R A 0 )

Ai(ﬁ)'x_lj . ':x_m:m) =Ai(&171; . ':y_m:m)
forallie{1,...,2m} if and only if
([prl]w LR} [Em:fm]) = ([Zf?l]: .. -a[zm:Ym])'

Proposition 2 Let A be an admissible 2m-tuple of aggregation
functions. An admissible order <, on the set of m intervals can
be defined as

([EPYI]’ LR [Em’ym]) <A ([11’71]’ LR [th)_/m])

if and only if there is a k € {1,...,m} such that
Ai(ﬁrx_b' --;x_m’m) :Ai(ﬂrx_b' . -’x_m7ﬂ)

forallieS={1,...,k—1}and

Ak(ﬁ’x_l’ .. ':x_m:ﬂ) <Ak(ﬁ:ﬂ: .. -,}’_m,ﬂ):
provided that k = 1 induces S = {.
Besides,
([Epfl]’ LR [Em’ym]) = ([11571]’ ceey [Zﬂ{?m])

ifand only if x; = y; and x; =y, foralli € {1,...,m}.

References

[1] H. Bustince, J. Fernandez, A. Kolesdrovd, R. Mesiar,
Generation of linear orders for intervals by means of
aggregation functions, Fuzzy Set Syst. 220(2013) 69-
77.

Improving medical decisions under
incomplete data using interval-valued fuzzy
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=

It is almost inevitable that empirical observations and
real-life research produce incomplete datasets. Incomplete,
or missing, data can occur for many reasons. The important
point is that these reasons are natural and unavoidable, and
thus the desire for complete datasets is impossible to fulfil.
Clearly, missing data can have a significant effect on the con-
clusions that can be drawn from the data, and so it becomes
a crucial issue to deal properly with missingness. In recog-
nition of this problem, missing data analysis and decision-

making under incomplete information has recently become
an important area of research [[1]].

The present article is a contribution to the study of
decision-making in the presence of incomplete information.
The subject of our research is a method for supporting the
medical diagnosis of ovarian tumors [2[]. Since collecting all
the data about a patient is often very difficult, it is crucial
that the diagnostic system can give meaningful and accurate
results even when some of the data is missing. We present
here a novel approach that makes this possible. A key fea-
ture of our approach is that we do not use any of the known
techniques for estimating missing data and data imputation,
because these might significantly distort the final diagnosis.
Instead, we construct a general method that makes it possible
to adapt existing and well-established diagnostic methods to
make them usable with incomplete data. This is achieved
by interval-valued fuzzy set modelling, uncertaintification of
classical methods, and finally aggregation of the incomplete
results.

Our study group consisted of 268 women diagnosed and
treated for ovarian tumor in the Division of Gynaecologi-
cal Surgery, Poznan University of Medical Sciences, between
2005 and 2012. Among them, 62% were diagnosed with a
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benign tumor and 38% with a malignant tumor. The dataset
is described in detail in [[3]].

Some results are presented in Fig. 1. Diagrams (a — accu-
racy) and (b — percentage of patients diagnosed) show how
the aggregators and single diagnostic scales (indicated by
shaded region) perform with an increasing level of missing
data. The dashed horizontal line in diagram (a) indicates the
accuracy of the baseline classifier.
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The results presented are promising and show that the
competent selection and use of aggregation methods can sig-
nificantly improve the quality of decisions taken by a diag-
nostic system. The problem is particularly significant when
the knowledge is based on incomplete information. Proper
selection of the method of aggregation is essential for reduc-
ing the negative impact of data incompleteness on the quality
of decisions. Because the design of an aggregation method
depends on the particular problem, extensive evaluation is
needed on each occasion. This can be done using our pro-
posed method.
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Introducing Interpolative Boolean algebra
into Intuitionistic fuzzy sets
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The main idea of this paper is to introduce Interpolative
Boolean algebra (IBA) as a suitable algebra for intuitionistic
fuzzy sets (IFSs). IFS theory is considered as a generaliza-
tion of traditional fuzzy sets. IFSs include degrees of mem-
bership, non-membership and non-determinacy and there-
fore offer more descriptive power comparing to conventional
fuzzy logic. IBA is a [0, 1]-realization of Boolean algebra,
consistent with Boolean axioms and theorems. Boolean laws
are secured by the uniquely mapping of logical functions to
generalized Boolean polynomials. IBA is already utilized as
a natural framework for consistent fuzzy logic in the sense of
Boole.

In this paper, we present a Boolean consistent approach
to IFSs by combining IFS with IBA. The concept of IFSs is
fully retained, while IBA, with minor adaptations, is applied
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as the generalization of operations. More precisely, IFS con-
junction and disjunction operations are realized using IBA
generalized Boolean polynomials as follows:

V(xAy)®
VixVvy)?® =

(a,®a,,b,+b,—b,®b,)
(ax+ay—ax®ay,bx®by>

where generalized product (®) can be any operator that
is between Lukasiewicz and min t-norm. For the negation,
we use the existing IFS operator:

SCIENTIFIC REPORT

V(_|X)® = (bxs 1-— bx)

The conventional IF calculus is obtained as the special
case of our approach, when min function is used as gener-
alized product. We also prove that the law of contradiction
is thoroughly followed in IFS-IBA approach while the law of
excluded middle is satisfied in three of four basic forms. The
double negation rule is not preserved for the negation oper-
ator. All these facts are in accordance with the idea of intu-
itionism.

An axiomatic definition of cardinality for
finite interval-valued hesitant fuzzy sets

Pelayo Quirds!, Pedro Alonso!, Irene Diaz?, Vladimir Jani§®

!Department of Mathematics, University of Oviedo, Spain, e-mail: 10205956@uniovi.es
2Department of Computer Science, University of Oviedo, Spain

3Department of Mathematics, Matej Bel University, Slovak Republic

Recently, some extensions of the classical fuzzy sets are
studied in depth due to the good properties that they present.
Among them, in this paper

nite interval-valued hesitant fuzzy sets are the central
piece of the study, as they are a generalization of more usual
sets, so the results obtained can be immediately adapted to
them.

In this work, the cardinality of finite interval-valued hes-
itant fuzzy sets is studied from an axiomatic point of view,
along with several properties that this definition satisfies, be-
ing able to relate it to the classical definitions of cardinality
given by Wygralak or Ralescu for fuzzy sets.
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An analysis of the median of a fuzzy random
variable based on Zadeh’s extension principle

Sonia Pérez-Ferndndez and Beatriz Sinova
Departamento de Estadistica e I.O. y D.M., Universidad de Oviedo, 33071 Oviedo, Spain

The median of a fuzzy random variable has been ex-
tended either by applying Zadeh’s extension principle or by
minimizing its mean distance with respect to a fuzzy number
when a certain L' metric is considered.

This paper aims to analyze connections between both ap-
proaches along with some properties of the first one, as well
as to discuss the frameworks each of the approaches better
fit.

Keywords: 1-norm metric between fuzzy numbers, fuzzy
random variable, median of a fuzzy number, random fuzzy
number, Zadeh’s extension principle.

On the functional equation

f(my(x +y)) =ma(f (x)+ f (y)) for injective
function mo

Wanda Niemyska and Michat Baczynski
Institute of Mathematics, University of Silesia, 40-007 Katowice, ul. Bankowa 14, Poland, e-mail:
wniemyska@us.edu.pl

when m;, m, are defined on some finite or infinite sets and
satisfy only one additional assumption: m, is injective.
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On the Recall Capability of Recurrent
Exponential Fuzzy Associative Memories
Based on Similarity Measures
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Abstract. Recurrent exponential fuzzy associative memo-
ries (RE-FAMs) are non-distributive memory models derived
from the multivalued exponential recurrent associative mem-
ory (MERAM) of Chiueh and Tsai. A RE-FAM defines recur-
sively a sequence of fuzzy sets obtained by a weighted aver-
age of the fundamental memories. In this paper, we show
that the output of a single-step RE-FAM can be made as close
as desired to a certain convex combination of the fundamen-
tal memories most similar to the input. This paper also ad-
dresses the storage and recall capability of RE-FAMs. Pre-
cisely, computational experiments reveal that RE-FAMs can
be effectively used for the retrieval of gray-scale images cor-
rupted by either Gaussian noise or salt and pepper noise.
Keywords. Associative memory, recurrent neural network,
fuzzy system, gray-scale image processing.

1. Introduction

Associative memories (AMs) are mathematical constructs
motivated by the human brain ability to store and recall in-
formation [[1} 2 [3} 4]]. Such as the biological neural net-
work, an AM should be able to retrieve a memorized in-
formation from a possibly incomplete or corrupted item.
An AM designed for the storage and recall of fuzzy sets
is called fuzzy associative memory (FAM) [5] [6]]. Pre-
cisely, a FAM is designed for the storage of associations
(A',BY),(A%,B?),...,(AP, BP), where A® and B¢ are fuzzy sets
forall £ =1,...,p. Afterward, the FAM model is expect to
retrieve a certain B¢ in response to the presentation of a par-
tial or noisy version A° of A°. Examples of FAM applications
are pattern classification and recognition [[7, [8]], optimiza-
tion, computer vision and image retrieval [[9} [10, [1T]], pre-
diction [[12} [13]], and control [[14] [5]].

Research on FAM models dates to the early 1990s with
Kosko’s work [|5]]. Generally speaking, Kosko’s FAM stores
an association (A%,B%) in a matrix M® using either the
correlation-minimum or the correlation-product encoding
scheme. In order to avoid crosstalk, Kosko proposed a FAM
bank in which the output is determined by a weighted sum
of the fuzzy sets produced separately by each FAM matrix.
Specifically, if X is the input fuzzy set, the output of a FAM
bank is Y = >7_ w;V*, where Y* is given by either the
max-min or max-product composition of M¢ by X, for £ =
1,...,p.

The separate storage of FAM matrices partially solves the
crosstalk problem, but it consumes a lot of space. Thus,

many researchers developed FAM models in which p asso-
ciations are encoded in a single matrix. For instance, Chung
and Lee proposed an encoding scheme based on the max-
T composition, where T refers to a triangular norm [15]].
Similarly, the implicative fuzzy learning proposed by Suss-
ner and Valle determines a unique FAM matrix using the
min-I composition, where I denotes a residual implication
[16]. The content-association associative memory (ACAM)
proposed recently by Bui et al. also encodes a set of associ-
ations {(A,B%): £ =1,...,p} using a single matrix [11]. A
comprehensive review on FAM models in which the associa-
tions are encoded in a single matrix can be found in [|6] [TO]].

Besides the active research on matrix-based FAMs, there
is an increasing interest on non-distributive FAM models such
as the ©-FAMs introduced recently by Esmi et al. [8]]. In
general terms, a ©-FAM yields the union U,-B”, where
' C{1,...,p} is the set of the indexes that maximizes a cer-
tain function of the input fuzzy set. For instance, a SM-FAM
is obtained by considering the indexes that maximizes the
similarity measure between A® and X.

The recurrent exponential fuzzy associative memories
(RE-FAMs), previously called fuzzy exponential recurrent
neural network (FERNN), also belong to the class of non-
distributive models [[I7]. They have been derived from
the multivalued exponential recurrent associative memories
(MERAMS) of Chiueh and Tsai using concepts from fuzzy set
theory [[18]]. Like MERAMs, RE-FAMs only implement au-
toassociative memories, that is, they are designed for the
storage and recall of fuzzy sets A',...,AP. Furthermore, RE-
FAMs are recurrent models: They produce a sequence of
fuzzy sets X, X, ... which presumably converges to the de-
sired output. Indeed, we show that the output of a single-
step RE-FAM can be made as close as desired to a certain
convex combination of the fuzzy sets A', ... AP by increasing
the parameter (basis) of the exponential.

The paper is organized as follows. Section 2 briefly re-
views the MERAMs of Chiueh and Tsai. RE-FAMs and a theo-
retical result concerning their recall capability are discussed
in Section 3. Computational experiments concerning the re-
trieval of corrupted gray-scale images are given in Section 4.
The paper finishes with some concluding remarks in Section
5.

2. Multivalued Exponential Recurrent Associative Mem-
ories
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In the early 1990s, Chieh and Goodman introduced the
class of recurrent correlation associative memories, which in-
cludes the Hopfietd network and some high storage capacity
models such as the exponential correlation associative mem-
ories (ECAMs) as particular instances. Besides the very high
storage capacity, ECAMs exhibit excellent error correction ca-
pabilities. On the downside, they are designed for the stor-
age and recall of bipolar vectors.

Many applications of AMs, including the retrieval of gray-
scale images in the presence of noise, require the storage
and recall of real-valued vectors or fuzzy sets [[5} (7} [8] 9]
10, 11 [12] [13] [14]]. In 1993, Chiueh and Tsai extended
ECAMs for multi-valued vectors [[18]]. The resulting models,
called multivalued exponential recurrent associative memo-
ries (MERAMS), are defined as follows.

Let K = {k,K5,...,Kg} denote a K-valued set and a be
a positive real number. Consider a fundamental memory set
{A',...,AP} C K", where each A% is a multivalued column
vector. Given a multivalued input vector X, € K", a MERAM
defines recursively the sequence of vectors X, X, ... accord-
ing to the equation

rate )

function & : F(U)x F(U) — [0, 1] which satisfies the follow-
ing properties for any fuzzy sets A,B,C,D € Z(U):

1. (A B) = S(B,A).

2. SAA=1.

3. FACBCCCD,then (A D)< <(B,C).
4. F(A,A) =0, for every crisp set A€ @ (U).

In addition, we say that & is a strong similarity measure if
F(A,B) =1 implies A= B.

Example 1 Let U = {uy, - ,u,} be a finite universe of dis-
course. The following presents three instances of strong simi-
larity measures [[19] 25] 126] 27]].

1. Gregson similarity measure:

201 Alw;) AB(u;)
iy Alw)) vV B(u))’

S6(A,B) = €))

where the symbols “A” and “V” denote respectively the
minimum and maximum operations.

X1 = , Vt=0,1,..., 1)
2:1 e“‘P(AEX f) 2. Eisler and Ekman similarity measure:
where \II(Ag , X [) measures — in a broad sense — the similarity S (AB) = 2 Z;=1A(uj ) AB(u;) @
between A® and X,. For example, ¥ may refer to the direc- EVREIT Z;l=1 Au)) + 2?21 B(u;)
tion cosine or the Euclidean distance-based similarity mea-
sure given respectively by 3. Complement of the relative Hamming distance:
(A5, X,) = (e x.) and (A%, X,) = ! AN
A TH N A SR Ry HAB=1= 1) W) =Bl ®)
=

where (-,-) denotes the usual inner product and || - ||, is the
Euclidean norm.

3. Recurrent Exponential Fuzzy Associative Memories

In this section, we shall adapt the MERAMs in a rather
straightforward manner for the storage and recall of fuzzy
sets. Before, however, let us briefly review some well-
established concepts from fuzzy set theory.

A fuzzy set A on a universe of discourse U is identified
by its membership function A : U — [0, 1], where A(u) de-
notes the degree to which the element u € U belongs to the
fuzzy set A. The family of all fuzzy subsets of U is denoted
by Z(U). We say that A € Z(U) is a subset of B € & (U),
and write A C B, if A(u) < B(u) for all u € U. Also, A
denotes the standard complement of a fuzzy set A, that is,
Alw)=1—A(u),YueU.

A similarity measure, also known as equality index or
fuzzy equivalence, is a function that maps pair of fuzzy sets to
a number in the unit interval [0, 1], representing the degree
to which those fuzzy sets are equal [[19, [20]]. Applications of
similarity measures include fuzzy neural networks [8, 21]],
fuzzy clustering [22]], and rule base simplification [23]. In
the following, we consider the normalized version of the ax-
iomatic definition provided by Xuecheng [[24]]:

Definition 1 (Similarity Measure) A similarity measure is a

A recurrent exponential fuzzy associative memory (RE-
FAM) is a two-layer dynamic neural network designed for the
storage of a family ./ = {A!,A2,--- AP} C Z(U) of fuzzy sets
[17]. The first layer computes an exponential of the similar-
ity between A% and the current state, represented by a fuzzy
set X, € Z(U), for each £ € {1,...,p}. The output layer
yields a convex combination of A!, ..., AP whose weights are
the outputs of the previous layer. Figure 1 shows a block dia-
gram of a RE-FAM. Formally, a RE-FAM is defined as follows:

Convex

combination t+1

"y

00 AW,

Figure 1. Block diagram of a RE-FAM.
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Definition 2 (RE-FAM) Consider a real number a > 0, fuzzy
sets AL, ..., AP € ZF(U), andlet & : F(U)xZF(U) — [0, 1] de-
note a fuzzy similarity measure. Given a fuzzy set X, € Z (U),
a RE-FAM produces a sequence {X,} of fuzzy sets according to
the following evolution equation for all u € U:

P
Z A8 (u)eay(A‘f,Xf)

£=1
Xep(w) = P >

Z o0 (A1.X,)

n=1

Vt=0,1,.... 6)

The following theorem shows that the output of a single-
step RE-FAM converges point-wise to a convex combination
of certain fundamental memories as the parameter o > 0
tends to infinity. In other words, the fuzzy set X; can be
made as close as desired to a certain convex combination of
Al, ..., AP by choosing a sufficiently large parameter a > 0.

Theorem 1 Consider a family of fuzzy sets {Al,--- ,AP} C
Z(U) and let & denote a similarity measure. Given a fuzzy
set Xog € Z(U), let T C {1,...,p} be the set of the indexes of
Al, ..., AP with the largest similarity degree with X, that is,
T={r:SA,X) = F(AX),VE=1,....p}.  (7)

If X, € Z(U) denotes the output of a single-step RE-FAM given
by (6) with t =0, then

ZAg(u), YueU.
Eer

®

1
lim X =
P @ Card(T)

Proof. Letv = max;_,,{/(A%,X,)} denote the largest sim-
ilarity degree between the input fuzzy set X, and Al,... AP.
From (7), we have v = ¥(A",X,) for all y € T while
F(A%,X,) < v if £ ¢ T. Now, multiplying both numerator
and denominator of (@) by e *¥ and breaking up the sums,
we obtain

2:1 Ag(u)ea(y(AéyXo)—U)

Xi(uw) = C)]

SP_ el WX

3 —
D M) S AT (e A
Ser L+ 2 g e @X0—0)

Since & (A",X,)—v < O for all n ¢ T, the second sum in both
numerator and denominator vanishes as a — co. Hence,

Z{eFAg(u)

Znel" 1 '

which is exactly the identity given by (8).

From Theorem if Z(A7,Xy) > S (A%, X,) forall £ # vy,
then the output of a single-step RE-FAM converges point-wise
to A" as a — oo. Hence, we conjecture that the basin of at-
traction of A” is the region

lirgloXl(u) = YueU, (10)

R ={X e FWU): SA,X)>FA,X),VE£y}), (1)

if a is sufficiently large. In other words, " corresponds to
the family of fuzzy sets which are more similar to A" than
any other fundamental memory A%, & # y. Furthermore,

if & is a strong similarity measure, then A € " because
F (AT A") > F(AT,A%) for all £ # y. In other words, a
RE-FAM exhibits optimal absolute storage capacity if & is a
strong similarity measure and the parameter a is sufficiently
large.

Remark 1 The pattern recalled by an autoassociative similar-
ity measure FAM (SM-FAM) of Esmi et al. under presentation
of X € Z(U) is the fuzzy set

Y = UAY,

v€r

(12)

where T is the set of indexes given by [8]. Hence, an au-
toassociative SM-FAM differs from a single-step RE-FAM with
a large parameter a in the way A", v € T, are combined to
produce the output. Furthermore, both FAM models probably
coincide if T has an unique element and a is sufficiently large.

4. Computational Experiments

Figure 2. Original gray-scale images of size 128 x 128 and 256
gray-levels.

Let us perform some experiments concerning the retrieval
of corrupted gray-scale images. Consider the eight images
displayed in Figure 2. Each of these images corresponds to
a fuzzy set A* € Z(U), U ={1,...,128} x {1,...,128} [26]].
First, we synthesized RE-FAMs designed for the storage of
these eight gray-scale images by considering the parameter
a = 30 and the similarity measures given by (3), (), and
(5). For comparison purposes, we also stored the eight gray-
scale images in the following FAM models: Lukasiewicz im-
plicative fuzzy associative memory (IFAM) [[16]], the content-
association associative memory (ACAM) with the parameter
1 = 2 [11]], and the SM-FAM based on the three similarity
measures given in Example (1| [7, 8]]. In addition, we con-
fronted the FAM models with the MERAMSs based on ¥, and
W, as well as the optimal linear associative memory (OLAM)
[2]], the kernel associative memory (KAM) [28]], the complex-
sigmoid Hopfield network (CSIGM) [29], and a certain sub-
space projection autoassociative memory (SPAM) [30]].
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Figure 3. Average of the normalized error versus the variance
of the Gaussian noise.
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Figure 4. Average of the normalized error versus the
probability of salt and pepper noise.

Subsequently, we probed each memory model with gray-
scale images corrupted by Gaussian noise with zero mean
and variance ranging from 0 to 0.3. We also probed the AMs
with images corrupted by salt and pepper noise with densi-
ties varying from O to 0.8. In the computational experiments,
we iterated () until either ||X,,; —X,|l, < 107° or t > 20,
where ||-||, denotes the usual Euclidean norm [[27]]. Figures 3
and 4 show the peak signal-to-noise ratio (PSNR) rates pro-
duced by the memory models averaged in 80 experiments,
that is, each original image was distorted 10 times for a cer-
tain noise intensity. Specifically, we plotted the arithmetic
mean

1 10 8 ,‘/ﬁ
%22150/\[2010g(m)], (13)

u=1¢=1

where Y denotes the output of a certain AM under presen-
tation of a corrupted version A°* of A at the u-th experiment
(or simulation), by the noise intensity introduced into AsH,
We would like to point out that we bounded the PSNR value
above by 150 because it tends to infinity as ||AS —Y#||, — 0.

Except the MERAM based on ¥, all AM models yielded
large PSNR rates under presentation of an undistorted input,
that is, when the variance or probability equals to zero. In

spite of the optimal absolute storage capacity, both IFAM and
ACAM are unable to cope with patterns corrupted by mixed
noise such as Gaussian noise or salt and pepper noise. In fact,
these two FAM models exhibit an excellent tolerance with re-
spect to negative noise, that is, they are able to retrieve A
only if the input fuzzy set X satisfies X (u) < A®(u) for some
ue Z(U) 11, [16].

Note that the SM-FAM yielded the largest PSNR rates.
The second largest PSNR rates have been produced by the
RE-FAM based on % for salt and pepper noise and Gaus-
sian noise with 02 < 0.15. However, the difference between
these two models reduce by increasing the parameter a of
the RE-FAM.

Finally, Figures 5 and 6 provide a visual interpretation of
images retrieved by the AM models. Precisely, Figure 5 de-
picts the image “peppers” corrupted by Gaussian noise with
variance o = 0.08 followed by the images retrieved by the
AMs. Similarly, Figure 6 shows the image “lena” corrupted
by salt and pepper noise with probability p = 0.1 followed by
the retrieved images. Observe that the [IFAM and ACAM mod-
els produced whiter images as output. The MERAM based on
U, failed to retrieve the original images. The MERAM based
on ¥, retrieved the original “peppers” image but failed to
recall the “lena”. The other AM models retrieved images vi-
sually similar to the undistorted images.

5. Concluding Remarks

In this paper, we investigated the fuzzy exponential re-
current neural networks (RE-FAMs), which can be used for
the storage and recall of fuzzy sets. In contrast to many FAM
models, a RE-FAM is described by a two-layer recurrent fuzzy
neural network. The nodes in the first layer compute an ex-
ponential of the fuzzy similarity measure between the cur-
rent state and the stored fuzzy sets. The next fuzzy set is
obtained by a weighted average of the stored fuzzy sets. We
showed in this paper that, when a — oo, the output of a
single-step RE-FAM converges to a linear combination of the
fuzzy sets that are the most similar to the input.

In this paper, we also observed that the RE-FAMs may
produce excellent results for the retrieval of gray-scale im-
ages corrupted by either Gaussian noise or salt and pepper
noise. In particular, they outperformed the multivalued ex-
ponential recurrent associative memory (MERAM) based on
U e ¥ given by (2)). Also, the largest PSNR rates have been
obtained by the similarity measure fuzzy associative mem-
ory (SM-FAM) models of Esmi et al. Notwithstanding, by in-
creasing the value of the parameter a of the RE-FAM, we can
obtain results similar to the those produced by the SM-FAMs
models.

In the future, we plan investigate further the convergence
of the sequence produced by an RE-FAM. We also intent to
study the effect of the fuzzy similarity and other measures
on the storage capacity as well as the noise tolerance of RE-
FAMs. Finally, the relationship between the RE-FAMs and
other fuzzy AM models, including the SM-FAMs and the KAM
model, require further attention.
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Figure 5. Input image corrupted by Gaussian noise with variance o2 = 0.08 followed by the images retrieved by the AM models.
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Figure 6. Input image corrupted by salt and pepper noise with probability p = 0.1 followed by the images retrieved by the
memory models.
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Abstract. The Notification Oriented Paradigm (NOP) com-
bines and evolves the event based programming with the
declarative programming in order to solve some problems of
both paradigms. Breaking down one application into a net-
work of smaller computational entities, such as logic-causal
and factual notifier entities that processes only when needed,
the NOP eliminates the need to perform unnecessary compu-
tations and improves the code reusability. Fuzzy systems,
in turn, perform inference based on knowledge bases (IF-
THEN rules) that can cope with problems involving impreci-
sion. Since NOP uses IF-THEN rules in an alternative way, by
reducing evaluation redundancy and coupling, this research
was conducted to identify, propose and evaluate the needed
changes on the NOP to allow its use in the development of
fuzzy systems. The tests results showed a significant reduc-
tion in the number of evaluated rules, which may represent
improvement in performance of the applications.
Keywords. Notification Oriented Paradigm, Fuzzy Systems,
Rule Based Systems.

1. Introduction

The Notification Oriented Paradigm (NOP) was proposed
by Siméo [[7] as a control solution that later evolved into a
programming paradigm. NOP sought inspiration from both
imperative and declarative paradigms, more precisely from
the object oriented and logic sub-paradigms, at same time
that it aims to solve some of their deficiencies [[10]].

NOP uses the main advantages of the declarative
paradigm, namely the expressiveness of causal rules from
rule based systems, which has abstraction and language
closer to the form of human cognition. It also uses the advan-
tages of the imperative paradigm, namely the code reusabil-
ity, flexibility and abstraction through classes and objects
from the object oriented sub-paradigm [[10]]. However, NOP
presents a new form of inference, which differs from current
paradigms.

The main idea behind NOP is the way the software de-
tects changes in variables and makes inferences about it. In
the current imperative paradigms, there are two forms to de-
tect changes in values of a variable: through polling or event
notification. In polling, the program loop performs succes-
sive evaluations of the system variables, performing some
logic evaluations on the values and triggering actions when

certain conditions are met. This approach is considered se-
quential because only one condition is checked at a time in a
given thread. Due to the fact that the loop is executed even
when the variables do not change their values, this approach
wastes computing resources [4]].

An alternative to polling is event oriented programming.
In this approach, any processing depends on events. Events
can be triggered by user’s actions or other situations that can
provoke changes in the internal state of the program. In
some approaches this eliminates the need to have a loop that
checks the states of variables, which reduces the unnecessary
computing. However, this alternative makes the application
development usually more complex, resulting in bigger pro-
grams. In addition, given the hardware constraints, the event
controller system may perform polling to dispatch events [[4].

In the case of declarative programming, the programmer
must focus on what a program should accomplish instead of
how it should be accomplished. This frees the programmer
from handling many unimportant details. However, they are
usually slower to execute and less flexible than imperative
programming [|3}, [4].

Having these problems as motivation, NOP combines and
evolves ideas of both event based and the declarative pro-
gramming in order to solve them. Actually, NOP eliminates
the need to perform unnecessary computing and enhance
modular decoupling, thereby facilitating code reusability for
example. NOP achieves this by breaking down one applica-
tion into a network of smaller computational notifier entities
that are executed only when needed [[14].

Besides, in the past, some preliminary studies were con-
ducted to evaluate if it would be possible to extend the NOP
paradigm to fuzzy systems [[12,[13]]. These studies were mo-
tivated due to the fact that in both NOP and fuzzy systems the
knowledge can be described in the IF-THEN rules format such
as those used in natural language. Those preliminary studies
used as case studies applications in the field of robotics.

The results of the previous studies on fuzzy NOP demon-
strated a significant reduction in the number of evaluated
rules, which could improve the application performance.

However, they did not describe in details the changes per-
formed, which makes difficult to replicate them in others ma-
terialization of the paradigm. Consequently, this ended up
causing the lack of support to the development of fuzzy sys-
tems by current implementations of NOP. Also the results in
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terms of processing time were not good due to the style of
materializations of NOP at the time, i.e. frameworks in C++
with expensive data structures.

In addition, many works on fuzzy systems use embedded
systems to implement their concepts [[5} [6]]. Due to the re-
strictions of processing, memory and energy consumption, it
would be interesting to find a way to optimize these factors.
NOP can be an alternative to this since it solves these prob-
lems through the use of passive entities that will be processed
only when necessary.

In the following sections, this paper presents the related
concepts of NOP and fuzzy systems, the modifications per-
formed on the paradigm to provide fuzzy concepts and infer-
ence, and a simple application, to evaluate its applicability.

2. Notification Oriented Paradigm (NOP)

This paradigm basis was first proposed as a control mech-
anism to supply the needs related to modern production sys-
tems [[10]. Later, the author realized that this model could
be applied on many problem domains. Therefore, he pro-
posed and adjusted the mechanism to provide a general so-
lution for discrete control. In addition, he also realized that
the model could be used to guide programmers in the con-
ception of applications, resulting in the so-called Notification
Oriented Paradigm (NOP) [J3]]. This paradigm is detailed in
the following subsections.

2.1. Paradigm structure

NOP introduces a set of new concepts that can be ap-
plied to design, build and execute computer programs. The
main concept is the use of small, active and decoupled en-
tities that collaborates by means of notifications in order to
perform the logical and causal calculation existing in the soft-
ware [8,[10]. The knowledge in the paradigm is represented
by causal rules and factual base elements that are naturally
understood by programmers of the current paradigms [[10]].

The entities that compose the paradigm are as follows:

e Fact Base Element (FBE): is an entity of the observed
system. It aggregates the Attributes that represents the
facts about the cited entity and the Methods that allow
for the execution of functionalities associated to this
element;

o Attribute: is a value of the FBE that represents one of
its features, composing its state;

e Premise: is a logical inquiry between an Attribute (that
belong to some FBE) and a value (for instance, “Is X
equal to 2 ?"). A Premise is composed of an Attribute, a
comparison operator, and a third element, that can be
a constant value, or another Attribute;

e Condition: is a logical relationship between the Rule’s
Premises. This relationship is usually denoted by the
conjunction (AND) and disjunction (OR) logical con-
nectors, or a combination of both;

e Rule: is a rule in the system’s rule set; this entity as-
sociates a Condition to an Action. The relationship im-
plemented by this entity is casual implication, which

can be read as “IF the Condition is active (antecedent),
THEN activate the Action (consequent)";

e Action: is an action to be executed when the associated
Rule was been approved. This element contains a set
of Instigations that must be processed;

e [nstigation: is the activity that induces the execution of
a Method over a FBE;

e Method: is a FBE’s method, that can perform changes
over Attributes.

Figure 1 displays the class diagram of the cited entities
and the relationship among them.

<<NOP>>
———P> Rule e
1 1
<<NOP>> <<NOP>>
Action Condition
0..* 0..%
Activate Notify State
1.* 1.*
<<NOP>> <<NOP>>
Instigation Premise
0..* 0..*
Instigate Notify State
1.* 1..2
<<NOP>> <<NOP>>
Method [—Change State Attribute
<<NOP>>
0. .* | FBE | 1. .*

Figure 1. Paradigm entities represented in a class diagram
[10].

The collaboration between the entities is the basis for the
paradigm inference mechanism, and the collaboration be-
tween them is done through an exchange of punctual no-
tifications. The following section shows the paradigm notifi-
cation mechanism by displaying the role of each entity.

2.2. NOP notification engine

The notification engine is the internal process to execute
the NOP instances, which determines the application execu-
tion flow. Through this mechanism, the program tasks are
split among the entities, which cooperate through notifica-
tions telling each other about the share of their contributions
to form the application execution flow [[3]]. Figure 2 shows
an example of the notification chain.
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Figure 2. Paradigm notification chain [8].

The inference process starts when the state (value) of an
FBE’s Attribute is changed (e.g. FBC.1 and FBC.n, seen in
figure 2, left side). Each change causes the Attribute to no-
tify the interested Premises. The Premises, after receiving the
notification, perform logical calculation to determine if their
state have to change (from false to true, for example). This
calculation is done by comparing the Attribute value with the
Premise value using a comparison operator.

Using the same notification procedure, Premises that have
changed their logical values notify the interested Conditions.
Upon receiving the Premises notifications, the Conditions do
their logical calculation from a causal logical expression.
Each Conditions defines the relationship between the noti-
fying Premises by the use of logical connectives (“AND" and
“OR"). An expression can be read as the following exam-
ple: “Premisel activated AND’ Premise2 activated". If the
Condition state changes, it will notify the Rule to which it is
associated.

The Rule, after receiving a notification from the Condi-
tion, will check if the associated Condition is not in conflicf’]
If this is the case, the Rule will notify the associated Action.
An Action will perform a number of instigations through the
Instigation entities within it. In the last step of the notifica-
tion cycle, the Instigations will cause the FBE Methods to be
executed, which can alter the FBE Attributes values, starting
a new cycle of Notification Oriented Inference [[16]].

Through this notification engine the NOP entities will
only execute after receiving a notification from another en-
tity, which may results in resources saving and speed up in
application performance [[3} [10]].

In the next section, a brief introduction of the main con-
cepts of fuzzy systems is presented. In the following sec-
tions, the adaptation of the NOP paradigm to handle with
fuzzy concepts and inference mechanisms is proposed and
detailed.

3. Fuzzy systems

The studies on fuzzy systems started in 1965 when Zadeh
[]] proposed his fuzzy sets theory. This theory generalizes
the classical set theory [[15]], allowing the representation of
concepts which cannot be represented using well defined (or
crisp) limits.

A fuzzy set is the one containing the elements of the uni-
verse of discourse which has variable membership degree to
this set. The equation u,(x) € [0, 1] represents the mathe-

S3There is mechanisms to solve conflicts as detailed in [[I8] and [[T7]]

matical notation of the membership degree u, of an element
x in a set A, where the value “1.0" indicates the complete
compatibility of an element with the concept represented by
the set, and the value “0.0" indicates there isn’t any compat-
ibility of the element with the set.

Another concept related with fuzzy sets is the linguistic
variable, which represents an identifier that can assume one
of several values. Thus, a linguistic variable can take a lin-
guist value which represents a fuzzy set.

Fuzzy logic can be used to develop control systems that
deal with imprecise information. Through a set of rules, it is
possible to perform inferences that will be used in the deci-
sion making process of a system. In the most practical appli-
cations the input data is composed of values provided by sen-
sors, that result from measurements and observations. For
the use of such data by fuzzy inference systems, it is required
to perform a mapping of those measurements into relevant
activation of fuzzy sets [11]]. This mapping is called “fuzzy-
fication" and results in a value of membership degree of the
data to each fuzzy set.

The generated sets are used to perform the fuzzy infer-
ence. The inference step is processed through the compar-
ison of the rules stored in the rule database. This process
results in the calculation of the activation level of each rule.
After the calculations the results are spread through the fuzzy
rules, producing fuzzy sets that represent the consequents of
each rule. The contribution of each rule (fuzzy set) is taken
into account through, for instance, the union of the fuzzy
sets. Beyond this point the user already has the result of the
system in the format of fuzzy sets.

Once the output fuzzy set is obtained by the inference
process, in the “defuzzyfication" stage it is converted into a
crisp value using a defuzzyfication function like the centroid
function. This is necessary because usually in practical ap-
plications exact outputs are required, not fuzzy ones [[11]].

The following section details the changes made in the
NOP implementation to perform inferences based in fuzzy
rules and concepts. Since originally NOP accepts only “crisp”
activations (i.e. each NOP entity can have only one of two ac-
tivation values, “true” or “false”), several modifications were
necessary to allow the propagation of fuzzy activations.

4. Changes made over NOP to provide fuzzy inference
capabilities

Several modifications were required in the paradigm im-
plementation in order to allow fuzzy logic systems develop-
ment. The proposed modifications where applied over the
current implementation of the NOP Framework in C++ lan-
guage, as presented in [9]], and draw inspiration from the
first fuzzy implementation developed in previous work [[12]].
4.1. Changes in the representation of logical state of the
entities

Paradigm entities like Premises, Conditions and Rules have
each one a logical state that is spread through notifications.
This logical state has, in the originally proposed paradigm,
only two possibles values: true(active) or false (inactive),
represented by the integer values in {0,1}. The value 0
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(zero) indicates that the entity is not active, and 1 (one) in-
dicates that it is active.

To extend the representation to support fuzzy logic, the
mentioned entities must represent the logical state by their
activation level. The activation level can be represented as
real values in the range [0, 1], representing the member-
ship degree as shown in section 2. The notification process
is started when the activation level of any entity changes.
These changes to the original NOP implementation could
only be from inactive to active, or vice-versa, but with the ex-
tension to fuzzy activations, any change in the value can start
the notification. This activation level is calculated differently
for each entity as described in the following sub-sections.
4.2. Linguistic variable representation

The linguistic variable was implemented as an extension
of an NOP Attribute, as shown in figure 3. This new element
derived from the Attribute by C++ class inheritance has a list
of fuzzy sets that represents the linguistic terms of the vari-
able. Each set is represented by a membership function used
to calculate the membership degree of a value to that set.

4 MembershipFunction |

FuzzySet -|

Attribute  [<] LinguisticVariable
1

Figure 3. Definition of element “Linguistic Variable" in the
NOP paradigm.

By assigning a value to this variable, it will behave as an
Attribute and will notify the Premises if the assigned value is
different from current value. The membership degree cal-
culation for a given fuzzy set performed by each Premise as
described in the section 4.3.

4.3. Changes in the calculation of the Premises logical
state

Due the changes described in section 4.1, the Premise log-
ical state is now represented by activation levels. This calcu-
lation depends on the Premise type. The Premises types are:

e Common (or crisp): Premise in which all logical opera-
tions are performed on non-fuzzy Attributes. The result
of this operation will determine the Premise activation
(“true" or “false", represented by either 0.0 or 1.0);

e Fuzzy Premise: Premise that calculates the membership
degree of the Attribute value in the fuzzy set associated
with that Premise. The calculated membership degree
defines the Premise activation level (a real number be-
tween 0.0 and 1.0).

In the case of fuzzy Premise the activation level will be
the result of the calculation of the membership degree for
the value stored in the Attribute to the fuzzy set referred by
the Premise.

4.4. Readjustment of the Condition logical expression

The change in the Condition consisted in the creation of a
model that represent the Conditions causal expressions. The
model is presented in figure 4.

H| LogicalConnective |<]7

Disjunction

Negation

LogicalValue | | Condition

Figure 4. Condition casual expression model.

In this model the Premise is associated to an expression
with a logical value. This value is updated when the Premise
notifies the Condition, and the activation level of the Premise
are then used as input for the operations with the logical con-
nectives defined in the model. The notification also starts the
calculation of the activation level of this Condition.

The calculation is performed using the definitions of the
operations defined by Mamdani in [2] as follows:

e Intersection (Ung)(x) = min[u,(x), ug(x)]) : logical
connective AND;

e Union (up)(x) = max[ua(x), ug(x)]) : logical con-
nective OR;

e Complement (u;(x) = 1—pu,(x)) : negation logic
operation.

The use of the mentioned operations allows the charac-
teristics of the boolean logic to be “emulated", allowing for
the use of Rules with both fuzzy and non-fuzzy Premises.
4.5. Changes in the active part of the inference process

With the changes mentioned in section 4.1 a Rule acti-
vates when there is a change in the Condition state. This also
reflects in the Instigations since they are activated along the
Rules.

In this work, it was defined that the Instigations now have
two forms: the common Instigation and the fuzzy Instiga-
tion. The common Instigation represents the current defini-
tion of the paradigm Instigation and it maintains the current
paradigm behavior. These will only activate when the Rule
activation level is equal to one, otherwise the Instigation is
not activated.

The fuzzy Instigation is activated at every change in the
Rule activation level which it is related to. This activation ex-
ecutes the Methods associated to it, fuzzy or not. If the fuzzy
Instigation involves the execution of a fuzzy Method, the Rule
activation level is passed to it.

The fuzzy Method was created to represent the conse-
quent of fuzzy logic rules. It associates the Attribute to the
fuzzy set and performs the “defuzzyfication" operation. The
operation result can be assigned to an Attribute, which can
then trigger a new notification cycle.

With those changes, NOP can now allow the use of fuzzy
versions of its entities, providing all of the necessary support
for implementation of complete systems based in fuzzy logic
and even allowing the composition of rules with fuzzy and
non-fuzzy elements transparently. In the next section, some
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developed experiments to evaluate these modifications are
presented.

5. Tests and results

Tests were performed using the implementation of
paradigm in the form of a C++ framework defined in [[9]],
after its adjusts to support fuzzy concepts. Comparisons
were performed with a system developed in C++ without
using NOP. The system consists of a simulated washing ma-
chine controller, that defines the wash time according to the
amount of dirt and the size of stain in clothes. It’s rules and
variables were provided by a fuzzy system expert as an ex-
ample, not representing a real system. The Fuzzy Rulebase
relating the input variables and the output variable has nine
Rules as shown in table 1.

No Stain - NS Medium Stain - MS Big Stain - BS
Little Dirt - LD Very Short - VS Average - A Long - L
Average Dirt - AD Short - S Average - A Long -L
Much Dirt - MD Average - A Long - L Very Long - VL

Table 1. Block diagram of a RE-FAM.

Figure 5 shows the fuzzy sets for each defined linguistic
variable.

10 1,0
LD AD MD NS MS BS
0,0! 0,0

100 7 x,

Figure 5. The fuzzy sets for the dirt (a), stain (b) and wash
time (c) variables.

In the developed fuzzy system using the NOP framework,
extended to support the fuzzy concepts, the Methods exe-
cuted by the activated Rules also increments the value of a
global variable that indicates how many Rules where acti-
vated during the program execution. For “defuzzyfication" it
was utilized the centroid function over the resulting fuzzy
set and the function granularity was adjusted to 0.1 in both
systems.

The test case consists in assigning artificially generated
values and comparing the results of both systems. The fol-
lowing code was used in the tests:

for i = 0 to 100 inc 10
for j =0 to 100 inc 10
dirt = i

stain = j
perform inference
write execution time in file

end
end

This program resulted in the execution of the inference
process 121 times. In both systems (fuzzy C++ and fuzzy
NOP), measurements of the execution time between the as-
signment of the first value and the completion of inference
were performed. For the tests, it was considered the total ex-
ecution time of all inferences, that is, the sum of all measured
times.

During the tests both systems calculated the same values
for the passed input data set. Furthermore, an analysis of
the amount of the Rules activated was performed. As the in-
ference process was executed 121 times and the C++ fuzzy
system analyzed the nine rules this amount of times, this re-
sulted in 1089 verifications. However, in the developed NOP
system, the execution of this test resulted in activation of only
277 Rules.

Despite this result, the C++ system average execution
time was 0.366214 seconds while the NOP system developed
with the modified framework was 1.12508 seconds, result-
ing in an execution ratio of 3.072:1. This was caused by
the framework overhead since it was developed to simulate
the NOP parallelism in a sequential execution environment
by processing one layer of NOP entities (Attributes, Premises,
...) at each time. Furthermore, the framework was not opti-
mized to use multiple threads.

6. Conclusion

With this work it was possible to verify the possibility of
adapting the notification oriented paradigm to support the
development of fuzzy logic systems. The changes mentioned
in this work allowed the paradigm to be used for an proof-
of-concept fuzzy system development. Furthermore, those
changes allow the development of mixed systems, where
crisp Premises and fuzzy Premises can compose the same Rule
through the use of the logical connectives defined by Mam-
dani, and this can be seen as a contribution of this paper.

During the tests it was verified that there was a reduction
in the amount of evaluated rules, which could result in reduc-
tion of necessary computation to execute the mentioned test
case. This is due the inference mechanism of the paradigm,
where the processing will occur only if there’s a change of
state in the system. However, it was also verified that, al-
though the reduced amount of verified rules, the execution
time of the system developed with the fuzzy NOP framework
was three times bigger than the system developed directly in
C++. This happened because the framework was developed
to simulate the NOP parallelism in a sequential execution en-
vironment.

The next step of this work is to extend the NOP language
[14]], which is already under development, to include the
proposed fuzzy concepts and structures. This new language
will allow developers to easily create fuzzy systems, which
will help in creation of new test cases and in improvement of
the fuzzy NOP framework, in order to reduce its overhead.
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Abstract. This paper presents the concept of f-correlated
fuzzy numbers, which generalizes the concept of completely
correlated numbers fuzzy, whose correlation is established
from a straight line. In our case, the formulation is made
with the aid of an injective monotone function. We include
the case in which the correlation function is hyperbolic and
get to addition and multiplication operations between cor-
related hyperbolic fuzzy numbers. Some properties of corre-
lated fuzzy numbers are presented. Finally, we study a model
with delay for the evolution of HIV in which the delay and
the mortality rate of the virus, due to the action of the drug,
are hyperbolically correlated parameters.

Keywords. f-correlated fuzzy numbers; extension principle;
joint possibility distribution; hyperbolically fuzzy numbers;
HIV dynamics

1. Introduction

In this paper we study a new form of interactivity be-
tween two fuzzy numbers ([4]], [[5]]) and some of their prop-
erties. This interactivity is achieved through a injective
monotone function, which we call f -correlated. The concept
of fuzzy numbers correlated this concept generalizes the no-
tion of fuzzy numbers correlated completely fuzzy numbers
correlated ([[7]], [6]]).

We present the operations of addition and product be-
tween two f-correlated fuzzy numbers and we emphasize
those cases where the function is a straight line (in which
case the fuzzy numbers are called correlated completely
fuzzy numbers and that the function is hyperbolic, in the
case, we call correlated hyperbolically fuzzy numbers and
besides we study some properties of f-correlated fuzzy num-
bers correlated for example, study the calculation of the cen-
tral value of an integrable function g : R> — R and also the
measure of interaction between two f -correlated fuzzy num-
bers correlated.

Finally, we present a model of HIV in which the delay
(between the infection of cell by the HIV virus and the pro-
duction of a new cell) and the mortality rate of the virus, are
hyperbolically correlated fuzzy parameters. The fuzzy solu-
tion of the model is obtained by applying the extension prin-
ciple for f -correlated fuzzy numbers in solving deterministic
model of HIV.

2. Basic concepts

Definition 1 Let f : R — R be a function, A, ...,A, inter-
active fuzzy numbers with joint possibility distribution C. The
extension of f applied the (A, ...,A,) via C is the fuzzy subset
f.(Ar, . AL of R* which the membership function is given by

SUP(x,...x,)ef-1(y) M (Wa, (X1 s i (X))
_ iff ') #90
“fC(Al,...,An)(y )= 0
iff () =0.

where fH(y) = {(x1, ..., ) €R™ 1 (Xq,..0, X,) = Y}
Regarding the extension principle we have:

Proposition 1 Let A4, ...,A,, be fuzzy numbers, C a joint pos-
sibility distribution with marginal distributions A, ...,A,, and
f :R" — R a continuous function. Then,

[fe(Ar, ... A ] = FICT),

for all a € [0,1]. Furthermore, f_(A;,Ay,...,A,) is always a
fuzzy number.

The proof of this result can be found in ([[7],[31]).

3. f-correlated fuzzy numbers

Definition 2 Let f : X — Y, X,Y € R be a injective mono-
tone function and A,B € &(R) fuzzy numbers. We say that
A and B are correlated via function or f-correlated, if its joint
possibility distribution C is given by

p 06, y) =, ()X =y (06, ¥) =, (V)X y=p e (6, ¥)

(14)
where,

1 if y=f(x)
0 if y#f(x)

Ziy=ren (6, y) =

It is interesting to note that from the unique ele-
ments (x,y) € R? that have nonzero pertinence in C are
those on the curve y(x) = (x, f (x)).
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In this case we have:

[B]* = {yeR:u,(y)=a}
= (f)eR:p(0)2a)
= fUxeR:p(x)=a})
f([A]"),Va<[0,1]. (15)
w, ()=, (F' (), Vy eRif [A]* =[a},aS],

[C]* = {(x,y)eR*:u (x,y)=a}

= {(6,y)€R®: pu ()X =y (x,¥) = a}
{Ce, (X)) s, (x) = a}
{(x,f(x)): x €[af,a;]}.

(16)

4. Operations with f-correlated fuzzy numbers

Let C be a joint possibility distribution of the f -correlated
fuzzy numbers A, B and g,h : R — R functions given by

g(x,y)=x+yandh(x,y)=xy.

The operations of addition and product of two f-
correlated fuzzy numbers A, B, via C, are denoted by

A+ B= gC(A,B) and A B= hC(A,B).
So

Mo, (&)= sup p (x,y)and p,  (2)= sup p (x,y).

z=x+Yy 2=XYy

Since g_ and h_ are continuous functions from

[A+.B]* = [g.(AB)]"
= {z€R: sup p(x,y)>a}
z2=x+y
= {zeR: il;gy w, () Zy=f ey (x, ¥) > a}
= 00 00> al. a7)
and
[A..B]* = [h.(AB)]*
= {zeR:suppu_(x,y)>a}
Z=XY

= {ze€R:sup u,()Xy—rupx,y)>a}l

Z=XY
= f@) ) >al.

Example 1 When f(x) =qx +r, q # 0, the fuzzy numbers A
and B are called completely correlated ([[7], [3]). In this con-
text, the possibility of joint distribution of the A and B is given

by

(18)

w6, ¥) =, COZ garr=yy (6, ¥) = 1, (V) X (gesr=y1 (X, )
(19

where,

(1 if gx+r=y
%{qx+r:y}(x:y)—{ 0 lf qx+r7éy

is the characteristic function of the straight {(x,y) € R?: y =
gx +r}.
In this case, we have:
[A]* =[af,a5];
[Cl1*={(x,qgx+r)eR?:x=(1 —s)af +sagy,s €[0,1]};

[B]* = q[A]* + 1, for all @ € [0,1] and pu (x) = ‘U‘A(%)’
Vx €R.

According to formula(17|the a-levels of A+ B are given by

[A+ B]* =
= {(g+Dx+reR:u (x)>a}

{x+yeR:u,(x)>a,qx+r=y}

= (@+D{xeR:u(x)>a}l+r
= (¢g+D[A]*+r

Note that, when q = —1 the sum of the completely correlated
fuzzy numbers A and B is real number r. Furthermore, ifr =0,
A+_B=0 ([7].

Example 2 When f(x) = £ +r, with x > 0 and q # 0, the
fuzzy numbers A and B, with 0 ¢ [A]°, are called correlated
hyperbolically. In this context, the joint possibility distribution
C of A and B has the following membership function

‘bLC(X, }’) = HA(X)%{%-%—r:y}(x:y) = MB(Y)%{§+r=y}(X,Y)
(20)
where,

=

1 if

0 if LT+r#y

+r=y
%{%+r:y}(x;y) =

is the characteristic function of the hyperbole {(x,y) € R? :
I+r=y}
X

In this case if [A]* = [af, a5 ], we have:

[Cl*={(x,2+r)eR*: x €[a},all};

[B]* = +r=[%+r,aq—?+r];
() = 1, ).
The a-levels of A._B are give by
[A. B]* = {(,y)ER:uy ap(x,y)=a}
= {(x,y)€R:suppu_(x,y)=a}

2=XYy
= {(x,y)eR:sup p, (X)Xa4,=)(x,y) 2 a}

2=Xy

= {xyeR:,uA(x)>a,%+r=y}

= {x(%+r)€]R:,uA(x)> a)

= {g+xreR:u (x)>a}
= q+r[A]%
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Note that for r = 0 the product of the correlated hyperbol-
ically fuzzy numbers A and B is the real number real q. Fur-
thermore, when ¢ =1, A. B=1.

5. Properties of the f-correlated fuzzy numbers

In this section we present some properties of the f-
correlated fuzzy numbers, such as the calculation of the cen-
tral value of a function integrable g : R> — R and the mea-
sure of interactivity between two f-correlated fuzzy num-
bers.

Definition 3 Let C be a joint possibility distribution in R",
with a € [0,1] and let be g : R" — R function integrable. The
central value of g in [C]* is given by

! f g(x)dx
f[cjadx [Cle

1
f[C]adxl...dxn [C]e

For the case in which [C]* is degenerate for same a €
[0,1], the central value of g is given by

6ic10(8)

. 1
Grep(g(x)) = lim

g(x)dx. (22)
-0 fS(e) dx L(e)

where,

S(e)={xeR?>:3ce[C]%||Ix—c|| <€}

Definition 4 Let A,B : R — [0,1] be f-correlated fuzzy num-
bers and g : R> — R a integrable function and C : R? — [0, 1]
the joint possibility distribution of A and B. The central value
of g is

) 1
Grc1(g) = 1133 —_— J J g(x,y)dxdy (23)
f f dxdy S(e)
S(e)

where,

[C1* ={(x, f(x)}; x €[af,a7]} and

S(e)={xeR?:3ce[C]* with ||x—c|l <e€}.

Example 3 For the projections m,, 1, and for f(x) =qx+r
and according to [8]] we have,

ay a
Cll +(12

%[C]“(nx): 5

ay a
al +Cl2

G1c1(my) =q=5

+r and

(ay—a;)? + 29a,a,+(a; +ay)r
> .

Grep(memy) =95

Example 4 For the projections m,, 7, and for f(x) = i4r
we have

ay qa
al +a2

Grce(my) = *57% and

b4 be
Clee(my) = =572 =q(*5

For a fixed, we have:

[C]*= {(}%,Y);y € [b7, by 1} = {(c(¥), ¥); ¥ € [bT, b ]}

Finally,

b,
(g[c]a(ﬂfxﬂ'y) f J’C(J’)d}’

a__ ha
by —b] b,

b,
1 yq
= d
b;‘—b?ﬁl y—r

by
1 qr
= —— | @y
by —bS fbl y—r

L (q(by—by)—qrin(22—0y]
= bg—bi“ q\by 1 qrin b?—r
qr by—r
= g+ 1
1+ pa—pa MGy

Definition 5 Let A and B be fuzzy numbers and C the joint
possibility distribution of A and B. The measure of interactiv-
ity between the a-levels of the fuzzy subsets A and B is defined

by

'%[C]“(ﬂ:xny) = (g[c]a(ﬂ:xﬂfy) - %[C]“(ny)(g[c]a(nx)' (24)
Example 5 For the completely correlated fuzzy numbers
Ric1e(memy) = Goga(memy) — 6oy, ) Grega ()
q(ag —af)’
12 )

Example 6 When the function that define the interactivity be-
tween the fuzzy numbers A and B is the hyperbole f (x) = %+r,
the measure of the interactivity is given by

Ric1e(memy) = Giepa(myemy) — Grogu(my ) Grore(my)
(aa _aa)z
= —q 2 1o rl

aa
4aja;

a

aa a a
ata; at  af+aj
In(—=)—

aa
2

2

1.

al +aj
6. HIV dynamic with delay and death rate of virus corre-

lated hyperbolically

Let us start considering the following model for the dy-
namics of HIV.

dJCcl(tt) A—cx(t)—B()x(t)v(t)

A B(Ox(t)v(t) —ay(t) (25)

dv(z) k()y(t) —uv(t),
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where,

x(t) is the population of the cell uninfected;

y(t) is the population of the cell infected that produce
virus;

v(t) is the population of the virus;

A is the influx blood;

c is the death rate of the cells uninfected;

B(t)x(t)v(t) is the rate of the produce of the cells in-
fected;

e 1 is the rate of the decline of the virus concentration;

a is the death rate of the cells infected;

k(t) is the rate of the produce free virus particles;

This model has been used to quantify the dynamics of the
virus in individuals who are in antiretroviral therapy ([[11]],
[12]], [I3],[2D). In our study it is necessary to consider the
delay between the intracellular infection of a new cell and
the production of new virus particle [9]].

The delay 7 is the time between the infection of a cell by
a virus and the production of a new particle of virus. This
implies that the recruitment of virus-producing cells, at time
t, is given by the density of cells that were newly infected at
time t — 7 and are still alive at time t.

When a cell is infected, it takes a time 7, to that are pro-
duced particle of virus and after application of any anti-viral
drug there is a delay in pharmacological effect due to the
time needed for the absorption, distribution and penetration
into the target cells. We will assume that

=T, T

Incorporating the delay 7, the system shall be given

by the following system of differential equations

dx(t)

T = A—cx(t)—B()x(t)v(t) (26)
dﬁ—(tt) = Blt—1)x(t—7)v(t—1)e T —ay(t)(27)
DOy — o), 28)
dt

where,

e a is the death rate of the cells uninfected, but that does
not produce virus;

o ¢7%" is the probability of survival of infected cells of the

time t — 7 to the time t. Generally, the probability of

survival is given by function f (7) with 0 < f(7) < 1.

The equation has delay and the analytical solutions
are difficult of be obtained. However, for this specific case
the population of cells uninfected; infected virus-producing
cells and virus free are in a steady-state level before treat-
ment [[10]]. These facts facilitate mathematical analysis and

allow that a simple analytic solutions are deduced. The non-
trivial solution for the steady state is given by

au .

Xg = ﬁe (29)
A~ uc

= Zetr_— 30

Yo 26 Bk (30)
k

v, = 20 (31)
u

where 8 and k are constant of pretreatment rates.

6.1 Protease Inhibitor Therapyln the subsection we will
apply the concept of hyperbolically correlated fuzzy num-
bers in a HIV model with treatment in which the death rate
of virus u and the time of action of the pharmaco 7 are corre-
lated. According Herz [[10] these parameters are statistically
correlated and moreover, they are related by the equation
T=1-— % this justifies we consider T and u hyperbolically
correlated fuzzy numbers. In [[9] there exist a model simi-
lar to this, but u and © are models by noninteractive fuzzy
numbers, namely, the joint possibility distribution is given
by minimum t-norm.

In the work of [[9]] and [3]] are included the treatment of
HIV by the use of protease inhibitors. This type treatment
block the production of new infectious virus v, from already
infected cells, allowing only noninfectious virus to be gener-
ated. The infectious virus declines, but the cells continues to
infect [[1I] and [[14].

Second [[10]] the equation also describes the total
dynamics of free virus. However, the infectious virus are not
produced in time t > 0 and decline according to the equation

dv (t)
dt
and the equations (26)and remain valid.
According to [[10]], in scale of time considered, the popu-

lation of uninfected cells remains constant x(t) = x,.
When x(t) = x, and v, (t) decline exponentially, we have

= —w (1), (32)

y(t) = ﬂ[ae‘“(“f) —ue™ ] for t>1.(33)
a—u
From equation the time of evolution of the free virus
is
v(t)=v, para 0<t <7 and

uv, u
V(t) — voe—u(t—’r) + 0 ( [e—a(t—r) _ e—u(t—r)])
a—u a—u
Uvg —u(t—1)
+ [a(t—7T)e ] para t>r~. (34)
a—u
6.2 Fuzzy solution for free virus population with de-

lay and virus death rate hyperbolically correlatedSecond
[10Q], the delay (7), virus death rate (u) and death rate of the
infected cells (a) are related by

11
T=7+-+-,
u a

where T is the medium time of viral generation.
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According [[10], the medium time of viral generation
varies between T = 2.5 day and T = 3.1 days.

We will adopt T = 3 days and we will assume that
a=0.5/day.
Suppose that T and u are hyperbolically correlated by

1
T=1—-.
u

According to [[9] the delay T can be given by fuzzy pa-
rameter, and it can be modeled by triangular fuzzy number

T = (0.08;0.53;0.98) or
[[]* =[0.08 + 0.45a,0.98 — 0.45a].

The virus death rate u is modelled by the fuzzy numbers
U such that

1 1 1

T1-[rpe [092—0.454’ 0.02+ 0.45a "

[U]*

The joint possibility distribution C of I' and U has the
following membership function

p (1, 7) = p (DX 1y (w, 7),

and we have

(€1 = {@1-2):u=
(=) T[]
$10.02=0.450" " *L0.02+0.45a"
se[0,1]}.

The central value of the equation is a curve in t, the
which is obtained by

_r f vi(u, 7)dudt =
f[C]“ dud~t [Cle

1 u
. a J v (u, 7(u))dudt =
u; —u u

27 M Jug

Gicp(ve(u, 7)) =

1 “ —u(t—1+1) UVo u —a(t—1+1)
— Voe W 4 ——(——e w) —
uz—ul u® a—u a—u

1
—ul(t—1+1
e ult 1+u)])+

uv, 1
O la(t—1+=)e (1]
u

(35)

a—u

A solution to (35) can be approximated by any numeri-
cal existing in the literature. The solution graph for the a-
level= 0.3 and for a = 0.4, = 0.5,A = 0.8, = 0.2,c =
0.3.u=0.5,k = 0.3 are illustrated below

i "H_

cEmrm S

it 4 1,

=

ey

Figure 1. The central value of the equation (34) for the
a-level= 0.3 and for
a=04,d=0.5,1=0.8,=0.2,c=0.3.u=0.5,k=0.3.

The fuzzy solution for viral load is obtained by the appli-
cation of the Proposition[I]in the equation(34).
Therefore, the a-levels of the fuzzy solution for t > 7 are
given by
[(v)c (U, D)]* = (v)([C]*) =
viw1):(wr)elCl*} =

{V e_u(t_r)-i- uvg ( u
0 0.5—u\0.5—u
0.5uv,

1
t—1)e . r=1—-2 e ue U“}z
O.S—u( ) u [v]
UVO ( u

{voe—u(r+%—1) +
0.5—u\05—u

_e*u(f+%*1):|) + M(t + 1 _ 1)€7u(t+%71)
0.5—u u

[e—O.S(t—T) _ e—u(t—r)])

+

[6—0.5(r+%—1)

:ue[U]“}.

An important remark is that the deterministic solution v,
for population free virus is obtained in the equation is
always contained in the solution fuzzy (v,)q(T, U) for popu-
lation free virus, namely, for each fixed 7 , T € [T']* choice u
such that 1 =1— %, thence

ve € [(v)e (T, U)]*

6.3 ConclusionsIn the this work we present a form of
correlation between fuzzy numbers, which we call the f-
correlated, because is obtained with the support of a injective
monotonic function f. With this new form of interactivity be-
tween fuzzy numbers, we obtain the addition and product of
two fuzzy numbers.

The operations are illustrated with the case where the
function f is linear, hyperbolic and parabolic. In the case
where f is linear a addition between two fuzzy numbers can
generate a real number, for the case in which f is a hyperbolic
verified that the product of two fuzzy numbers f -correlated
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can generate a real number and for fuzzy numbers parabol-
ically correlated we have of possibility of obtaining a real
number with the division of two f -correlated fuzzy numbers.
Finally, we study some of the properties of the fuzzy num-
bers f-correlated, such as, the calculation of central value
and the measure of interactivity of two f-correlated fuzzy
numbers.
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Abstract. This work presents a system for induction of fuzzy
classifiers. Instead of the tra-ditional fuzzy based rules, it
was used a model called Fuzzy Pattern Trees (FPT), which
is a hierarchical tree-based model, having as internal nodes,
fuzzy logical operators and the leaves are composed of a com-
bination of fuzzy terms and the input attributes. The clas-
sifier was obtained by creating a tree for each class. This
tree will be a “logic class description” which allows the in-
terpretation of the re-sults. The learning method originally
designed for generating a FPT was replaced by Cartesian Ge-
netic Programming in order to provide a better exploration
of the search space. The FPT classifier was compared against
Support Vector Ma-chines, K Nearest Neighbors and Random
Forests on several datasets from the UCI Machine Learning
Repository and it presented competitive results. It was al-
so compared with Fuzzy Pattern trees generated by the for-
mer learning method and presented comparable results with
smaller trees.

Keywords. Machine Learning, Fuzzy Pattern Trees, Carte-
sian Genetic Programming, Classi-fication, interpretability.

1. Introduction

Recent technological advancements had allowed us to
collect huge volume of data whose analysis in a reasonable
time frame is beyond the human capacity. Therefore, it jus-
tifies the considerable interest in the study of models that
can learn from a set of data [[1]]. The induction of these
models can be done in an automatic fashion through the use
of different approaches such as: Artificial Neural Networks,
Bayesian methods, graphical models, decision trees, among
others. However, when one wants to understand “how” the
induced model makes its decision, that is, if you want to ex-
tract the knowledge of how the decision is made, then the
models generated by symbolic approaches, such as, rules-
based systems become more attractive, since they can gener-
ate interpretable models.

Some of the most successful methods applied in the syn-
thesis of interpretable models are based on fuzzy set theory
[2] [3]], because fuzzy systems creates an interface between
quantitative standards and qualitative knowledge structures
expressed in natural language. This feature makes fuzzy sys-
tems attractive from the point of view of knowledge repre-
sentation, allowing the acquired intelligence from a database
to be represented in a comprehensible form. As a result, it
gives the model a higher degree of interpretability [4]].

This work describes a system for automatically induce
models, applied in the classification tasks, based on fuzzy

set theory. Instead of the traditional fuzzy based rules, it
was used a model called Fuzzy Pattern Trees (FPT), which is
a hierarchical tree-based model, having as internal nodes,
fuzzy logical operators and the leaves are composed of a
combination of fuzzy terms with the input attributes. In this
paradigm, the classifier is obtained by creating a tree for each
class, which will be a “logic class description” and as a con-
sequence it allows the interpretation of the results.

Although, the current induction methods in FPT [[5] [6]]
can produce competitive results, we propose to replace them
by Cartesian Genetic Programming (CGP), on the grounds
that CGP is a highly efficient and flexible form of Genetic
Programming that encodes a graph representation of a com-
puter program. Hence, they are used to represent several
computational structures, and can be easily used to represent
FPTs. Also, CGP is global search method capable to explore
very large search spaces efficiently in order to find an appro-
priate representation of a FPT, which presents not only good
accuracy but also interpretability.

This paper is divided into the following sections, first is
presented a brief description of Fuzzy Patterns Trees. In the
following section, a concise description of the Cartesian ge-
netic programming is given. The fourth section describes the
proposed method, the fifth discusses the obtained results and
the last one states the conclusions.

2. Fuzzy Pattern Trees

The Fuzzy Pattern Trees (FPT) was created with the aim
of representing the knowledge through an expression in the
form of tree rather than represent it in the form of rules.
The first induction method of FPT was created by Huang,
Gedeon and Nikravesh [[5]], and later, the tree generation al-
gorithm was refined in [[6]]. The adoption of this type of hi-
erarchical representation seeks to minimize the problems ex-
isting in rule-based systems such as the exponential growth
of a number of rules with the increase in number of entries
and interpretability’s commitment when a large amount of
rules is generated to achieve accuracy requirements. Conse-
quently, FPTs provides an alternative to build accurate and
interpretable fuzzy models.

Fuzzy Pattern Trees are hierarchical models with a tree
structure, in which the internal nodes are operators used in
fuzzy systems and the leaves are composed of fuzzy terms
associated with an input attribute. In the course of its evalu-
ation, the FPT propagates the information from the bottom to
the top. Therefore, the internal nodes receive values of their
predecessors and combine them using an operator, showing
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the output at the top level. Hence, the FPTs execute a re-
cursive mapping, generating the output in a unit interval. A
classifier based on pattern tree is constructed by creating a
tree for each class. In addition, the classification occurs in
favor to the tree (class) with the higher output value. Also,
since each tree can be considered as a “logic description” of a
class, it allows a more specific interpretation of the learning
problem [6]].

A FPT example can be seen in Figure 1, where the tree
represents the class “Good wine”. The input attributes are
the alcohol content, acidity, the concentration of Sulfur diox-
ide and sulfates. They are associated with a fuzzy term that
represents a range in the attribute universe of discourse. For
example in Figure 1, the fuzzy term Alcohol Low, represents
the fuzzy set that indicates low alcohol content. The mem-
bership value obtained in fuzzy sets is grouped by operators
who maintain the partial results in the range [0,1]. The
value obtained in the output after all the groupings of fea-
tures must get closer to 1, if the given attributes presented at
the bottom of the tree represent the class well.
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Figure 1. Fuzzy Pattern tree of a good wine.

The association between an attribute and a fuzzy term
is represented by a membership function. The tree-based
model maps various entries in only one output variable. The
interpretation of the output produced can be seen as a model
that simplifies the overall evaluation of a property, evaluat-
ing different criteria and aggregating these evaluations later
[6]. If one looks again to Figure 1, it can be observed that
the wine quality is related with two subtrees. The first relates
the alcohol content and acidity while the other deals with the
concentration of sulfate and sulfur dioxide. The information
of these trees is then combined in a higher level. Subtrees
represent different knowledge that must be combined. It is
also relevant to note that the analysis of these subtrees can
provide additional information. Depending on the operator
in the top of the subtree, it is possible to identify which fuzzy
terms contributes more with the final result. In addition to
the fuzzy terms, t-norms, t-conorms and average operators
like Ordered Weighted Average (OWA) and Weighted Aver-
age (WA) are also used in the tree creation [|6].

The learning strategy proposed in [[6] called “Beam
Search” has some drawbacks: the first one is related to the
“greedy” characteristic of the search algorithm, always look-
ing for the best candidate in the current stage of construc-
tion. This feature can sometimes restrict the search space,
making the algorithm trapped in a suboptimal point. Other
disadvantage is associated with the “curse of dimensional-
ity”. If the amount of attributes and the width of the beam

are large, the algorithm will take a long time to evaluate all
the possibilities, for this reason, there will be an explosion in
the amount of possible combinations. On the other hand, if
the width of the beam is small, then only a small region of
the search space will be explored. Consequently, it can ham-
per the algorithm task of finding good solutions; therefore
in order to minimize these problems, we propose the substi-
tution of the current learning method of FPT by CGE since
it is highly efficient global search method that can discover
accu-rate and interpretable FPTs.

3. Cartesian Genetic Programming

Cartesian Genetic Programming (CGP) [7] is a form of
genetic programming in which the programs are represented
by graphs. The graph is encoded in a linear sequence of in-
tegers and is represented in a grid of computational nodes.
Although, the grid can have any number of dimensions, in
the majority of the applications, it has only one or two. Be-
sides, it is worth noting that CGP presents several advantages
such as: neutrality, redundancy and the absence of a prob-
lem called Bloat (program growth without significant return
in terms of fitness), common in other methods of genetic pro-
gramming [8}9]]. On CGB programs are represented in a lin-
ear sequence of integers, which are called chromosomes or
genotypes, as shown in Figure 2 (a). These chromosomes
can be divided into parts, called genes that can be labeled in
function, connection or output genes. A node is formed by
the function gene and the connection genes. The function
(labeled by the function gene) uses as input parameters the
values indicated by the connection genes to generate a node
output, which in turn can be used as input parameter of a
function in another node. For the sake of development of the
evolutionary process in the genotypes, it is necessary to de-
code them in phenotypes, to obtain the solution in the prob-
lem domain. When the genotype is decoded, some nodes
may not be connected to the data stream, which creates an
effect of neutrality. An example can be seen in Figure 2(b).
While the genotypes have a fixed size, the phenotypes can
vary in size. The mutation operator is the most important
operator in CGP It is commonly used the one-point mutation.

The amount of genes that suffer mutation operator is usu-
ally defined by a percentage of total genes and it is called
mutation rate. Figures 2(a), 2(b), 2(c) and 2(d) show the
before and after of a mutation operation. In this example,
the last gene has changed; one can see that the change of
this single gene can change significantly the phenotype [[7].
The evolutionary algorithm used in CGB is the evolutionary
strategy 1 + A, where normally the value of A is 4 [[7]]. This
strategy allows CGP to find good solutions very efficiently in
few evaluations. The next section describes how CGP can be
used to synthesize Fuzzy Pattern Trees.

Figure 2. (a) Genotype. (b) Phenotype. (c) Genotype after
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Mutation. (d) Phenotype after mutation.

4. Proposed Method: CGP-FPT

The proposed method uses the CGP for synthesis of FPTs.
There are two main reasons to justify this choice: the first
is related to the flexibility of the graph representation em-
ployed in the CGE which can easily be used to represent a
FPT; and the second is associated with the competence of
CGP in exploiting very large search spaces efficiently, thus
making the synthesis process less sensitive to the curse of
dimensionality. Since the exploration of the search space on
CGP does not rely on the greedy strategy of beam search, it
has a better chance to achieve better solutions. Moreover,
it is not restricted as the beam search (which is limited by
the width of the beam). This also increases the chances of
obtaining better solutions. As long as the proposed model
utilizes an evolutionary algorithm, its success depends on
how the solution is coded and on the choice of fitness func-
tion for evaluation of the solution. The next two subsections
explain each of these implementations.

4.1 RepresentationEach attribute can be labeled by one of
the five linguistic terms (fuzzy terms), referred to as Low (L),
Medium-Low (ML), Medium (M), Medium-high (MH), High
(H). The linguistic terms are obtained through the partition-
ing of the input attributes space. The function genes can
represent the different operators that can be utilized in the
FPT. In the interest of increasing the interpretability of the
solution (tree), it was chosen to use a subset of the operators
found in [[6]]. Thus, the following operators were employed:
Maximum = max(a, b); Minimum = min(a, b); WA(x) =
xa+ (1 —x)b; OWA(x) = xmax(a, b) + (1 — x)min(a, b).
Where a and b are the input values of the nodes that will
be operated and in the case of operators WA and OWA, x
will be a random value within the range [0,1]. The Figure
3 shows the representation of a genotype and the equivalent
tree, for a 2-dimensional 2-class dataset. In order to obtain
the genotype that will represent the tree, CGP has at its dis-
posal all the operators and fuzzy terms. Depending on the
gene used as input of function genes, different trees can be
achieved.

Figure 3. Representation of a pair of genotypes and their
trees.

4.2 EvaluationThe Fitness function is composed of two parts
and can be seen in Equation 1. The first part deals with the
purpose of obtaining a high accuracy and it is calculated us-
ing root mean square error (RMSE).

Fitness = wy xAP; +w, % AP, (36)

(37)

N
1
RMSE = — ;(oi —d,)>

AP, = Similarity =1—RMSE (38)

The error is defined as the difference between value ob-
tained in the output of the tree (o0;) and the target value (d;),
which must be 1 if the values presented in the inputs belong
to the class represented by the tree and O otherwise. After
the computation of RMSE, it is subtracted from 1, resulting
in performance measure called Similarity. The second in-
stallment of the evaluation of genotypes is described by the
Equation 4 and it is related to the aim of obtaining more in-
terpretable trees.

_ Qgenes —ActiveGenes
B Qgenes

As one can recognize, the value of AP, is increased as the

number of active genes declines. Therefore, smaller trees
have a higher value of AP, value than the larger ones. Con-
sequently, it can guide the CGP search to favor smaller trees,
which are easier to explain than the large ones.
4.3 Stopping Criterialn the CGP-FPT, there are three differ-
ent stop criteria. The first one is related to the number of
generations of the evolutionary process. When it reaches a
predefined value, the evolution is stopped and the best so-
lution so far is reported. The second criterion is triggered if
there is no significant fitness improvement within a certain
number of past generations. Finally, the third criterion was
defined to avoid the model over fitting and it uses a standard
cross validation procedure. It is fired if fitness calculated in
the validation set starts to decrease, while the fitness calcu-
lated in the training set is still increasing. This situation in-
dicates that the obtained model is losing the generalization
capability and therefore the evolution must be ended. When
it is not possible to separate a validation set from the original
dataset, it is possible syn-thesize it artificially from the esti-
mated probability density function obtained in the original
dataset [[10]].

AP, (39)

5. Results

This section presents a number of experimental studies to
assess the performance of the CGP-FPT on several databases
presented in Table 1 and gathered from the UCI machine
learning repository. They were also used in [6], therefore,
it is possible to contrast the FPTs induced with the proposed
method with the ones obtained in [6]]. In addition, these
studies introduce a comparison with some other well-known
classifiers, such as: Support Vector Machine with Linear Ker-
nel (SVM-L) [[11]], the K-nearest neighbors (KNN) [[10], the
Random Forest (RF) [[12] and Support Vector Machine (SVM-
R) with Radial Basis Function Kernel [[11]]. The confronta-
tion criterion was the estimation of the generalization per-
formance measure accomplished through a cross-validation
with 10 folds and 5 repetitions. As a matter of fact, two per-
formance measures were used: the classification accuracy
and the area under the ROC curve (AUC). However, the AUC
provides a more robust measure than accuracy to evaluate
classification models. Unfortunately, it can only be applied in
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binary classification problems, therefore, when the database
has more than two classes, the AUC provided is given by the
mean of the estimated AUCs in mode “one against all”. The
parameters of the others classifiers were obtained as follows:
the number of neighbors in KNN was set at 1; the number of
trees that are generated in Random Forest was equal to 50
and the number of attributes under which is made the parti-
tion was equal to 1.

Database Instances | Attributes | Classes
Iris 150 4 3
Wine 178 13 3
Sonar 208 60 2
Pima 768 8 2
Balance 625 4 3
Habeman 306 3 2
Lupus 87 3 2
Breast_Cancer 683 9 2
Australian 690 14 2
Lawsuit 264 4 2
Ionosphere 351 33 2
Bupa 345 6 2
Transfusion 748 4 2

Table 1. Datasets.

The parameters of SVM were determined using nested
cross-validation [[13]] and it is regarded as a way to avoid
over fitting. It is called nested cross-validation because two
cross-validations take place. The first one is called external
cross-validation and it is used to provide an estimation of
the generalization performance. The dataset is divided in 10
folds; therefore, the training procedure is done 10 times (for
each repetition) using the chosen fold as a test set and the
remaining folds as a training set. In order to find the best
parameters, a second 5-fold cross-validation (also called in-
ternal cross-validation) was performed using only the train-
ing set. It means that the training is divided in five folds and
the best parameters were chosen based on the performance
in this internal cross-validation. Once the best parameters
were found, the classifier was trained with the training set
and its performance is evaluated on the test fold. The pro-
cedure used to find the best parameters was not biased since
the test fold in the external cross-validation was not used to
tune the parameters. The Table 2 presents comparison re-
sults.

Two variants of the CGP-FPT were used: CGP-FPT1 has
400 genotypes and evolved in 600 generations. The CGP-
FPT2 has 50 genotypes evolved in 1250 generations. In this
two variants, w; = 0.7 and w, = 0.3. Table 2 also presents
PTTDE.25, which is the best accuracy result in FPT previous
implementations [|6]]. These results were obtained from the
java implementation of the Top-Down algorithm provided by
authors [6]]. Only the accuracy results were available. The
analysis of Table 2 has shown that CGP-FPT2 presented com-
petitive results. Regarding accuracy, it presented the best
result in 3 datasets, accuracy equal or greater that 90% in
5 datasets and an absolute difference in accuracy from the
best result less than or equal to 5% in 11 datasets. When one
looks at the AUC, it can be seen that it obtained the best re-
sults in 5 datasets, AUC equal or greater than 0.9 in 5 datasets

and absolute difference in AUC from the best result less than
or equal to 5% in 10 datasets.

Also, to confirm these findings, Friedman’s test and Ne-
menyi post-hoc test were applied. They are utilized to com-
pare the performance of the classifiers and to verify if it is
possible to identify a single classifier that presents a statis-
tically significant better performance (at a significance level
given by the p—value = 0.05) when one takes in account all
the different datasets of the experiments. When they were
executed on the accuracy measures, the tests revealed no
statistically significant difference between the classifiers and
the same has occurred in relation to the AUC. The second
comparison was made with respect to the average tree depth
between the CGP-FPT2 and PTTDE.25. This comparison was
made for the worst case of CGP-FPT2, where the weight of
the fitness function which favors smaller trees was set to zero,
wy =1 and w, = 0. From the results shown in Table 2, also
confirmed by a Friedman test, it can be concluded that the
CGP-FPT2 has better performance than the PTTDE.25 with
respect to the average depth of the trees, since it generates
trees with smaller depths. Possibly, this is a consequence of
the beam-search on Top-Down strategy of PTTDE.25. As a re-
sult of its “greedy” characteristic, it chooses the best subtree
candidates without going back after later and it dismisses
candidates who may not have performed well individually
but would have a better performance in a combination with
a subtree chosen afterwards. Figure 4 presents the trees cre-
ated by using the proposed model and the top-down strategy.
It should be noticed that the tree in the Figure 4 (a) is smaller
than the one shown in the Figure 4(b).
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Figure 4. (a) Australian database, class 1 tree. CGP-FPT. (b)
Australian database, class 1 tree. Top-Down strategy [6]]

5. Conclusion

This paper proposed an alternative way to synthesize
Fuzzy pattern trees, with Cartesian genetic programming as
learning algorithm. The obtained results has shown that
the performance of Fuzzy Pattern trees in the task of clas-
sification can approach the performance of some of the best
classifiers available, but also providing a model that can be
interpretable. The knowledge obtained in learning can be
extracted from the model. Fuzzy Pattern trees constitute a
viable alternative to the classical fuzzy rules-based models,
because its hierarchical structure allows more compact repre-
sentation and a compromise between accuracy and simplicity
of the model.

Acknowledgments.The authors wish to thank R.Senge and
E. Hullermeier for making the source code of their algorithm
available.



Mathware & Soft Computing Magazine. Vol. 22 n. 1 56 /
Datasets SVM-L kNN RF SVM-R CGP-FPT1 CGP-FPT2 PTTDE.25* CGP-FPT2 PTTDE.25
ACC | AUC | ACC | AUC | ACC | AUC | ACC | AUC | ACC | AUC | ACC | AUC ACC AD AD
Tris 0.96 | 093 | 0.94 | 098 | 095 | 099 | 0.95 | 0.99 | 0.96 | 0.99 | 0.96 | 1.00 0.95 2.60 3.33
Wine 0.98 | 1.00 | 0.95 | 0.98 | 0.98 | 1.00 | 0.98 | 1.00 | 0.01 | 0.99 | 0.93 | 0.9 0.98 2.33 10.0
Sonar 0.80 | 0.89 | 0.87 | 0.95 | 0.88 | 0.94 | 0.91 | 0.98 | 0.77 | 0.85 | 0.77 | 0.84 0.80 1.50 10.0
Pima 0.77 | 083 | 0.70 | 072 | 0.77 | 0.82 | 0.71 | 0.79 | 0.73 | 0.79 | 0.75 | 0.77 0.76 2.00 4.00
Balance 0.87 | 093 | 0.77 | 088 | 0.85 | 0.95 | 0.95 | 1.00 | 0.83 | 0.91 | 0.84 | 0.94 0.87 4.30 1.66
Habeman 0.72 | 0.70 | 0.67 | 062 | 065 | 057 | 0.71 | 0.63 | 0.75 | 0.67 | 0.76 | 0.75 0.74 6.00 2.00
Breast_Cancer | 0.97 | 0.99 | 0.95 | 0.99 | 0.96 | 0.99 | 0.96 | 0.98 | 0.96 | 0.99 | 0.96 | 0.99 0.96 2.75 5.00
Australian 0.86 | 0.93 | 080 | 0.86 | 0.79 | 092 | 0.85 | 091 | 0.85 | 091 | 0.84 | 0.89 0.85 2.00 5.00
Tonosphere | 0.87 | 0.87 | 0.86 | 0.97 | 0.90 | 0.97 | 0.92 | 0.98 | 0.88 | 092 | 0.90 | 0.90 0.91 2.00 14.0
Lupus 0.74 | 0.86 | 0.68 | 067 | 062 | 0.72 | 0.73 | 0.78 | 0.73 | 0.84 | 0.75 | 0.89 0.77 4.75 4.00
Bupa 0.67 | 0.71 | 0.61 | 0.64 | 066 | 0.72 | 0.67 | 0.73 | 0.68 | 0.68 | 0.65 | 0.73 0.70 4.25 10.0
Transfusion | 0.76 | 0.74 | 0.71 | 0.60 | 0.70 | 0.64 | 0.73 | 0.66 | 0.77 | 0.72 | 0.77 | 0.70 0.77 4.75 5.00
Lawsuit 0.99 | 1.00 | 0.96 | 097 | 097 | 099 | 0.96 | 099 | 0.96 | 0.99 | 0.96 | 0.99 0.94 4.50 9.00
Table 2. Results - Accuracy, AUC and Average Depth (AD).
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Ph.D. Thesis defended by Ivana Mici¢

Faculty of Sciences and Mathematics, University of Nis, NiS, Serbia

Ivana Mici¢ defended her PhD Thesis, entitled “Bisimu-
lations for fuzzy automata”, on May 21, 2014. Her advisor
was Dr. Jelena Ignjatovi¢, from the University of Nis.

Bisimulations have been widely used in many areas of
computer science to model equivalence between various sys-
tems, and to reduce the number of states of these systems.

One of the most important problems of the automata the-
ory is to determine whether two given automata are equiv-
alent, which usually means to determine whether their be-
havior is identical. In the context of deterministic, nondeter-
ministic or fuzzy automata the behavior of an automaton is
understood to be the language (fuzzy language) that is rec-
ognized by it, and two automata are considered equivalent,
or more precisely language-equivalent, if they recognize the
same language. For deterministic finite automata the equiv-
alence problem is solvable in polynomial time, but for non-
deterministic and fuzzy finite automata it is computationally
hard.

The main aim of this thesis is studying of bisimulations
for fuzzy automata, with the special emphasis on the prob-
lem of finding the greatest simulations and bisimulations.
Besides, bisimulations are considered as a means for approx-
imating the language-equivalence, as well as for use in the
reduction of the number of states of fuzzy automata. The
candidate considers fuzzy automata with membership val-
ues in complete residuated lattices and defines the notions
of the left (right) derivative of the fuzzy language and min-
imal automaton of the given fuzzy language. Further, she
defines crisp-deterministic fuzzy automata and the Nerode
fuzzy automaton as an significant member of the class of
all crisp-deterministic fuzzy automata, gives the definition
of the minimal crisp-deterministic fuzzy automaton of the
fuzzy language and representes the derivative automaton as
an exponent of this class and observes different types of sim-
ulations and bisimulations, which play a significant role in
the theory of bisimulations for fuzzy automata over complete
residuated lattices. Then, for any of the mentioned types of
simulations/bisimulations is provided an efficient algorithm
for deciding whether there is a simulation/bisimulation of
this type between the given fuzzy automata, and for com-
puting the greatest one, whenever it exists. The candidate
determines sufficient conditions under which this algorithm
terminates in a finite number of steps, as well as sufficient
conditions under which the infimum of this sequence is ex-

actly the required fuzzy relation. Modifying these algorithms
the algorithms for computing the greatest crisp simulations
and bisimulations between fuzzy automata (which always
terminate in a finite number of steps) are provided.

Afterwards, bisimulations are examined as a means for
approximating the language equivalence between the fuzzy
automata. The problem of expressing the language equiva-
lence in terms of relationships between states of the given
automata is very complicated in the case of nondeterministic
and fuzzy automata.

Although, the bisimulations are shown to be a very good
means for approximating the language equivalence between
two fuzzy automata, there exist fuzzy automata which are
language equivalent but there is no one type of bisimulation
between them. In order to more precisely describe the class
of all relations between the states of fuzzy automata, which
preserve the language equivalence, the more general classes
of bisimulations are introduced. The fundamental goal is the
definition of two new kinds of bisimulations, weak forward
and weak backward bisimulations, which provide better ap-
proximations of the language equivalence than forward and
backward bisimulations. Moreover the weak simulations and
bisimulations provide better results in the reduction of the
states of fuzzy automata. It is important to mention, that
weak forward (backward) simulation is generalization of the
notion of forward (backward) simulation, respectively. It is
shown that the existence of weak forward (backward) simu-
lation between two automata implies language inclusion be-
tween them. In the class of all weak forward bisimulations
from a fuzzy automaton into itself, the special attention is
dedicated to these which are equivalences and it is shown
that the reduction of fuzzy automata by means of the great-
est weak forward bisimulation equivalence gives better re-
sults than one obtained by means of the greatest forward
bisimulation equivalence.

Since fuzzy finite automata are generalizations of NFAs,
in the work with fuzzy automata, the analogue minimiza-
tion and reduction problems are also presented. Various re-
searches considered the state reduction problem for fuzzy au-
tomata and they provided several algorithms which are also
based on the idea for computing and merging indistinguish-
able states. It is worth mentioning, that although these algo-
rithm are called the minimization algorithms, in the general
case they do not produce the minimal fuzzy automaton in the
set of all fuzzy automata recognizing a given fuzzy language,
so these are just reduction algorithms. The candidate stud-
ies the reduction of fuzzy automata by means of right and
left invariant fuzzy quasi-orders and right and left invariant
fuzzy equivalences and proposes the new algorithm for com-
puting the greatest right invariant fuzzy quasi-order on the
given fuzzy automaton, which is based on the famous Paige-
Tarjan’s coarsest partition problem. Afterwards, she presents
the modification of previous algorithm, which computes the
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greatest right invariant equivalence on the given nondeter-
ministic automaton.

The candidate has published her results in the leading
international journals IEEE Transactions on Fuzzy Systems,
Fuzzy Sets and Systems and Information Sciences.

Author’s correspondece addres:

Ivana Micié¢
ViSegradska 33
18000 Nis
Serbia

Email: ivanajancic84@gmail.com

Ph.D. Thesis defended by Zorana Jancic

Faculty of Sciences and Mathematics, University of Nis, NiS, Serbia

Zorana Janci¢ defended her PhD Thesis, entitled “Bisim-
ulations for fuzzy automata”, on May 21, 2014. Her advisor
was Dr. Jelena Ignjatovi¢, from the University of Nis.

Many practical applications of automata require deter-
minization, the procedure of converting a given nondeter-
ministic automaton into an equivalent deterministic automa-
ton. Numerous determinization algorithms have been devel-
oped and the standard one is the subset construction. In the
case of fuzzy or weighted automata, the analogue of the sub-
set construction can even yield an infinite crisp-deterministic
automaton.

This PhD thesis provides several new determinization
methods for fuzzy and weighted automata which give bet-
ter results than all previously known determinization meth-
ods and even when all earlier methods produce infinite au-
tomata, the methods developed here can produce finite ones.
The candidate provides a new algorithm for determinization
of weighted finite automata over strong bimonoids which
generates a crisp-deterministic weighted automaton equiva-
lent to the original one always smaller than any other known
determinization algorithm for weighted finite automata over
stong bimonoids, as well as than any determinization algo-
rithm for weighted finite automata over semirings or over
lattice-ordered monoids.

Particularly important determinization methods are the

canonization methods which result in a minimal crisp-
deterministic fuzzy automaton language-equivalent to the
origunal one. The best known canonization method for non-
deterministic automata is the Brzozowski’s double reversal
algorithm, and here, the Brzozowski’s algorithm is adapted
to the fuzzy framework. It is shown that the fuzzy version
of Brzozowski’s algorithm outperforms all previous deter-
minization methods for fuzzy automata. The candidate also
provides another canonization algorithm based on the the
degrees of inclusion of particular fuzzy languages which is
even faster than the Brzozowski type algorithm.

A very important issue is to find such methods which
will mitigate the potential enormous growth of the number
of states during the determinization. The candidate pro-
poses a somewhat different approach and provides two-in-
one procedures that simultaneously perform determinization
and state reduction. Subsequently, the candidate develops
algorithms that produce smaller automata than all previous
determinization algorithms while require the same compu-
tation time. The metodology based on simultaneous deter-
minization and state reduction can also be used to improve
performances of the proposed canonization algorithms.

The algorithms for computing the greatest simulations
and bisimulations of all considered types have been imple-
mented in the programming language C, and codes of these
programs are shown in Appendix A.

The candidate has published her results in the leading
international journals IEEE Transactions on Fuzzy Systems,
Fuzzy Sets and Systems and Information Sciences.

Author’s correspondece addres:

Zorana Jancic¢

ViSegradska 33

18000 Nis

Serbia

Email: zoranajancic329@gmail.com



Mathware & Soft Computing Magazine. Vol. 22 n. 1

59 /[64]

NEWS

Ph.D. Thesis defended by Pavel Vlasanek

Institute for Research and Application of Fuzzy Modeling, Centre of Excellence IT4Innovations division
of the University of Ostrava, Ostrava, Czech Republic
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Pavel Vlasanek defended his PhD Thesis, entitled “In-
painting method based on the F-transform”, on 2014. His
advisor was Dr. Irina Perfilieva, from the University of Os-
trava.

The thesis is a contribution to the field of Image Pro-
cessing. It deals with the problem of image restoration (re-
construction) that is regarded as one of the most compli-
cated tasks. Its complexity comes from the fact that various
image processing techniques are involved, e.g., up-scaling,

interpolation, edge detection, inpainting, sharpening, etc.
It should be emphasized that if interpolation is involved,
then the complexity of the corresponding approach is high.
Therefore, other technique than that based on interpolation
was proposed and justified in the Thesis. The main con-
tribution consists in solving the reconstruction problem us-
ing the F(fuzzy)-transform. Dr. Vlasdnek developed several
algorithms for image reconstruction and proved their effec-
tiveness by comparing them with other standard techniques
(based on various interpolation and sophisticated inpainting
methods). The effectiveness was considered from two points
of view: image quality and complexity of processing. He also
showed how it is possible to enhance quality of the recon-
structed image with the help of edge detection. Moreover,
the latter method was also realized using the first-degree F-
transform. Dr. Vlasdnek made several experiments in order
to choose optimal setting of the F-transform parameters. It
should be emphasized that the successful application of the
F-transform method to the problem of image reconstruction
was not evident at the beginning. Dr. Vlasanek took the
problem as a challenge and found a totally new innovative
and effective solution.

Ph.D. Thesis defended by Petra Hod’akova

Institute for Research and Application of Fuzzy Modeling, Centre of Excellence IT4Innovations division
of the University of Ostrava, Ostrava, Czech Republic

Petra Hod’dkova defended her PhD Thesis, entitled
“Fuzzy(F-)transform of functions of two variables and its ap-
plications in image processing”, on 2014. Her advisor was
Dr. Irina Perfilieva, from the University of Ostrava.

The thesis is devoted to the theory and applications of
fuzzy transform (F-transform), both have been extensively
developed in last years. The general aim of the thesis was to

develop the F-transform technique for functions of two vari-
ables on the basis of orthogonal projections on special Hilbert
spaces and to apply some of the obtained results to the edge
detection problem in image processing. Another goal is to ex-
tend the ordinary F-transform to the F-transform of a higher
degree (F°-transform, s > 0) with the purpose to estimate
approximations of partial derivatives. The theoretical back-
ground of the work assumes deep knowledge in functional
analysis, numerical methods and integral transforms, it re-
quires good vision of their synergy.

It has been shown that the elaborated theory can be suc-
cessfully used in the image processing and especially in the
problem of edge detection, which is an important constituent
of a many complex problems in the field. Together with
other colleagues, Dr. Hod’dkov4 designed edge detection al-
gorithms and made comparison of their effectiveness. The
dissertation thesis is an example of high quality text, which
can be used in theoretical foundations of the soft computing
as well as in its important applications.
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Ph.D. Thesis defended by Maria Eugenia

Cornejo

Department of Mathematics, University of Cadiz, Cadiz, Spain

Maria Eugenia Cornejo defended her PhD Thesis, entitled
“Adjoint operators in general frameworks and their applica-
tions”, on May 11, 2015. Her advisor was Dr. Jesis Medina,
from the University of Cadiz.

Adjoint triples arise as a generalization of a t-norm and its
residuated implication. They are basic operators to make the
calculus in multi-adjoint logic programming, multi-adjoint
concept lattices, multi-adjoint fuzzy rough sets and multi-
adjoint fuzzy relation equations, providing more flexibility
and increasing the range of applications in the setting in
which they are considered.

This thesis is focused on the study of the adjoint triples,
their properties and applications. Firstly, important proper-
ties of adjoint pairs/triples and the algebraic structures as-

sociated with these operators, which are called multi-adjoint
algebras, have been presented.

Later, this work presents an intense comparison among
different general algebraic structures such as implication
triples, sup-preserving aggregations, quantales, u-norms,
uninorms and general implications considered in extended-
order algebras. This comparative study proves that the use of
these algebraic structures, in environments requiring residu-
ated implications, provides particular cases of multi-adjoint
algebras.

Moreover, adjoint negations are introduced as a new gen-
eralization of residuated negations that satisfy the most sig-
nificant properties. Besides generalizing this kind of nega-
tions, this work shows that adjoint negations generalize, at
least, three of the negation operators most useful in the lit-
erature, such as the negation operators introduced by Tril-
las, the pairs of weak negations presented by Georgescu and
Popescu and the negation operators defined by Della Stella
and Guido in the setting of a specific extended-order algebra.

The last part of the thesis describes a process of how
to represent a multi-adjoint logic programming as a multi-
adjoint relation equation, which is important in order to use
these fuzzy relation equations as a decision support system
for fuzzy logic. The solvability of these equations is provided
from the theory of Fuzzy Formal Concept Analysis.

Ph.D. Thesis defended by Eloisa Ramirez

Department of Mathematics, University of Cadiz, Cadiz, Spain

Eloisa Ramirez defended her PhD Thesis, entitled “Multi-
lattices and attribute reduction in multi-adjoint concept lat-
tices”, on May 12, 2015. Her advisor was Dr. Jesus Medina,
from the University of Cadiz.

Since its introduction in the eighties by B. Ganter and R.

Wille, Formal Concept Analysis has become an appealing re-
search topic. It is a theory of data analysis which identifies
conceptual structures among data sets. Specifically, it is a
tool for extracting pieces of information from databases that
contain a set of attributes A and a set of objects B together
with a relationship between them. These pieces of informa-
tion are called concepts and they can be hierarchized to ob-
tain concept lattices.

Attribute reduction is a very important part in Formal
Concept Analysis because the difficulty in building the con-
cept lattice increases exponentially when the number of ob-
jects and attributes increases. Therefore, one of the most im-
portant goals in this theory is the reduction of the context, re-
moving the irrelevant information. Moreover, real databases
usually give rise to complex concept lattices, from which ex-
tracting conclusions can be a really difficult task. Conse-
quently, another important issue is the reduction of the size
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of the original concept lattice. This thesis has been focused
on both these goals. Firstly, it introduces several results in
order to classify the set of attributes. From this classifica-
tion a mechanism to reduce the context on a fuzzy environ-
ment is obtained, which generalizes the current existing pro-
cedures. The most innovative aspect related to this contribu-
tion is that it maintains all the knowledge of the relational
system.In addition, two procedures to reduce the size of a
multi-adjoint concept lattice are presented. One of them con-
siders thresholds in the concept-forming operators and this
reduction method generalizes existing mechanisms based on

this philosophy. Another procedure introduced shows a re-
duction from the irreducible elements of the lattice. This one
provides an interesting property, that is, the reduced concept
lattice is a sublattice of the original one and, consequently,
the use of this mechanism does not involve the loss or modifi-
cation of the original information.Lastly, the thesis concludes
by demonstrating an extension of the theory of Formal Con-
cept Analysis based on multilattices. As a consequence, the
range of applications of Formal Concept Analysis has been
increased.

Ph.D. Thesis defended by Marco Lucarelli

Department of Informatics, University of Bari A. Moro, Bari, Italy

Marco Lucarelli defended his PhD Thesis, entitled “DC*:
an Algorithm for Automatic Acquisition of Interpretable
Fuzzy Information Granules”. His advisor was Dr. Corrado
Mencar, from the University of Bari A. Moro.

Several real world problems require more than just ac-
curate solutions. In many cases, users (physicians, man-
agers, etc.) have to be convinced about the reliability of the
knowledge base, and hence they may be interested in sys-
tems capable to offer good support in terms of both accuracy
and comprehensibility of the knowledge base. When intel-
ligent systems are used to acquire knowledge from data, a
methodology is required to derive interpretable knowledge
that final users can easily understand. Fuzzy rule-based sys-
tems (FRBSs) are tools that enable knowledge representa-
tion and inference through fuzzy rules denoted by linguis-
tic terms. The main point of strength of FRBSs is the possi-
bility of establishing a semantic similarity (or co-intension)
between the fuzzy sets that are used in their rules and the
implicit semantics of the linguistic terms that are used to de-
note them. In this way the users of a FRBS can read and
understand fuzzy rules, as well as revise and integrate rules
with domain knowledge. In other words, the FRBS can be
interpretable for users. However, when FRBSs are acquired
from data through some learning scheme, the semantic co-
intension between fuzzy sets and linguistic meanings is often
lost. This happens because fuzzy sets are usually shaped in
order to optimize a specific performance measure, usually
defined in terms of accuracy error. Nevertheless, the loss of
semantic co-intension in a rule base determines a FRBS that

is no longer interpretable.

The development of specific learning algorithms is in-
tended to overcome the interpretability loss in the process
of acquiring knowledge from data. Mainly, these learning
schemes drive the adaption process so that a number of inter-
pretability constraints is satisfied. Many learning algorithms
for acquiring interpretable models require to fix the granu-
larity of fuzzy partitions, i.e. the number of fuzzy sets that
partition each input feature: the aim of such algorithms is
to find the best shapes of the fuzzy sets in the partition so
as to optimally balance accuracy and interpretability of the
final system. Moreover, human interaction is required in the
model building process as well as in the final model choice.
As a result, in many cases a trial-and-error approach is used
to select the best granularity for each feature (in terms of
model accuracy) without looking at the granule characteris-
tics (number, shape, position, etc.) which usually affect the
model interpretability. As a matter of fact, the optimal num-
ber of fuzzy sets per feature is often unknown, also could be
different for each feature and is strictly problem-dependent.
Moreover, the granularity of a solution should be changeable
taking into account the user needs, the context and the model
complexity.

The lack of such methods is filled by the proposed ap-
proach named DC*, derived from the Double Clustering
framework. The key feature of DC* is its ability of provid-
ing an automatic interpretable fuzzy granulation of classi-
fied data, exploiting hidden relationships among data, and
thus discovering the optimal granularity level for each prob-
lem feature. Then, the obtained partition can be translated
in a highly interpretable fuzzy rule base. It is worth not-
ing that the whole process requires the definition of only
one hyper-parameter representing the maximum granularity
level of the final fuzzy rule base - i.e. the maximum num-
ber of rules; such parameter is easily understandable and
configurable by the user. DC* is composed by three phases:
the first accomplishes a compression of data that identifies
a number of prototypes over the problem space. Then DC*
clusters the prototype projections on all dimensions simulta-
neously: in this way it is possible to minimize the number of
clusters for each feature. This is accomplished through an in-
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formed search procedure based on the A* algorithm. The re-
sulting one-dimensional clusters provide information to de-
fine fuzzy partitions that satisfy a number of interpretabil-
ity constraints and exhibit variable granularity levels. The
fuzzy sets in each partition can be therefore labeled by mean-
ingful linguistic terms and used to represent knowledge in a

natural language form. Experimental results on benchmark
datasets highlight the DC* peculiarities compared with other
algorithms in terms of interpretability/accuracy trade-off as
well as its efficiency in terms of resources required in the
granulation process.

Ph.D. Thesis defended by David Garcia Munoz

University of Granada, Granada, Spain

David Garcia Murfioz defended his PhD Thesis, entitled
“Extensions of the genetic iterative approach for learning
fuzzy rules”. His advisors were Dr. Antonio Gonzalez Mufioz
and Dr. Francisco G. Ratl Pérez Rodriguez from the Univer-
sity of Granada.

The dissertation makes sense in the framework in which
it is necessary to handle large amounts of data, some of them
including vague or imprecise information.

Particularly, the methods here proposed are based on the
Iterative Rule Learning (IRL) approach, characterized by the
use of a sequential covering strategy together with a genetic
algorithm in order to learn fuzzy rules.

Considering this fact, we focus our efforts in two main ob-
jectives: on the one hand to consider the indirect relevance of
the input attributes in the learning process and on the other
hand to improve the IRL model used by a basic fuzzy rule-
based learning algorithm (NSLV) to be able to iteratively re-
view the learned knowledge.

In this sense, the first objective is achieved through the
use of feature construction techniques which allows the ex-
traction of additional information resulting from the combi-
nation between the original variables. So, the learning al-

gorithm handles not only the information given by the in-
put variables, but also that given by the new constructed
features. Following this idea, in this work we have pre-
sented three methods including feature construction tech-
niques: one of them using relations in the antecedent of
fuzzy rules (NSLV-R), another one using functions in the an-
tecedent of such rules (NSLV-F) and the last one combining
both relations and functions (NSLV-FR).

It was experimentally proved that feature construction
techniques work well when looking for accurate models, with
an interpretability level nearer to natural language. Never-
theless, some well-known interpretability measures refers to
the number of rules of rule bases and the number of condi-
tions per rule (also per rule base), as key elements in order
to consider a ruleset as interpretable.

It is inside this searching process of interpretable rule
bases where the second main objective takes place. The abil-
ity of a fuzzy rule-based learning algorithm to review the
knowledge as part of its own learning process, allows tun-
ing the knowledge in each step. In this way, our proposal
including knowledge review (NSIV-AR), decides in each it-
eration whether to replace or not a previously learned set of
rules.

Finally, the last proposal (SLAVE3), arises from the need
to integrate the ideas previously exposed into a new model
achieving a good trade-off between accuracy and inter-
pretability. So, on the one hand we were looking for an al-
gorithm with a high level of accuracy, similar to those using
feature construction, and on the other hand, which also were
able to improve the interpretability (by reducing the com-
plexity at a rule/rule base level), when compared with those
last ones.

All the algorithms previously mentioned demonstrate
their performance through an exhaustive experimental study.
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New book by Angel Garrido

Angel Garrido

LOGICA MATEMATICA E INTELIGENCIE ARTIFICIAL
Editorial Dykinson

Madrid, 2015

LOGICA MATEMATICA E

INTELIGENCIA ARTIFICIAL

This book aims to fill a certain void in the day that we
see on these issues. Therefore, we have discussed here some
of the other great logic; including Bernhard Bolzano, Franz
Brentano, Twardowski Kazimierz, Stanislaw Lesniewski, the
Lvov-Warsaw School (ELV), in contrast with the more “me-
diatic” or commented Vienna Circle (Wiener Kreis). His pre-
decessors, as were Leibniz, or the aforementioned Bernardo
Bolzano and Franz Brentano. His disciples, Edmund Husserl
and Kazimierz Twardowski, a very brilliant group: Jan
Lukasiewicz, Alfred Tarski, or Stefan Banach. And then,
we should refer to Charles Sanders Peirce, David Hilbert,
Ernst Zermelo. We will also consider other fundamental peo-
ple: Bertrand Russell, Alfred North Whitehead and Ludwig

Weather forecasting in
fuzzy technologies

The Galician (NW Spain) Weather Forecasting Agency,
Meteogalicia (www.meteogalicia.es), has released on
May 25th a public service providing natural language fore-
cast automatically generated from data. This service is im-
plemented by the GALiWeather system, a Data-To-Text so-
lution that includes a content determination module involv-
ing computing with words. GALiWeather was developed at
the Intelligent Systems Unit of the Research Centre in Infor-
mation Technologies of the University of Santiago de Com-
postela -CiTIUS-. By using GALiWeather, Meteogalicia is now

Wittgenstein. Without ceasing to mention Brouwer and his
disciple Heyting. And try to Alonzo Church, S. C.Kleene, Lofti
A. Zadeh, etc. Without thereby exhausting all possible fields
and candidates worthy of consideration. We hope so com-
plete that line more time, often fragmentary and incomplete,
but always interesting.

Also we analyze the relation with the new problems pro-
posed by the fields of Computer Science; in particular, on
Artificial Intelligence.

Some of the information contained herein may be consid-
ered in some way (but in any case, very distantly) connected
with the doctoral thesis, entitled Philosophy and Mathemat-
ics of Vagueness and Uncertainty. But even so, I do not think
so broadly, all have been following very filtered, edited and
expanded, always moving with the purpose of bringing such
knowledge to a sector of the reading public as broad as pos-
sible, and in its day I asked him to do the members of the
tribunal of that thesis, considering how little these themes
are still known in Spain as well as in some other countries.

You can also find many analyzes related to these themes
in two of my previous books, recently published an excellent
yet economical edition, by Editorial Dykinson; these are the
LOGIC OF OUR TIME (2014), and APPLIED LOGIC. VAGUE-
NESS AND UNCERTAINTY (2014).

Efforts have been made that these are brief, yet self-
contained and easy reading, and a very affordable price, no
small matter when it comes to research. What is to be a work,
first, it’s interesting, then, to be well written. Following this
line: to give new information so as to better know and ap-
preciate certain great contributions to the history of logic (as
yet insufficiently known, at least, not in our cultural and aca-
demic circles) and thought in general the author has written
this book.

And recently, Angel Garrido has received the First Ex-
traordinary Award of Doctorate at the UNED.

natural language using

able to provide to the visitors of their official Website cus-
tomized weather forecasts in natural language for each of
the 314 Galician city councils. These forecasts were so far
provided in graphical and numerical manner and therefore,
were not easily understandable by the users.


www.meteogalicia.es
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Cifilus

GALiWeather is one of the research results of the
R&D project “Linguistic description of complex phenom-
ena: generalized fuzzy quantifiers in temporal propositions
(QTEMP),” that was developed in the CiTIUS between 2012
and 2014. A team of four CiTIUS researchers leaded by Prof.
Alberto Bugarin have collaborated with seven experts of Me-
teogalicia for the conception, requisites capture, design and
implementation of this tool. QTEMP is a part of the coor-
dinated project “Linguistic Description of Complex Phenom-
ena” developed in cooperation between the CiTIUS and the
European Centre for Soft Computing (ECSC), funded by the
Spanish Ministry for Economy and Competitiveness.

So far, the textual forecasting Meteogalicia offered to its
visitors was a single general description of the short-term
weather trend in Galicia. After integrating GALiWeather in
its public Website, Meteogalicia has expanded this service to
provide specific natural-language predictions for each mu-
nicipality. For practical and economic reasons, this would
not be possible without the automation this intelligent sys-

tem provides. Predictions are now automatically generated
in natural language from the available data, just as a mete-
orologist would do, producing high-quality texts that are in-
distinguishable from the texts an expert meteorologist would
produce.

GALiWeather generates predictions in natural language,
employing numerical data, expert knowledge from the mete-
orologists and computing with words techniques (linguistic
variables, fuzzy quantification and others) that allow, first,
converting data into basic linguistic descriptions (content de-
termination stage); a subsequent process converts these into
a narrative in natural language (linguistic realization stage),
expressed in Spanish and Galician (the supported languages
by now). Narratives offer a four days weather forecast view,
including information about the state of the sky (clouds and
rain), wind and temperature, as well as Air Quality Index.
The modelling of vague terms and expressions using the com-
puting with words paradigm is integrated in GALiWeather
with Natural Language Generation techniques for producing
the final narratives at the Meteogalicia website, which re-
ceived more than 55 million accesses last year.

More Scientific and technical details about GALiWeather
have been recently published in [[]].
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