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Message from the Editor-in-Chief (December 2017)

HUMBERTO BUSTINCE

Here it is at your disposal the new issue of our Math-
ware&Soft Computing online magazine. As usual, it arrives
with the closure of the year. This is time to think about the
changes in the past and to prepare the future. And this is spe-
cially true because this year. First of all, because as all of us
already know, Lofti Zadeh, the father of fuzzy theory, passed
away last September, after a whole life devoted to research
and science.

It is difficult to underestimate such a great scientific per-
sonality. Zadeh was undoubtfully one of the mot relevant
figures in science in the last century and his ideas have had
and will have a large influence in the development of Com-
puter Science. Moreover, his willingness to collaborate and
to share his developments have helped to create a strong
community as well as to give raise to many different, orig-

inal orientations from his seminar ideas.

For all these reasons and for many more this is not a usual
issue, because it could not be so. This pages intend to be, to
a large extent, an hommage to that great man called Lofti
Zadeh. For this reason we include three main articles: One
from Enric Trillas, with the personal view on Zadeh of some-
body who has been a witness of the whole development of
fuzzy theory; another one by Rudolf Seising, as an expert on
the history of the theory of fuzzy sets; and the last one by
Martin Stepnicka, the new president of our EUSFLAT society.
I think that, among the three, we get a complete view on
Zadeh’s achievements and significance.

This year has also brought a new board to head our
EUSFLAT association. Let me first of all thank from here
the great work carried out in the last years by Gabriella Pasi,
which have helped to boost our society. And let me also wel-
come Matin Stepnicka as the new chair. All of us know his
huge capacity, so I have no doubt about the great future that
we can expect for our society in the forthcoming years.

What this issue does not include, due to its special char-
acter, is an interview. But next issue will include the talk
intended for this issue.

We also publish in this issue several selected works from
the Brazilian Conference on Fuzzy Systems. And, of course,
you have here news, conference reports, etc... So, in brief,
all the things that show how alive the community which orig-
inated in Zadeh’s work is! So it’s time to enjoy your new
issue of the Mathware&Soft Computing magazine. Have a
nice reading!

Humberto Bustince
Editor-in-chief
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Message from the President (December 2017)

MARTIN STEPNICKA

Dear EUSFLAT members,

These are the first lines of my very first “Message from
the President” and to tell the truth, I have never thought
how difficult it is going to be to start writing such a letter.
The reason for my nervousness is clear, I am writing to a So-
ciety that I appreciate as the one that deserves the highest
respect, I am writing in a position that was held by so great
Presidents before, and I still cannot stop thinking on how to
keep the quality level set-up by my predecessors. Indeed,
Francesc Esteva, Luis Magdalena, Ulrich Bodenhofer, Javier
Montero and Gabriella Pasi, nothing has to be added, just
a big thanks to all of them for their great contribution. On
the other hand, looking back what all has been done by pre-
vious Presidents and previous Boards, one necessarily feels
a gigantic duty that is the best motivation to work. And I
have a fantastic advantage - the Board behind me. I know
I have many very experienced members including two last
Presidents there and I have also many new members with
innovative ideas, freshness and enthusiasm, who will serve
as wells of ideas and initiatives. There is a group of friends
one may trust and one may lean on their shoulders, and this
is the biggest support I may have and which makes me fully
sure that at the end of this mission, EUSFLAT Society will
be still strong and respectable Society as it is, and possibly
offering even more services and advantages to the current
state. The Board members, who decided to accept the of-
fer and to devote their time and efforts to a volunteer job
for the Society, are: Vladik Kreinovich (VicePresident), José
Maria Alonso (Secretary), Susana Montes (Tresurer), Eu-
lalia Szmidt (Awards), Javier Montero (Link to IFSA and
Other Societies), Christophe Marsala (Grants), Humberto
Bustince (Magazine), Gabriella Pasi (Publications), S.P. Ti-
wari (Promotion in Asia), Daniel Sanchez (Web and Social
Networks), Luis Martinez Lopez (Atlantis Press), Guy De
Tré (Working groups), Sebastia Massanet Massanet (Re-
cruitement), and all of them deserve maximal respect and
my deepest gratitude. There are many challenges in front of
us and we have already started to work on them.

But at this moment, allow me to look back a bit. It is still
2017 and many things have happened in the recent months.
First of all, and most importantly, I would like to recall
EUSFLAT 2017 conference http://www.eusflat2017.
ibspan.waw.pl/ held in Warsaw in September. It was
a jubilee 10th conference of our Society and I am personally
very happy, that it was organized by our friends from the Sys-

tem Research Institute of the Polish Academy of Sciences,
many thanks for the great job has to be expressed to local or-
ganizers, to Janusz Kacprzyk, to Stawomir Zadrozny, to
Eulalia Szmidt and to many others. I have been participat-
ing on all EUSFLAT events since 2005 in Barcelona and I have
took a big part of the organization duties related to EUSFLAT
2007 in Ostrava so, I know the job behind, I know those mil-
lions invisible tasks that have to be done, all the pressure and
I also do have a comparison and I can frankly say, that the
efforts made in Warsaw led to an unforgettable experience
with a huge amount of services and a friendly atmosphere
that could compete with any of the previous EUSFLAT confer-
ences. If there is something that could be called a “flagship”
of the Society, it is undoubtedly the EUSFLAT conference and
we have to grateful to the local organizers for this privilege.
I am sure, that organizing such fantastic events with signif-
icantly cheaper price for members is the best way how to
attract members that will benefit from their membership.

EUSFLAT 2017 was important also because of another
reason. As usually it was an event on which EUSFLAT offi-
cially delivered several awards. Namely, Janusz Kacprzyk
obtained Honorary membership, Bernadette Bouchon-
Meunier and Radko Mesiar both obtained EUSLAT Scien-
tific Excellence Awards, Amanda Vidal Wandelmer obtained
EUSFLAT 2015 Best PhD Award and Alejandro Ramos Soto
obtained EUSFLAT 2016 Best PhD Award, and finally, Laura
De Miguel obtained Best Student Paper Award for her con-
ference paper presented in Warsaw. Congratulations to all
awardies.

When recalling the awards delivered during the EUSFLAT
2017, it makes me really proud observing how significant
the contribution of EUSFLAT members to the world science
is. This fact is often confirmed by other awards distributed to
EUSFLAT members by organizations different from EUSFLAT.
From the recent valuable records, allow me to recall, for ex-
ample, HAFSA (Hispanic-American Fuzzy Systems Associ-
ation) Pioneering Awards. These awards are given for “pi-
oneering contributions to the areas of Fuzzy Logic and Sys-
tems” and for helping to “promote the advancement of these
areas in Mexico and Hispanic America via participation in
the activities of HAFSA”. This year, five people received this
award, and two out of these awardies were EUSFLAT mem-
bers, namely Janusz Kacprzyk, our Honorary members, and
Vladik Kreinovich, our vice-president. Congratulations.

Another crucial event organized under the wings of
EUSFLAT in 2017 was the European Summer School
on Fuzzy Logic and Applications SFLA 2017 https:
//eventos.citius.usc.es/sfla2017/index that was
organized in Santiago de Compostela by Centro Singular
de Investigacion en Tecnoloxias da Informacién (CiTIUS),
University of Santiago de Compostela, and I am very proud
of the job made by local organizers, especially José Maria
Alonso and Félix Diaz Hermida. I very appreciate their ef-
forts that led to a fabulous summer school with very posi-
tive feedback from participants and we owe the organizers
our gratitude for overtaking the hard job of organizing this


http://www.eusflat2017.ibspan.waw.pl/
https://eventos.citius.usc.es/sfla2017/index
http://www.eusflat2017.ibspan.waw.pl/
https://eventos.citius.usc.es/sfla2017/index
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beautiful yet very recent event. The SFLA summer school is
one of our very recent initiatives focusing on attracting new
young members and on supporting students and postdocs.
And I am very happy that this idea, introduced by the previ-
ous President Gabriella Pasi, keeps is fruitful and successful
existence, which is a great promise for the future. In 2018,
the SFLA event will be again organized as a separate self-
content event and it is my great pleasure to uncover the very
first details. The location is Bari, Italy, the general chair is
Corrado Mencar, the quality and the attractiveness of the
event will be, as always, impressive, and it is only up to you
to do your best not to miss or, not let your students to miss
such an opportunity. Stay with us and follow the updates.

Last, but not least, allow me to point your interest also
to EUSFLAT 2019 Conference http://eusflat2019.cz/.

I know, it is very early time, still nearly two years due to
the event. But EUSFLAT biannual conference is our major
event and we have to be proud of it. Already ten such events
have been organized, and all of them were great. This is a
huge obligation we have to meet in the future. Therefore,
there is no time to rest on our laurels, it is time to follow
the message from Warsaw and from other previous EUSFLAT
conference organizers. Follow our Society websites http:
//eusflat.org/, follow the websites of the EUSFLAT 2019
Conference http://eusflat2019.cz/, follow our Face-
book page https://www.facebook.com/EUSFLAT/, we
will be doing our best and we will be keeping you informed.

Martin Stépni¢ka
President of EUSFLAT


http://eusflat2019.cz/
http://eusflat2019.cz/
http://eusflat.org/
http://eusflat.org/
https://www.facebook.com/EUSFLAT/
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Obituary

for a visionary scientist: Lotfi

Aliasker Zadeh (1921-2017)

Rudolf Seising

Lotfi A. Zadeh, the founder of the theory of fuzzy sets,
passed away on 6th September 2017. “Soft computing”
is an umbrella term Zadeh coined to denote “a collection
of methodologies...Its principal constituents are fuzzy logic,
neurocomputing, and probabilistic reasoning...with the lat-
ter subsuming genetic algorithms, belief networks, chaotic
systems, and parts of learning theory’ﬂ

1%/

Lotfi A. Zadeh, undated photo around 1950, Photo credit:
Fuzzy Archive Rudolf Seising.

We had known each other since the beginning of the 21st
century, when I was planning to write a science-historical
book on the genesis and development of fuzzy set theory and
its first applicationg”} Later I continued writing historical pa-
pers on allied fields’l In various face-to-face interviews -the
first took place during the Zittau East-West Fuzzy Colloquium
in 1999 and the last began in 2012, but we continued our cor-
respondences via e-mail until they were published in 2013ﬁ
I became familiar with his way of thinking. Since the year
2000, I visited Lotfi Zadeh many times to talk with him in his
office in Soda Hall at UCB, in Asian restaurants around Eu-
clid and Hearst Avenue, and later in his house in Mendocino
Avenue over tea. In the last decade, he allowed me to copy

or scan any documents in his office and house that seemed
to be important for my historical research work, and I have
exhibited this “virtual collection” as posters at conferences in
recent yearsﬂ

I travelled again to Berkeley to see him on 2nd September
of this year, my previous visit having been in February 2017.
I was working in his house the day before he died; and, two
days later, during the EECS DepartmentiAZs commemora-
tion, his son gave me permission to continue scanning doc-
uments, letters, photographs, etc. There was so much his-
torical material to survey, but I had to leave the US a few
days later. Hopefully, my digital collection contains the most
important sources, but there may have been papers, pho-
tographs, movies, etc. that I did not see. We will remain
unaware of what escaped me; hence, the historiography of
Lotfi Zadeh'’s life and work will perhaps remain fuzzy!

Fuzzy Mathware

“Math” stands for mathematics and “ware” means prod-
ucts, goods, and methods. Thus, “mathware” — the first word
in the title of this journal — means something like mathemati-
cal products, goods and methods. In 1999, when Lotfi Zadeh
gave me the first interview, he said, “I was always interested
in mathematics, even when I was in Iran, in Teheran, but I
was not sufficiently interested to become a pure mathemati-
cian. In other words, I never felt that I should pursue pure
mathematics or even applied mathematics. So, this mixture
of an engineer was perfectly suited for me. So, essentially,
I'm sort of a mathematical engineer; that’s the way I would
characterize myself. But I'm not a mathematician. I was
somewhat critical of the fact that mathematics has gone away
from the real world. ...I criticized the fact that mathematics
has gone too far away from the real world.’ﬁ

To my mind, Lotfi Zadeh was a creator of mathware, espe-
cially of the fuzzy mathware. He invented it in the mid 1960s
as the concept of “imprecisely defined «classes»”, which “play

1Zadeh LA, Soft computing and fuzzy logic, IEEE Software 11(6), 1994, 48-56:48
2Seising R, The Fuzzification of Systems. The Genesis of Fuzzy Set Theory and Its Initial Applications — Its Development to the 1970s, Berlin [et al.]:

Springer (Studies in Fuzziness and Soft Computing 216) 2007

3See e.g., Seising R, From Vagueness in Medical Thought to the Foundations of Fuzzy Reasoning in Medical Diagnosis. Artificial Intelligence in Medicine

38, 2006, 237-256; — On the Absence of Strict Boundaries — Vagueness, Haziness, and Fuzziness in Philosophy, Medicine, and Science, Applied Soft Com-
puting 8(3), 2008, 1232-1242; — Cybernetics, System(s) Theory, Information Theory and Fuzzy Sets and Systems in the 1950s and 1960, Information
Sciences, 180, 2010, 459-476; — When Computer Science emerged and Fuzzy Sets appeared. The Contributions of Lotfi A. Zadeh and Other Pioneers,
IEEE Systems, Man, and Cybernetics Magazine, July 2015.

#On Fuzzy Sets and the Precisiation of Meaning. An Interview with Prof. Dr. Lotfi A. Zadeh, University of California at Berkeley, USA, Archives of the
History and Philosophy of Soft Computing, 1, 2013, 1-18. http://aphsc.org/index.php/aphsc/article/view/1

5450 Years ago: The Genesis of Fuzzy Sets”, poster exhibition at the 6th World Congress of the International Fuzzy Systems Association (IFSA) and the
9th Conference of the European Society for Fuzzy Logic and Technology (EUSFLAT) in Gijon, Spanien, June 30. Juni — July 3, 2015. Enlarged for the
2015 IEEE International Conference on Fuzzy Systems (FUZZ-IEEE 2015), Kadir Has University, Istanbul, Turkey, August 3-4, 2015. Further enlarged for
the 2016 Conference “Glorification of Professor Zadeh”, University of Tehran, Iran, March 8, 2016

6Zadeh LA in an Interview with Rudolf Seising on September 8, 1999 in Zittau, at the margin of the 7th Zittau Fuzzy Colloquium at the University
Zittau/Gorlitz.
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an important role in human thinking, particularly in the do-
mains of pattern recognition, communication of information,
and abstraction”[] Next to abstraction we can list the do-
main of “generalization” because Zadeh wrote in a “memo-
randum” one month earlier that these “two basic operations:
abstraction and generalization appear under various guises
in most of the schemes employed for classifying patterns into
a finite number of categories.’ﬂ He completed his argument
as follows: “Although abstraction and generalization can be
defined in terms of operations on sets of patterns, a more
natural as well as more general framework for dealing with
these concepts can be constructed around the notion of a
“fuzzy” set — a notion which extends the concept of member-
ship in a set to situations in which there are many, possibly
a continuum of, grades of membership.’ﬂ In a later article,
he wrote that these “fuzzy sets”, as he named these “classes”,
“do not constitute classes or sets in the usual mathematical
sense of these terms”[[%]

In that paper, Zadeh presented the framework for the the-
ory of fuzzy sets. He defined fuzzy sets, empty fuzzy sets,
equal fuzzy sets, the complement and the containment of a
fuzzy set. He also defined the union and intersection of fuzzy
sets as the fuzzy sets that have membership functions that
are the maximum or minimum, resp., of their membership
values. He gave a historically interesting interpretation of
the union and intersection of fuzzy sets that makes explicit
that his concept of fuzzy sets arose from the conventional
synthesis techniques for switching circuits as a “network of
sieves S;(x),... ,Sn(x)“H He proved that the distributivity
laws and De Morgan’s laws are valid for fuzzy sets with these
definitions of union and intersection. In addition, he defined
other ways of forming combinations of fuzzy sets and relat-
ing them to one another, such as, the algebraic sum, the ab-
solute difference and the convex combination of fuzzy sets. Af-
ter a discussion of two definitions of convexity for fuzzy sets
and the definition of bounded fuzzy sets, he defined strictly
and strongly convex fuzzy sets. Finally, he proved the separa-
tion theorem for bounded convex fuzzy sets, which was rele-
vant to the solution of the problem of pattern discrimination
and classification that he perhapﬂ presented in the previ-
ous summer when he was invited to talk on pattern recog-
nition in the Wright—Patterson Air Force Base, Dayton, Ohio:
“For example, suppose that we are concerned with devising
a test for differentiating between handwritten letters O and
D. One approach to this problem would be to give a set of
handwritten letters and indicate their grades of membership
in the fuzzy sets O and D. On performing abstraction on these
samples, one obtains the estimates fi,, and fij, of u, and up,
respectively. Then given a letter x that is not one of the given
samples, one can calculate its grades of membership in O and
D, and, if O and D have no overlap, classify x in O or D.’E|

In this summer of 1964, Zadeh and his close friend at the

RAND Corporation Richard E. Bellman planned to do some
research together. Before that there was the trip to Dayton,
Ohio, but, at any rate, within a short space of time, he had
further developed his little theory of “gradual membership”
into an appropriately modified set theory: “Essentially the
whole thing, let’s walk this way, it didn’t take me more than
two, three, four weeks, it was not long.’ﬂ When he finally
met with Bellman in Santa Monica, he had already worked
out the entire theoretical basis for his theory of fuzzy sets:
“His immediate reaction was highly encouraging and he has
been my strong supporter and a source of inspiration ever
since.’

In 1943, Lotfi Aliaker Zadeh, already qualified as a Bache-
lor of Electrical Engineering, boarded a ship bound for Cairo,
Egypt, where he had to wait some months for the neces-
sary documents to emigrate to the United States of America.
He was born in 1921 in Baku, the capital of Azerbaijan, as
the son of Rasim Aleasgarzadeh, an Azerbaijani with Iranian
roots, who worked as a foreign correspondent in Iran, and
Fanya Korenmann, a Russian paediatrician born in Odessa.
The family chose to move back to Tehran in 1931 due to
Stalin’s harsh immigration policies.

Lotfi A. Zadeh, 18 years old in his room, Photo credit: Fuzzy
Archive Rudolf Seising.

Until 1939 Lotfi Zadeh continued his education at a pri-
vate Presbyterian missionary school run by the USA. He stud-
ied electrical engineering at the University of Tehran, and
the University awarded him the BSc. degree in 1942. The
following year, he emigrated to the USA. For some time, he
worked for the International Electronic Laboratories in New

7Zadeh LA, Fuzzy sets, Information and Control, 8(3), June 1965, 338-353:338.
8Bellman R, Kalaba R, Zadeh LA, Abstraction and Pattern Classification, Memorandum RM-4307-PR, United States Air Force Project Rand, The Rand

Corporation, Santa Monica, California, October 1964, 1.

9Bellman R, Kalaba R, Zadeh LA, Abstraction and Pattern Classification, 1.

107adeh LA, Fuzzy sets, Information and Control, 8(3), June 1965, 338-353:338.

117adeh LA, Fuzzy sets, 343

2Neither a manuscript nor any other sources exist. Zadeh did not want to either confirm or rule out this detail in my interviews in 1999, 2001 and 2002
13Bellman R, Kalaba R, Zadeh LA, Abstraction and Pattern Classification, 30.

147adeh LA in an Interview with the author on June 19, 2001, UC Berkeley, Soda Hall.

157Zadeh LA “Autobiographical Note 1” — undated two-page typewritten manuscript, written after 1978.
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York. In 1944, he went to Boston to continue his studies at
the Massachusetts Institute of Technology (MIT). Amongst
others, he attended the lectures of Norbert Wiener (1894-
1964) and Ernst A. Guillemin (1898-1970). Two years later,
in 1946, Zadeh had earned a Masters of Science degree. His
thesis was “An Investigation of Current Distribution and Radi-
ation Field of a Solenoidal Antenna”, which he began writing
under the supervision of Robert Fano (1917-2016) but fin-
ished with Parry Hiram Moon (1898-1988). He had planned
to study for his doctorate at MIT, but because his parents
had also immigrated to New York in 1945, he changed to the
Columbia University in New York. He acquired a position
as an instructor in the Department of Electrical Engineering
and was responsible for teaching the theories of circuits and
electromagnetism. He was awarded a PhD for his thesis “Fre-
quency Analysis of Variable Networks”ﬁ In 1950, he was
appointed assistant professor. He was extremely excited by
Wiener’s cyberneticsEl, and he became interested in the the-
ory of ideal and optimal filtering. Together with his super-
visor John Ralph Ragazzini (1912-1988) he published some
joint research worlﬂ One of their papers led to the widely-
used method of Z-transformatiorﬂ and another paper “An
Extension of Wiener’s Theory of Prediction’m resulting from
project work he had published on his own, was an important
milestone in the development of network synthesis.

Lotfi A. Zadeh, undated photo, around 1950, Photo credit:
Fuzzy Archive Rudolf Seising.

In 1949, when he received his PhD, he turned his atten-
tion to other problems. In addition to Wiener’s lectures on
cybernetics, Zadeh had also attended a lecture by Claude E.
Shannon in New York in 1946, two years before Shannon’s
Mathematical Theory of Communication appeareﬂ The
new era of digital computers had started in World War II with
the ENIAC (Electronic Numerical Integrator And Computer,

dedicated on 15th February 1946), and it continued after the
War with the EDVAC (Electronic Discrete Variable Computer,
delivered 1949). Both computers were designed by John P
Eckert and John W. Mauchly, and in 1950 Zadeh wrote an ar-
ticle entitled “Thinking Machines — A New Field in Electrical
Engineering” for the Columbia Engineering Quarterlyifl

4 THINKING MACHINES
) A\ ‘New Fiakd i
Elcetrical Ensineering

TH L A 2alies
FLITTTHE L Fe IMELTIRSE: BEFE

System "T'heory

L. A. Zadeh

Ausriae Projiuer
Elsstruad ol

Zadeh’s two Articles’ headlines in the Columbia Engineering
Quarterly in the 1950s. Photo credit: Fuzzy Archive Rudolf
Seising.

In the same year Alan M. Turing published his famous
Mind-article “Computing Machinery and Intelligence”, in
which he proposed the “Imitation game”, later named “Tur-
ing Test.’El Unaware of Turing’s article in that philosophi-
cal journal, Zadeh was interested in “the principles and or-
ganization of machines which behave like a human brain.”
Such machines were then variously referred to as “thinking
machines”, “electronic brains”, “thinking robots”, and similar
names. He mentioned that the “same names are frequently
ascribed to devices which are not «thinking machines» in the
sense used in this article”; he therefore made the follow-
ing distinction: “The distinguishing characteristic of think-
ing machines is the ability to make logical decisions and to
follow these, if necessary, by executive action.’ﬂ

Before the advent of the era of digital computers that was
the beginning of today’s digitization, there was a period in
the 1950s, in which electrical engineering was dominated
by a rising discipline called system theory. Zadeh’s research
was also concerned with system theory, which was devoted
“to the study of systems per se, regardless of their physical
structure”. His first article on this subject, published in 1954
again in the Columbia Engineering Quarterly, was headlined

167adeh LA, Frequency Analysis of Variable networks, Proceedings of the IRE, 38, March 1950, 291-198
7Wiener N, Cybernetics or Control and Communications in the Animal and the Machine, Cambridge, Massachusetts: MIT Press, 1948.
18Ragazzini, JR, Zadeh LA, Probability criterion for the design of servomechanisms, Journal of Applied Physics, 20, 1949,141-144; — A wide band audio

phasemeter, Review of Scientific Instruments, 21(2), 1950, 145-148.

9Ragazzini, JR, Zadeh LA, The analysis of sampled-data systems, Applications and Industry (AIEE) 1, 1952, 224-234.
207adeh LA, An Extension of Wiener’s Theory of Prediction, Research and Development Report 4AS$ SPD 243, The M W Kellogg Company, Special Projects
Department, Jersey City, New Jersey, August 1, 1949; Zadeh LA, Ragazzini JR, An Extension of Wiener’s Theory of Prediction, Journal of Applied Physics,

21, 1950, S. 645-655.

21shannon CE, The Mathematical Theory of Communication, Bell System Technical Journal 27(3 & 4) 1948, 379-423 & 623-656.
227adeh LA, Thinking Machines — A New Field in Electrical Engineering, Columbia Engineering Quarterly, Jan. 1950, 12-13, 30-31.
23Turing AM, Computing Machinery and Intelligence, Mind, LIX (236), October 1950, 433-460: 433.

24Zadeh LA, Thinking Machines, 12
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“System Theory”. The illustration of the headline character-
ized systems as “black boxes” with inputs and outputs, and
the dynamic behaviour of the system can be studied mathe-
matically as the system4AZs input-output-relationship if the
inputs and outputs are describable as time dependent func-
tions

Eight years later, in May 1962, Zadeh contributed the pa-
per “From Circuit Theory to System Theory” to the anniver-
sary edition of the Proceedings of the IRE to mark the 50th
anniversary of the Institute of Radio Engineers (IRE). In it
we find the following famous paragraph that motivated his
later creation of fuzzy set theory: “In fact, there is a fairly
wide gap between what might be regarded as «animate» sys-
tem theorists and «inanimate» system theorists at the present
time, and it is not at all certain that this gap will be nar-
rowed, much less closed, in the near future. There are some
who feel that this gap reflects the fundamental inadequacy
of the conventional mathematics — the mathematics of pre-
cisely defined points, functions, sets, probability measures,
etc.— for coping with the analysis of biological systems, and
that to deal effectively with such systems, which are gener-
ally orders of magnitude more complex than man-made sys-
tems, we need a radically different kind of mathematics, the
mathematics of fuzzy or cloudy quantities which are not de-
scribable in terms of probability distributions.’ About two
or three years later, he tried to bridge this gap by introducing
the new mathematical theory of fuzzy sets.

In 1959 he had changed from Columbia University to the
University of California, Berkeley, where he became profes-
sor in the Department of Electrical Engineering. With two
colleagues, he published two well-known books: Linear Sys-
tem Theory together with Charles A. Desoer (1926-2010) in
1963@ and System Theory with Elijah Polak (born 1931)@
His own contribution in the latter book was “The Concept
of State in System Theory”FE] This general notion of state
was the “new view” on system theory that Zadeh also pre-
sented in April 1963 during the Second Systems Symposium
at the Case Institute of Technology in Cleveland, Ohio. In
1965 he offered the electrical engineering community a fur-
ther “new view” on system theory. Within the theory of fuzzy
sets, he was able to start establishing a theory of fuzzy sys-
tems: Given a system S with input u(t), output y(t) and
state x(t), it is a fuzzy system if input or output or state or
any combination of them includes fuzzy sets, and, in Zadeh’s
view, only fuzzy systems are can adequately cope with com-
plex man-made systems and living systems.

In 1963 he had become Chairman of the Department of
Electrical Engineering (EE) at Berkeley, and he recalled these

years as follows: “System theory became grown up but then
computers came along, and computers then took over. In
other words, the center of attention shifted. [...] So, be-
fore that, there were some universities that started depart-
ments of system sciences, departments of system engineer-
ing, something like that, but then they all went down. They
all went down because computer science took over.’P)]

During Zadeh’s chairmanship, the Department was re-
named to Department of Electrical Engineering and Com-
puter Science (EECS) “There wasn’t much activity in the
computer field at that time, but there was significant”, he
recalled many years later, “there was a Computer Center in
Cory Hall that was run by the EE Department. The principal
and only figures in computer science and engineering in EE
at that time were Paul Morton and Harry Huskey. They can
be rightly regarded as the progenitors of computer science
and engineering at Berkeley. [...] When I was appointed as
Chairman in 1963, I was not a computer person and I am not
a computer user to this day, I regret to say. But I was always
a very strong believer in the importance of computers and
digital technology. My first action as Chairman was to send
a memo to the faculty in which I suggested that we assign
the highest priority to the development of computer science
in EE. But what is obvious today was not so obvious then.
The reaction to my memo was mixed and some influential
faculty members objected strongly to my proposal.’ How-
ever, finally Zadeh was successful in changing the name of
the Department to EECSF|

In an article, he presented the new EE curriculum at
Berkeley that “reflects the fact that, today (in the mid-1960s),
electrical engineering is no longer an aggregation of a small
number of subject areas sharing a large common body of con-
cepts and techniques —as it was in the thirties, forties, and to
a lesser extent, in the fifties. Rather, it is an assemblage of a
wide range of subjects, falling into three major areas which
have a relatively small common core. [...] If this premise is
accepted, then the only logical conclusion is that the student
must be provided with a choice of several basic programs,
which could permit him to focus his studies in one of the
major areas falling within or nearest to his main field of in-
terest.”?]

Zadeh was very engaged in the development of education
in the new discipline of computer science. He was respon-
sible for bringing about the “Berkeley solution”, which ulti-
mately led to the formation of a department for computer sci-
ence in the College of Letters and Science and a programme
in computer science in the College of Engineering within his
Department It was during this period that he submitted

257adeh LA, System Theory, Columbia Engineering Quarterly, Nov. 1954, 16-19, and 34
267adeh LA, From Circuit Theory to System Theory, Proceedings of the IRE, 50(5), 1962, 8564A$865

27Zadeh LA, Fuzzy Sets, Information and Control, 8, 1965, 338-353.

287adeh LA, Desoer ChA, Linear System Theory: The State Space Approach, New York; San Francisco, Toronto, London: McGraw-Hill Book Company

1963.

297adeh LA, Polak E (eds.), System Theory, Bombay and New Delhi: McGraw-Hill 1969.

30Zadeh LA, The Concept of State in System Theory, in: Zadeh LA, Polak E. (eds.), System Theory, Bombay and New Delhi: McGraw-Hill 1969, 9-42.

31Zadeh LA in an interview with the author on July 26, 2000, UC Berkeley, Soda Hall

32Zadeh LA in an interview with the author on July 26, 2000, UC Berkeley, Soda Hall.

337adeh LA, History of Computer Science at Berkeley, Manuscript from Nov. 1, 1992, Fuzzy Archive Rudolf Seising, p. 2.

34For more details in the change of the department’s name, see: Seising R, When Computer Science emerged and Fuzzy Sets appeared. The Contributions
of Lotfi A. Zadeh and Other Pioneers, IEEE Systems, Man, and Cybernetics Magazine, July 2015

35Zadeh LA, Electrical Engineering at the Crossroads, 31.

36For more details on these aspects see: R. Seising, When Computer Science emerged and Fuzzy Sets appeared. The Contributions of Lotfi A. Zadeh and

Other Pioneers, IEEE Systems, Man, and Cybernetics Magazine, 4, 2016.
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his seminal paper “Fuzzy Sets” to the journal Information
and Controﬂ and in the following paragraphs we will see
how Zadeh’s reflections on and activities in the scientific dis-
cipline of computer science and his theory of fuzzy sets were
interlinked.

Lotfi A. Zadeh as a young professor, around 1960. Photo
credit: Fuzzy Archive Rudolf Seising .

In 1968, he gave a talk on “Education in Computer Sci-
ence” at Israel’s 4th National Conference on Data Processing
that took place in the Hebrew University, Jerusalem. Ini-
tially, he claimed that computer science is “a collection of
concepts and techniques which serve to systematize the em-
ployment of the means with which modern technology pro-
vides us for purposes of stage, representation and processing
of information.’@ He affirmed that “computer science cuts
across the boundaries of many established fields. It is glam-
orous; it draws a large number of students — many of them
from other departments; it is hitched to the bandwagon of
computers and the information revolution.’ﬂ In this paper
he emphasized “the main premise of Berkeley’s «solution»
[...] that computer science is not a homogeneous and uni-
fied field —at least not at this time- and that, in paraphrased
words of Professor A. Oettinger of Harvard, “it has some com-
ponents which are the purest of mathematics and some that
are the dirtiest of engineering.” This split personality of com-
puter science makes it very difficult to create a single aca-
demic unit within the university structure where mathemat-
ically oriented automata theorists, formal language experts,
numerical analysts and logicians could establish a comfort-
able modus vivendi with non-mathematical oriented hard-
ware designers, systems programmers and computer archi-
tects. [...] In essence, the Berkeley “solution” provides a
partial answer to the dilemma by dividing computer science
not into two non-overlapping parts but into two overlapping

87L. A. Zadeh, Fuzzy Sets, Information and Control, 8, 1965, pp. 338-353.

parts which differ from one another mainly in the degrees of
emphasis each places on various subject areas.’ﬂ

In another article, “Computer Science as a Discipline”,
which appeared in the same month, he brought into fo-
cus that CS “cuts across the boundaries of many established
fields” and that the parts of CS differ from one another “in
degrees of emphasis”. Here he linked his reflection on CS ed-
ucation with fuzzy sets: “Specifically, let us regard computer
science as a name for a fuzzy set of subjects and attempt to
concretize its meaning by associating with various subjects
their respective degrees of containment (ranging from 0 to
1) in the fuzzy set of computer science. For example, a sub-
ject such as «programming languages» which plays a central
role in computer science will have a degree of containment
equal to unity. On the other hand, a peripheral subject such
as «mathematical logic» will have a degree of containment

of, say, 0.6.]

TABLE 1
Containment Table for Compuler Science

Depree of
Containment
i Commpurer

Sulbyject Scicnoe

Frogramming languages
Computer design and arganizion

[Data slructures

Madels of computation

Operating svslems

Programming systems

Formal langupzes and granmimirs
Computational linguistics

Automzta theory

Finite-slale sysiems

Theory of alaorithms

Discrete mathematics

Mlathematical logic

Combinatorics and eraph theory
Dyniamic programming

Mathernatical programning

TNumerical methods

Switching theory

Analog and hybrid computers
Computer graphics

Digial devices and circuits

Artifcial inteiligenee and henristic programning
Inforination rerrieval

Information theory and coding

Patiern recognition and bearning syapems

e e o T e e e e e e e e L
ey R Bt R B Bl e R B R = e R

Elements of the fuzzy set “computer science” and their grades
of membership. Photo credit: Fuzzy Archive Rudolf Seising.

Soft Computing

Under the heading “Containment Table for Computer Sci-
ence”, he arranged the most relevant “subjects in question
and their degrees of containment in computer science”. He
explained: “Clearly, such numerical values of degrees of

387adeh LA, Education in Computer Science, Proceedings of the National Conference on Data Processing, Jerusalem, Information Processing Association

of Israel, 1968, E157-E167:E157.
39Zadeh LA, Education in Computer Science, E158.

40Zadeh LA, Education in Computer Science, E164f. Citation of Oettinger in: Oettinger AG, The Harvard-Software-Complementarity, Communications

of the ACM, vol. 10, October 1967, pp. 604-606.

“1Zadeh LA, Computer Science as a Discipline, Journal of Engineering Education, 58(8), 1968, 913-916: 913.

42Zadeh LA, Computer Science as a Discipline, 913.



Mathware & Soft Computing Magazine. Vol. 24 n. 2

11 /[89]

containment represent merely this writer’s subjective assess-
ment, expressed in quantitative terms, of the current consen-
sus regarding the degrees of inclusion of various subjects in
computer science.’FE] He also emphasized “that a high de-
gree of containment of a particular subject in computer sci-
ence does not imply that it cannot have a similar high or even
higher grade of containment in some other field. For example
«automata theory» has the degree of containment of 0.8 in
computer science; it also has the same, or nearly the same,
degree of containment in system theory. Also, the subjects
listed in the table may have substantial overlaps with one
another. This is true, for example, of «automata theory» and
«finite state systems».’{"|

In 1969, Zadeh proposed his new theory of fuzzy sets to
biologists: “The great complexity of biological systems may
well prove to be an insuperable block to the achievement of
a significant measure of success in the application of conven-
tional mathematical techniques to the analysis of systems.
... By «conventional mathematical techniques» in this state-
ment, we mean mathematical approaches for which we ex-
pect precise answers to well-chosen precise questions con-
cerning a biological system that has a high degree of rele-
vance to its observed behaviour. Indeed, the complexity of
biological systems may force us to alter in radical ways our
traditional approaches to the analysis of such systems. Thus,
we may have to accept as unavoidable a substantial degree
of fuzziness in the description of the behaviour of biological
systems as well as in their characterization.’@

We find great complexity not only in biological systems
but also in the social sciences and humanities. At the end of
the 1960s and for a greater audience two years later, Zadeh
wrote more generally: “What we still lack, and lack rather
acutely, are methods for dealing with systems which are too
complex or too ill-defined to admit of precise analysis. Such
systems pervade life sciences, social sciences, philosophy,
economics, psychology and many other ’soft’ ﬁelds.’ﬁ] When
asked in an interview in 1994, “how did you think fuzzy logic
would be used at first?”, he answered, “I expected people in
the social sciences, economics, psychology, philosophy, lin-
guistics, politics, sociology, religion and numerous other ar-
eas to pick up on it. It’s been somewhat of a mystery to me
why even to this day, so few social scientists have discovered
how useful it could be. Instead, fuzzy logic was first em-
braced by engineers and used in industrial process controls
and in ’smart’ consumer products such as hand-held cam-
corders that cancel out jittering and microwaves that cook
your food perfectly at the touch of a single button. I didn’t
expect it to play out this way back in 1965.’

Lotfi Zadeh was inspired by the “remarkable human ca-
pability to perform a wide variety of physical and mental
tasks without any measurements and any computations”, e.g.
parking a car, playing golf, deciphering sloppy handwriting,

43Zadeh LA, Computer Science as a Discipline, 914.

and summarizing a story. He distinguished between me-
chanical (or inanimate or man-made) systems, on the one
hand, and humanistic systems, on the other hand, and he saw
the following state of the art in computer technology: “Un-
questionably, computers have proved to be highly effective
in dealing with mechanistic systems, that is, with inanimate
systems whose behavior is governed by the laws of mechan-
ics, physics, chemistry and electromagnetism. Unfortunately,
the same cannot be said about humanistic systems, which
4AS so far at least 4AS have proved to be rather impervi-
ous to mathematical analysis and computer simulation.” He
defined a “humanistic system’ to be “a system whose be-
haviour is strongly influenced by human judgment, percep-
tion or emotions. Examples of humanistic systems are: eco-
nomic systems, political systems, legal systems, educational
systems, etc. A single individual and his thought processes
may also be viewed as a humanistic system.” Zadeh sum-
marized “that the use of computers has not shed much light
on the basic issues arising in philosophy, literature, law, pol-
itics, sociology and other human oriented fields. Nor have
computers added significantly to our understanding of hu-
man thought processes - excepting, perhaps, some examples
to the contrary that can be drawn from artificial intelligence
and related fields. ]

In 1978, when the first issue of the International Journal
of Fuzzy Sets and Systems was launched, he wrote in the ed-
itorial that “it has become increasingly clear [that] classical
mathematics — based as it is on set theory and two-valued
logic — is much too restrictive and much too rigid to serve
as an effective tool for the understanding of the behavior of
humanistic systems, that is, systems in which human judge-
ment, perceptions and emotions play an important role.’@

After 17 years of a very successful circulation of this jour-
nal, Hans Jiirgen Zimmermann, who was still Editor in Chief
at the time, foresaw in an editorial that the development of
hybrid systems which combined fuzzy sets with neurocom-
puting, evolutionary computing, probabilistic computing and
other methodologies would continue in the future. Conse-
quently, he deliberated over a suitable name for the common
field of research, which could then also become the subtitle
of Fuzzy Sets and Systems: “Soft computing, biological com-
puting and computational intelligence have been suggested
so far.” These terms were attractive in different ways and
varied with respect to their expressive power. Zimmermann
suggested calling the field — and thus also the new subtitle
of the journal — “soft computing and intelligence” since the
other concepts seemed to place too much emphasis on “com-
puting”, “which is certainly not appropriate at least for cer-
tain areas of fuzzy set theory” The name “soft computing
and intelligence” is more appropriate than “artificial intel-
ligence,” but both have in common the word “intelligence,”
which Zimmermann found defined in a dictionary as follows:

44Zadeh LA, Biological Application of the Theory of Fuzzy Sets and Systems, in: Proctor LD (ed.), Proceedings of the International Symposium on
Biocybernetics of the Central Nervous System, 1994A$206. Little, Brown and Comp., London (1969).
45Zadeh LA, Towards a theory of fuzzy systems, in: Kalman RE, DeClaris N (eds.), Aspects of Network and System Theory, 4694A$490. Holt, Rinehart

and Winston, New York 1971.

46Blair B, Lotfi Zadeh, creator of fuzzy logic, Interview by Betty Blair, Azerbaijada International 2(4), 1994

47zadeh LA, The concept of a linguistic variable and its application to approximate reasoningaATI, Information Sciences, 8, 1975, 199-249: 200

48Zadeh LA, The concept of a linguistic variable and its application to approximate reasoning, 200

49Zadeh LA, An Editorial Perspective, International Journal for Fuzzy Sets and Systems, 1(1), 1978, 1; founding co-editors of the then new journal were
C. V. Negoita and H.-J. Zimmermann. Zadeh formulated the draft that has not been changed.
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“Capacity for reasoning, understanding and for similar forms
of mental activity.” This was exactly what the editors of this
journal had considered to be central to fuzzy set theory in the
first issue["| Thus, since the first issue of 1995 Fuzzy Sets and
Systems has appeared with the subtitle International Journal
for Soft Computing and Intelligence.

Lotfi Zadeh moderating an annual Al debate at UC Berkeley in
the 1980s; fltr. John McCarthy, Lotfi A. Zadeh, Hubert Dreyfus.
Photo credit: Fuzzy Archive Rudolf Seising.

“The concept of soft computing crystallized in my mind
during the waning months of 1990”,E| wrote Lotfi Zadeh in
a retrospective foreword to the journal Applied Soft Comput-
ing founded in 1990. In 1994 in Barcelona at the Universitat
Politécnica de Catalunya the journal Mathware & Soft Comput-
ing was launched. Founding editor-in-chief, Joan Jacas wrote
in his editorial that “we have witnessed the growth and ex-
pansion of a wide type of computing techniques in fields like
Logic, Approximate Reasoning, Applied Functional Equa-
tions, Possibility Theory, etc. that are included in the term in-
troduced by Prof. L. A. Zadeh as Soft Computing. Therefore,
it is time to open a new forum where relevant theoretical con-
tributions to the fields mentioned could be presented. In this
sense, Mathware and Soft Computing will basically include
theoretical contributions that use mathematical tools and
models that could be relevant in applications for Cognitive
Sciences, pure or applied Logic and Artificial Intelligence.’ﬂ
For the first issue there was already financial support given
by the Spanish Association for Logic and Fuzzy Technologies

50Zimmermann H.-J, Editorial, Fuzzy Sets and Systems, 69(1), 1995, 1-2.
517adeh LA, Foreword. Applied Soft Computing, 1(1), June 2001, pp. 1-2.

52Jacaa J, Editorial, Mathware & Soft Computing, 1(1), 1994.

(FLAT), which later became the European Society for Fuzzy
Logic and Technology (EUSFLAT), and, from 1998 to 2010,
it was the official journal of EUSFLATEl Since 2011 the In-
ternational Journal of Computational Intelligence Systems be-
came the official EUSFLAT-journal, whereas Mathware & Soft
Computing moved to be the Magazine of EUSFLAT.

: Lotfi Zadeh with the Scientific Committee of the ECSC on
April 27, 2006; fltr: Henri Prade, Enric Trillas, Lotfi A. Zadeh,
Rudolf Kruse, Janusz Kacprzyk, Abe Mamdani, Luis
Magdalena, Crister Carlson, and Maria Angeles Gil, Photo
credit: Fuzzy Archive Rudolf Seising.

A decade earlier, in 2001, the Berkeley Initiative in Soft
Computing (BISC) had already been launched, and, five
years on, the Foundation for the Advancement of Soft Comput-
ing started the European Centre for Soft Computing (ECSC) in
Mieres, Asturias, Spain.

On 19th May 2009, Zadeh repeated his former sugges-
tion made eight years earlier in the ForewordEl already cited
above, to incorporate the research field of Soft Computing
to the BISC mailing list: “As we move further into the age
of intelligent systems, the problems that we are faced with
become more complex and harder to solve. To address the
problems, we have an array of methodologies — principally
fuzzy logic, neurocomputing, evolutionary computing and
probabilistic computing. In large measure, the methodolo-
gies are complementary; and yet, there is an element of com-
petition among them. In this setting, what makes sense is
the formation of a coalition. It is this perception that mo-
tivated the genesis of soft computing — a coalition of fuzzy
logic, neurocomputing, evolutionary computing, probabilis-
tic computing and other methodologies.’ﬂ

Today, soft computing is almost equivalent to computa-
tional intelligence, a label that was first used in 1985 by a
Canadian journal The founding editorial board chose this
name “to reflect the fact that Al is distinct from other studies
of intelligence in its emphasis on computational models”, as
the editors recalled about 10 years later, and they continued:
“The name was also short enough to be catchy but general

53The predesessor of EUSFLAT was the National Spanish Fuzzy Logic Society with the national congresses ESTYLF (Espafiol sobre Tecnologias y Légica
Fuzzy). To open the society to members from other European countries in 1998 it became EUSFLAT.

54Zadeh LA, Foreword, Applied Soft Computing 1(1), June 2001, 1-2.

55As the “backdrop” for his suggestion, Zadeh used almost the same words that he wrote in 2001 in Ref. 5.

56http://eu.wiley.com/WileyCDA/WileyTitle/productCd-COIN.html
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enough to reflect our purpose and attract submissions from
all areas of AL” |5_7| The word “computational” should refer
to subsymbolic problem representation, knowledge aggrega-
tion and information processing.
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Advertisement for McCorduckaAZs book, Photo credit: Fuzzy
Archive Rudolf Seising.

Computational intelligence (CI) became a collection of
methods, but in the meantime there have been attempts to
characterize this research area explicitly. Considering the
problems it is concerned with, the computer scientist Wtodz-
itaw Duch wrote in 2007: “CI studies problems for which
there are no effective algorithms, either because it is not pos-
sible to formulate them or because they are NP-hard and thus
not effective in real life applications!’lfl As opposed to ar-
tificial (or inanimate) systems, animate systems like living
brains are able to solve problems for which there are no ef-
fective computational algorithms: “extracting meaning from
perception, understanding language, solving ill-defined com-
putational vision problems thanks to evolutionary adaption
of the brain to the environment, survival in a hostile environ-
ment.’FY

Another view on CI arrives at a different relationship
between AI and CI; this view emerged from James C.

BezdekaAZs reflections in “On the Relationship between
Neural Networks, Pattern Recognition and Intelligence”,
1992@ that led him to a first definition of CI. “A system is
computationally intelligent when it: deals with only numer-
ical (low-level) data, has pattern recognition components,
does not use knowledge in the AI sense; and additionally
when it (begins to) exhibit 1) computational adaptivity, 2)
computational fault tolerance, 3) speed approaching human-
like turnaround and 4) error rates that approximate human
performance.” El

The photographer Lotfi Zadeh, Photo credit: Fuzzy Archive
Rudolf Seising.

Since his introduction of fuzzy sets, Lotfi Zadeh has often
compared the strategies of problem solving by computers, on
the one hand, and by humans, on the other hand. In a con-
ference paper in 1969, he called it a paradox that the human
brain is always solving problems by manipulating “fuzzy con-
cepts” and “multidimensional fuzzy sensory inputs”, whereas
“the computing power of the most powerful, the most sophis-
ticated digital computer in existence” is not able to do this.
Therefore, he stated, “in many instances, the solution to a
problem need not be exact”, so that a considerable measure
of fuzziness in its formulation and results may be tolerable.
The human brain is designed to take advantage of this tol-

57Cercone N, McCalla G: Ten Years of Computational Intelligence, Computational Intelligence, 10(4), 1994, 1.

58puch W, What is Computational Intelligence
59Duch W, What is Computational Intelligence

60Bezdek JC, On the Relationship between Neural Networks, Pattern Recognition and Intelligence, International Journal of Approximate Reasoning, 6,

1992, 85-107.

61Bezdek JC, What is Computational intelligence? In: Zurada JM, Marks II RJ, Robinson ChJ, Computational Intelligence Imitating Life, IEEE Press,

1994, 1-12.
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erance for imprecision whereas a digital computer, with its
need for precise data and instructions, is not.”**| He contin-
ued: ‘Although present-day computers are not designed to
accept fuzzy data or execute fuzzy instructions, they can be
programmed to do so indirectly by treating a fuzzy set as a
data-type which can be encoded as an array [. . .]. Granted
that this is not a fully satisfactory approach to the endow-
ment of a computer with an ability to manipulate fuzzy con-
cepts, it is at least a step in the direction of enhancing the
ability of machines to emulate human thought processes. Itis
quite possible, however, that truly significant advances in ar-
tificial intelligence will have to await the development of ma-
chines that can reason in fuzzy and non-quantitative terms
in much the same manner as a human being.’

In 1979, after a whole slew of interviews and conver-
sations with many researchers in the field of AI, Marvin
Minsky, Herbert Simon and Alan Newell and Lotfi Zadeh
included, Pamela McCurdock published her book Machines
Who Think During one of these meetings Lotfi Zadeh, who
was a very good amateur photographer, took a portrait pic-
ture of McCorduck that was later placed in an advertisement
for the book.

CREATING. ..., . |
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New York Times Magazine (December 7, 1980), frontpage with
the portrait of Marvin Minsky, Photo credit: Fuzzy Archive
Rudolf Seising.

At the end of the next year, Marvin Minsky4AZs portrait

appeared on the frontpage of the New York Times Magazine
and the headline next to him was “Creating Computers To
Think Like Humans” %]

To affiliate his own thoughts to this area of research,
Lotfi Zadeh then wrote the article “Making Computers Think
like People”, which was printed in 1984@ In his view,
computers—“thinking machines”-do not think like humans.
For this purpose, the machine’s ability “to compute with num-
bers” should be supplemented by an additional ability that is
similar to human thinking: computing with words and per-
ceptions.
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Lotfi Zadeh’s article “Making computers think like people”
(1984), Photo credit: Fuzzy Archive Rudolf Seising.

In the 1990s, he sketched new theories to achieve this
goal. Based on the methodology of fuzzy logic and as its
“main contribution” he outlined a scheme for “Computing
with Words” (CW) instead of exact computing with num-
bers Based on the methodology of CW, he delineated
a “Computational Theory of Perceptions” (CTP) in which
“words play the role of labels of perceptions and, more gen-
erally, perceptions are expressed as propositions in natural
language.”|>°| With these approaches he intended to estab-
lish a new dimension of research in artificial intelligence.

627adeh LA, Fuzzy Languages and their Relation to Human and Machine Intelligence, in: Marois M (ed.), Man and Computer, Proceedings of the

International Conference, Bordeaux June 22-26, 1970, 132.

63zadeh LA, Fuzzy Languages and their Relation to Human and Machine Intelligence, 132.
64McCurdock B Machines Who Think. A Personal Inquiry into the History and Prospects of Artificial Intelligence, Natick, Mass: Peters, 1979. The book

appeared in 2004 in a new 25th anniversary edition.

65Stockton W, Creating Computers to Think, New York Times Magazine, December 7, 1980, 41.
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His thesis was “that progress has been, and continues to be,
slow in those areas where a methodology is needed in which
the objects of computation are perceptions — perceptions of
time, distance, form, direction, color, shape, truth, likeli-
hood, intend, and other attributes of physical and mental
objects.” The creation of a “perception-based system mod-
elling”, where the input, the output and the states are as-
sumed to be perceptions was Zadeh’s third “new view” on
system theoryiafl He received an opportunity to propose these
considerations concerning “A New Direction in AI” to the Al
community, when his article appeared in the spring issue of
Al Magazine 2001@

In 2011, the new series of World Conferences on Soft
Computing started with the conference at the San Francisco
State University from 23rd to 26th May. This conference cel-
ebrated Lotfi Zadeh’s 90th birthday, and the Ministry of Com-
munications and Information Technologies of the Republic of
Azerbaijan honoured it with its support. After Zadeh’s ple-
nary taller_rl the second plenary speech was given by Ali M.
Abbasov, the Minister of Communications and Information
Technologieslzl Lotfi Zadeh felt very honoured, and since its
presentation by the President of Azerbaijan (see figure), he
used to wear the High State Award “Friendship Order”. In
2012, he was honoured with the fifth edition of the BBVA
Foundation Frontiers of Knowledge Award in the Informa-
tion and Communication Technologies (ICT) category “for
the invention and development of fuzzy sets and fuzzy logic,
a revolutionary concept and methodology that created a new
field of research, which proved powerful in many application
domains.’El This “revolutionary” breakthrough, according to
the jury in its citation, “has enabled machines to work with
imprecise concepts, in the same way humans do, and thus
secured results that are more efficiently aligned with reality.
In the last fifty years, this methodology has generated over
50,000 patents in Japan and the U.S. alone.’El

v by [ b i
B DS Feenm s fnidde

Zadeh giving his speech after receiving the BBVA Award 2012
in Madrid, Spain, Photo credit: Fuzzy Archive Rudolf Seising.

To celebrate his 95th birthday and the 50th anniversary
of his introduction of fuzzy sets, the University of Tehran and
the Iranian Association for Fuzzy Systems organized a “glori-
fication ceremony” to honour his scientific achievements on
8th March 2016 in a congress at Shahid Chamran Hall. On
the campus and in the museum, two busts were revealed
and in the next month, April 2016, Azerbaijan’s National
Academy of Sciences awarded him the Nizami Ganjavi Gold
Medal of Azerbaijan.

One of the busts of Lotfi Zadeh in Tehran, Iran, Photo credit:
Fuzzy Archive Rudolf Seising.

On 9th August 2017, the mass media informed us of
the worsening state of Lotfi Zadeh’s health. In an exclusive
statement with AzVision, his son, Norm (originally Norman)
Zada, was quoted with the sentence: “My father is pretty ill.
We are supposed to transport him to Azerbaijan when that
horrible day comes. He specifically asked me to have him
buried in Azerbaijan.’El Norman had signed a letter saying
that it was Lotfi Zadeh’s last will to be buried in Azerbai-
jan, which was delivered to Prof. Shahnaz Shahbazova of
the Azerbaijan Technical University. According to this letter
it was also his will that all his awards, orders, medals and
books be transferred to Professor Shakhbazova.

Perhaps it was this news that resulted in the erroneous
message on a website of the University of Tehran announc-
ing his death on 12th August already. The premature obitu-
ary was later withdrawn with apologies.

In the presence of the President of Azerbaijan, Ilham
Aliyev, Lotfi Zadeh was laid to rest on 29th September 2017
in Baku’s Alley of Honour. Most members of the fuzzy com-
munity living outside of Azerbaijan received the news of the
funeral after the event.
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In Memory of L.A. Zadeh

Enric Trillas

Zadeh, a great man

Professor Lotfi Aliasker Zadeh (Baku, 1921- Berkeley,
2017) is one of the biggest scientists in the second half of
the Twenty Century and, even more, he is among this epoch
more relevant creative minds. But, essentially, he was a great
and generous man whose intelligence, kind personality and
warm character attracted many people around the world to-
wards accepting his ideas on imprecision, not random uncer-
tainty and fuzzy sets, in both the directions of studying and
applying them to an automation close to the human mind.
The big amount of people that have been showing with sweet
words their deep sorry when he recently passed away, is a
good test of it.

Lotfi A. Zadeh was a warm person to whom a lot of peo-
ple, like myself, is indebted. In addition and due to his es-
pecially influential personality the worldwide community of
researchers and practitioners of fuzzy logic, inherited a sur-
prising friendly relationship among his members and organi-
zations.

Professor Zadeh did move between science and engineer-
ing, but I always did see him as a researcher in the field
of Technology; a word that, coming from the old Greek
“Tekhne”, and perhaps through the German “Technologie”,
was actually coined in the American English in the second
half of the XIX Century. It was when the name of the famous
MIT, the “Massachusetts Institute of Technology”, was given
to such establishment for showing the then already necessary
mixing of engineering with science and measuring; a word
without the difference, existing in other languages, with the
word “Technics”.

Zadeh is, in fact, an intellectual son of the marvelous
even if short period of time in which Cybernetics appeared
and disappeared since, due to its genetic creative potential
in association with automated computing, exploded in many
branches, and the digital computer began to spread all over
the world. I always did see Zadeh’s ideas placed in between
the analogical and the digital, and I doubt that the idea of a
fuzzy set could appear by the hands of an engineer after the
personal computer start its predominance. In fact, its imme-
diate predecessors, the 1951 Menger’s “hazy sets” and the
1963 Black’s “profile functions”, were introduced by, respec-
tively, a geometer and a philosopher that, contrarily to what
Zadeh did, just presented these concepts but neither contin-
ued them, nor studied their possible algebraic structure.

But the fact is that fuzzy sets appeared around 1965, in
the context of automation, and when computer mainframes
still were very big devices placed in a special room and enter-
ing into which was like entering into a Hospital; fuzzy sets,
at the end an analogical idea, appeared just a minute before
the digital epoch began. Beside the trials for constructing
“fuzzy computers” and, at least, “fuzzy chips”, fuzzy logic is

currently and computationally well enough managed by the
today powerful digital binary computers. Currently, fuzzy
logic is not yet challenging the computer’s hardware.

Zadeh was not a mere engineer, he was also a scientist al-
ways trying to translate his ideas into a mathematical formal-
ism, like it was done in Cybernetics by following its founder
Norbert Wiener; to see it, a glance at the today old book “Lin-
ear System Theory: The State Space Approach”, Zadeh co-
authored with Charles Desoer in 1963, suffices. Such book
was a well known textbook at its time; Zadeh was a reputed
professor and scientist before moving from Columbia Uni-
versity to Berkeley University, and before introducing fuzzy
sets.

Actually, from its very beginning fuzzy sets theory follows
the 1958 John von Neumann’s claim on the necessity of in-
troducing Mathematical Analysis in Logic, and towards not
only avoiding to be just forced considering “yes” and “not”
questions, but for widening the spectrum of problems to be
taken into account and like they are, for instance, those per-
meated by imprecision and that fuzzy sets allow to manage
pretty well. The theory of fuzzy sets opened the door to the
entrance of Mathematical Analysis into the study of reason-
ing.

Zadeh’s fuzzy sets

Professor Zadeh'’s starting point for the theory of fuzzy
sets was his clever observation that when trying to be abso-
lutely precise, only scarcely significant answers can be ob-
tained; meaning appeared from the very beginning in his
idea on what a fuzzy set is. Only posing problems in pre-
cise terms is not what people usually does, and hence the
scientific domestication of imprecision is basic to manage it
in favor of reaching, based on commonsense reasoning, use-
ful solutions approaching many real problems. The idea of
constructing machines thinking like people was constant in
Zadeh’s early thought.

Semantics is essential for capturing problems described
in natural language; a fuzzy set is but the name of a “linguis-
tic collective” in the universe of discourse (its linguistic label)
and is a cloudy entity when such name is an imprecise word,
but is a crisp subset just when it is precise and, hence, should
obey the Cantor-Zermelo’s axiom of specification. Member-
ship functions represent, at their turn, numerical states mea-
suring the meaning of the fuzzy set’s linguistic label, and the
same fuzzy set appears in several states depending on the
context and the purpose for the use of its linguistic label;
a membership function cannot be seen as the characteristic
function of a fuzzy set or linguistic label, like it happens with
the characteristic function of a crisp set that individuates it.

It should be added that if linguistic collectives or fuzzy
sets are cloudy entities, they are notwithstanding well an-
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chored in natural language; for example, everybody recog-
nizes what are the collectives of “young Londoners”, “tall
Berliners”, etc. Hence, a fuzzy set is but a purely linguistic
entity that can be contextually managed once a membership
function is fixed. Zadeh, contrarily to Menger and Black, pro-
vided membership functions with an initial algebraic struc-
ture translating the connectives “and”, “or”, and “not”, that
further on was extended by his followers. In this way, Zadeh
enlarged the possibility of representing linguistic statements
into mathematical formulas, something that George Boole
did start in 1848 for precise ones. Zadeh’s work meant a new
step, towards the very ambitious goal expressed by Wilhem
Leibniz by his famous “Calculemus!”, and even if he lacked
to consider that many laws in the mathematical models can’t
always be presumed in natural language and commonsense
reasoning.

Professor Zadeh felt, as it is typical of a creative mind,
such a passion for his newborn fuzzy sets that he did not only
introduce them and the first ideas on its algebraic structure,
but further developed its theory by introducing the main con-
cepts of fuzzy logic like they are, for instance, those of a Lin-
guistic Variable, and the “Compositional Rule of Fuzzy Infer-
ence” allowing to deduce an imprecise conclusion from a set
of imprecise premises and an also imprecise observation.

His new ideas first permitted to develop the so-called field
of “Approximate Reasoning”, and latter on a new field Zadeh
himself Christened by “Computing with Words and Percep-
tions” that, in my view, is the true future of fuzzy logic. Be-
fore others like Marvin Minsky, whose idea at the respect was
more restricted, Zadeh also introduced the idea, opposed
to the classical “Hard” Computing, of hybrid computer sys-
tems mixing fuzzy logic, neural nets, probabilistic comput-
ing, and evolutionary computing, the “Soft Computing”, for
sub-optimally affronting some problems that, permeated by
imprecision and not always random uncertainty, were not
possible to be well posed and solved. In addition, his 1978
paper on the theory of possibility and necessity, jointly with
the 1972 one on the probability of fuzzy events, opened the
door to study the uncertainty associated to imprecision that,
latter on, he extended with the idea of a fuzzy valued prob-
ability.

Each year and in the pursuit of his ideas, Zadeh travelled
around the world to sequentially attend a lot of conferences,
speak at many countries, help several iniciatives at different
places, always trying to advise the young researchers that ap-
proached him, and never refusing the controversy with oth-
ers. More than twenty Doctorates Honoris Causa by univer-
sities around the world, many Awards, Honors and Decora-
tions, surrounded the life of a true genius who, during his
large life, knew from the refusal of his theory to its theoret-
ical success, as well as the big number of commercially suc-
cessful industrial applications following from it. If only seen
from this point of view, Zadeh is a very singular researcher
in the full history of science and technology, who is in the
Hall of Fame in the Sillicon Valley. It should not be avoided
that his plea in favor of imprecision was coincidental with the
“Space Race” confronting the USA and the old USSR, a time
in which the need of precise computations seemed reinforce
precision as the big goal of science. Perhaps by this histori-
cal fact, in the USA were many scientists placing themselves
against Zadeh’s ideas.

Zadeh and Spain

I was personally acquainted with fuzzy sets in August,
1975 and by chance. In that troublesome time in Spain, I
often read French newspapers and in one of them I found an
interview with professor Arnauld Kaufmann, of whom I knew
a nice textbook, that revealed me his last book whose title
was “Ensembles flous”. It called my attention since know-
ing the 1951 paper in French “Ensembles flous et fonctions
aléatoires”, written by Karl Menger, I thought Kaufmann was
dealing with hazy sets. I bought such book and was a little
bit disappointed by the fact that fuzzy sets were no related at
all with the concept of probability; Menger’s hazy sets were
like a cloud of elements belonging, with a positive probabil-
ity, to a crisp set and, since I did my Ph.D thesis in a Depart-
ment of Statistics and, already full professor, was working in
Probabilistic and Generalized Metric Spaces, [ was unable to
imagine how fuzzy sets were out the domain of probability.
There is often some slavery coming from what we learnt!

Once I read the 1965 paper “Fuzzy Sets”, I understood
why Zadeh escapes in it from probability, jointly with the fact
that fuzzy sets are not related to something necessarily phys-
ical but are, essentially, linked to natural language and to
qualitative qualifications in commonsense reasoning. I dis-
covered the possibility of representing some aspects of lan-
guage by non-probabilistic entities related with the meaning
of words; I realized that not all in language has a random
character. All this interested me at the extreme of wishing to
do research in fuzzy sets theory; a wish I kept up to today,
and that moved me to correspond with Zadeh and, some time
later, with Aldo de Luca and Settimo Termini whose 1972
paper on the non- probabilistic concept of fuzzy entropy also
kept my interest.

Since I was organizing in Barcelona the “First World
Conference on Mathematics at the Service of Man” for the
Spring of 1977, I invited Zadeh to deliver a plenary lecture;
he accepted the invitation, travelled to Barcelona with his
wife Fay Zadeh, and it represented a nice opportunity to
know Professor Zadeh for the then few and young Spaniards
who were trying to do research in the then new fuzzy field.
The first group devoted to Fuzzy Logic was under me in
Barcelona, and it was soon followed by another in Granada
under Miguel Delgado; after 1983 it was an explosion of such
groups around Spain. Zadeh returned to Spain a lot of times
up to his last visit in 2014 for receiving the prestigious BBVA
Award in Computer Science; in between 1977 and 2014 he
was honored with doctorates Honoris Causa by the univer-
sities of Oviedo, Granada and Technical of Madrid. Zadeh
was essential for establishing in Spain the, today and unfor-
tunately disappeared, “European Centre for Soft Computing”
that lasted for ten years, and whose creation was, indeed, an
idea of his own. For me, the 1977 Conference meant the be-
ginning of a long-standing friendship with Zadeh with whom
I corresponded up to the Summer of this year, two months
before passing away. Zadeh left very good seeds in Spain
growing up to rent as income the Gospel’s “hundred per one”,
as it is shown by its worldaAZs place for scientific production
in Fuzzy Logic and Soft Computing. Certainly, Spain is in a
scientific and non reimbursable debt with Professor Zadeh.

Let me remember something that most members of
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Eusflat probably donaAZt know. This Magazine is the third
order derivation of the old journal “Stochastica” that, once
the editors decided to change its name to “Mathware”, pre-
ferred to previously ask Zadeh at the respect in a meeting
with him at a seminar. He suggested, even if the editors un-
derstood it as a command, to add “Soft Computing”, and the
new journal took the title “Mathware and Soft Computing”.
Finally, at the end of its “life”, such journal was transformed
in the current on-line magazine of the European Society for
Fuzzy Logic. Hence, also this Magazine and like many other
European iniciatives, is indebted with Zadeh.

No fuzzy researcher will never forget Zadeh4AZs sense of
friendship, his upmost degree of creativity, his warm attitude
towards young researchers, his generous advise and help for
any possible iniciative aiming at developing fuzzy logic, his
gentle social behavior, and his openness towards views dif-
ferent from his own. By my part, I will never forget the many
conversations we had on everything, as well as the good ad-
vise I received from him. Zadeh, for me an unforgettable
master, was a practitioner of what Einstein did express with
the words, “Creativity is contagious, pass it!”.
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RECOGNITION

In the memory of Lotfi Aliasker Zadeh

Martin Stépnitka

On September 6, 2017, a sad news about the decease
of prof. Lotfi Aliasker Zadeh ran around the world and we
all felt, that unlike the previous premature news, this is was
sadly right. That day, we have lost the founder of the Fuzzy
Set Theory, the “Father of Fuzzy Logic”, our teacher, our men-
tor, our colleague, our friend. We can recall all his fabulous
research contributions and his scientific excellence with all
the appropriate adverbs strongly stressing his significant su-
periority. And it would be very appropriate. Indeed, Lotfi
Zadeh was a man who influenced our lives probably more
than any other scientist. We owe him a lot and his memory
deserves our attention and our esteem. This common feel-
ing is strengthened by the uniqueness of the situation. As
Lotfi Zadeh was the founder, we have never had the situa-
tion without him, this is the first time, we are “alone”, the
evolvement of the fuzzy community could be split into the
phase with Lotfi Zadeh and after Lotfi Zadeh and the latter
one is just being opened.

Lotfi Zadeh and his colleagues, IFSA 1997, Prague. Photo
credit: Fuzzy Archive Rudolf Seising.

But we do not have to be sad, the legacy of Lotfi Zadeh is
still alive and due to his legacy, the number of researchers in
the field of modeling under uncertainty is now establishing
a strong community significantly contributing to the world
science, and that is, in my opinion, a reason to be grateful,
proud, and happy. We do not need to list all the fabulous
achievements and superiorities of Lotfi Zadeh and I person-
ally do not want to do so. Every single one of you would do it
better from your personal perspective and I am no intending
to intervene your personal silent memories. I want to add
only a small fragment of my memory to Lotfi Zadeh recalling
his non-scientific character.

Lotfi Zadeh and Irina Perfilieva, IFSA 1997, Prague. Photo
credit: Fuzzy Archive Rudolf Seising.

I have not spend as much time with Lotfi Zadeh as many
of you, my contact with him was limited to short meetings on
conferences and similar events and my first meeting with him
dates to 2004. It was in Dortmund, the conference was called
8th Fuzzy Days and during a coffee break I was participat-
ing on a scientific discussion in a small group consisting of,
apart from me, Vilém Novak, Irina Perfilieva, and Szilveszter
Kovacs, who was carefully explaining his previous confer-
ence talk in details. Suddenly, Lotfi Zadeh came. He came
alone, silently, and politely asked me, whether he can join us
or not. I was a non-experienced student and used to show so
much respect to all recognized scholars and somehow having
a (luckily) fake feeling that the enormous respect is some-
thing really expected by all of them. Suddenly, the situation
was different, the founder himself did come and talked to me
in such a calming way that I felt extremely comfortably and
I could continue listening to Szilveszter’s explanation. And
Lotfi did not interrupt anyone during the discussion. He was
listening carefully too. The new knowledge he could gain
was more important than sharing his wisdom with the oth-
ers. Learning new things played a more important role than
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demonstrating his knowledge. Letting a young PhD student
listening to a talk of a colleague and discussing in a group
was more important than interrupting the group by his own
wisdom. And later on, in order to break the ice, Lotfi offered
us to bring some tea, coffee or sweets, as he had some, while
we were deep in the discussion and have and time to pick up
some refreshment before the discussion started.

Lotfi Zadeh in New York, 1950s, Prague. Photo credit: Fuzzy
Archive Rudolf Seising.

t first sight, it is a story of a minor importance, actually
a story about nothing. A recognized scholar came to us, ad-
dressed me, behaved politely and did not require any special
respect. But for me, it is a very important story. This is how
I remember Lotfi. As a wise and mainly as a friendly, polite
man. Lotfi Zadeh never pushed anyone to listen to him, and

he was listened naturally more than anyone else. His respect
never came from his own intention. Vice-versa, his respect
was natural, it came from his real work, from his personal
character, from his charisma. And this feeling of mine, from
this truly a unique man, was only emphasized by every single
meeting between two of us in the succeeding years.

Lotfi Zadeh, Martin Stépni¢ka, Irina Perfilieva, Szilveszter
Kovacs, 8th Fuzzy Days in Dortmund, 2004. This is how I
remember Lotfi Aliasker Zadeh.

This is my Lotfi Aliasker Zadeh, smart, educated, wise
and creative 4Ae but mainly a very friendly person. This is
why ho got my full respect. This is why I will never forget
him. This is how I will always remember him. And I am sure,
you all have your own Lotfi Aliasker Zadeh in your hearts too.

Rest in peace, Lotfi.

Ostrava, Czech Republic, December 4, 2017

Martin Stépni¢ka
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Brazilian Conference of Fuzzy Systems (CBSF

2016)

Marcos Eduardo Valle and Gragaliz Pereira Dimuro

The Brazilian Conference of Fuzzy Systems (CBSE in Por-
tuguese Congresso Brasileiro de Sistemas Fuzzy) is the ma-
jor South America event dedicated solely to fuzzy systems
and their applications in areas such as mathematics, physics,
engineering, health, and social sciences. Besides being an
attractive forum for fuzzy systems and their applications,
the CBSF aims to aggregate the South America community
around this subject, favoring exchange of ideas as well as
increasing national and international collaborations. The
CBSF is held every two years since 2010. The IV CBSF took
place at the University of Campinas, Campinas - Brazil, in
November 2016.

The IV CBSF brought together 121 participants, includ-
ing researchers, engineers, students, and professionals inter-
ested on fuzzy systems and their applications. The congress
counted on 6 plenaries, 4 tutorials, and several technical ses-
sions in which the works approved by the scientific commit-
tee were presented either orally or by poster. The plenary
sessions featured the internationally prominent researchers
Bernard De Baets (Ghent University, Belgium), Barnabas
Bede (DigiPen Institute of Technology, USA), and Hao Ying
(Wayne State University, USA) as well as Heriberto Flores
(Universidad de Tarapacd, Chile), Regivan Santiago (Univer-
sidade Federal do Rio Grande do Norte, Brazil), and Geraldo
Silva (Universidade Estadual Paulista, Brazil) from South
America. The full program, with links to all contributions
presented at the technical sessions, is available at https:
//www.1ime.unicamp.br/~cbsf4/Program_EN.php

The contributions submitted to the IV CBSE which are
either full papers or two-page abstracts, have been all

judged by at least two anonymous referees. Only those
full papers that received a positive evaluation from all re-
viewers have been accepted to be presented orally. Simi-
larly, the abstracts with a positive average grade where ac-
cepted for presentation by poster. The 90 accepted con-
tributions represent a view of the Brazilian contributions
to the area of fuzzy systems. In particular, the 45 full
papers have been organized as chapters of the book “Re-
cent Trends on Fuzzy Systems”, which is freely available for
download at https://www.ime.unicamp.br/~ cbsf4/
Papers_IVCBSF/ProceedingsIVCBSF . pdf| The authors
of the best full papers have been invited to submit an ex-
tended version of their contribution to this current issue of
Mathware and Soft Computing Magazine. All the invited
manuscripts have been judged by anonymous referees, al-
lowing us to select 6 papers for this special issue.

During the conference dinner, recognition was given to
José Arnaldo Roveda, Regivan Santiago, and Ronei Moraes
as the chairs of the previous three CBSE Also, Fernando Go-
mide has been awarded for outstanding contributions and
teaching excellence, in Brazil and abroad, in the area of fuzzy
systems.

We hope the participants had a great time during the
IV CBSE with many interesting and fruitful discussions and
novel collaborations among fuzzy systems researchers. We
would like to express our gratitude towards all individuals,
including participants and members of the scientific and or-
ganizing committees, who have contributed in making the IV
CBSF a success.
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Abstract. This extended study of fuzzy entropy measures considers aggrega-
tions of Generalized Atanassov’s Intuitionistic Fuzzy Index, which are obtained
from conjugate and dual (co)implications. Main properties of fuzzy entropy are
discussed and a numerical example illustrates an application based on this method.

Keywords: Intuitionistic Fuzzy Sets, Fuzzy Entropy, Conjugation, Duality

1 Introduction

The Atanassov-intuitionistic fuzzy index (A-IFIx), also called as hesitancy or in-
determinance degree of an element in an Atanassov-intuitionitic fuzzy set (A-IFS), al-
lows the expression related to the expert uncertainty to identify a particular membership
function. In applications in which experts do not have precise knowledge, the A-IFIx
provides a measure of the lack of information for or against a given proposition based
on Atanassov-intuitionistic fuzzy logic (A-IFL).

The Generalized Atanassov’s Intuitionistic Fuzzy Index associated with a strong
intuitionistic fuzzy negation Ny (A-GIFIx(Ny)) [1] is characterized in terms of fuzzy
implication operators which is described by a construction method with automorphisms.
In [2], by means of special aggregation functions applied to the A-GIFIx, the Atanassov’s
intuitionistic fuzzy entropy is introduced. In [3], the A-GIFIx, can be generated based
on the concept of conjugate and dual fuzzy (co)implications, mainly interested in the
class of (S, N)-(co)implications. Additionally, A-GIFIx associated with the standard
negation together with the well known fuzzy implications are considered: Lukaziewicz,
Iy Reichenbach and Gaines-Rescher [4].

This article extends the above results, introducing new results concerned with the
duality and conjugation of A-GIFIx. Additionally, main properties of fuzzy entropy are
discussed and a numerical example illustrates an application based on this method.

The preliminaries describe the basic properties of fuzzy connectives and basic con-
cepts of A-IFL. The study of the A-GIFIx(/V;) and general results in the analysis of its
properties are stated in Section 3 and 4. Section 5 expresses fuzzy measures based on
A-GIFIx. Final remarks are reported in the conclusion.



2 Preliminaries

We firstly give a brief account on FL, keeping this paper self-contained by reporting
basic concepts of automorphisms, fuzzy negations on U = [0, 1] and main properties
of fuzzy implications.

2.1 Fuzzy connectives

By [5, Def. 4.1], an automorphism ¢ : U — U is a bijective, strictly increasing
function (SIF) satisfying the monotonicity property:

Al: z <yiff ¢p(z) < &(y), Yo,y € U.

Analogously, in [6], ¢ : U — U is a SIF satisfying the continuity property and the
boundary conditions:

A2: ¢(0) =0and ¢(1) = 1.

Both notions of automorphisms are equivalent to definition stated in [7]. The set Aut(U)
of all automorphisms are closed under composition, meaning that ¢ o ¢' € Aut(U),
Vo, ¢' € Aut(U). In addition, there exists the inverse ¢! € U, such that p o ¢~ % =
idy, Vo € Aut(U). Thus, (Aut(U), o) is a group, with the identity function being the

neutral element. The action of an automorphism ¢ : U — U on a function f : U™ — U
is called the conjugate of f and given by

Folar,an) = 67 (f(8(z1), -, d(an))). M
A function N : U — U is a fuzzy negation (FN) if
N1: N(0)=1and N(1) =0; N2:Ifz > ythen N(x) < N(y),Vz,y € U.
FNs satisfying the involutive property N3 are called strong fuzzy negations [6]:
N3: N(N(z)) =z,Vz € U.

Among several definitions, see [8-10], an aggregation is a function A : U™ — U
demanding, for all ¢,y € U™, the following conditions:

Agl: A(0) = A(0,0,...,0) = 0and A(1) = A(1,1,...1) = 1;
Ag2: Ifx = (z1,29,...,2,) <Yy =(v1,Y2,...,Yn) then A(x) < A(y);

Moreover, when o : N,, — N, is a o-permutation, a symmetric aggregation A verifies:
H
Ag3: A(xg) = A(ToyyToys- -y To, ) = AT, T2, ..., xy) = A(x).

A triangular-(co)norm (t-(co)norm) 7'(.S):U%—U is a binary aggregation with the
identity element T'(1,z) = = (S(0,z) = z), forallx € U.
By [11], a fuzzy (co)implication I(J) : U 2 5 U satisfies the conditions:

Iz < z= I(z,y) > I(2,9); Jl:z <z= J(z,y) > J(z,y);
I2: If y < z then I(x,y) < I(z, 2); J2:If y < z then J(x,y) < J(x, 2);
I13: 1(0,z) =1; J3: J(1,2) =0

I4: I(z,1) =1; J4: J(2,0) =0

I5:1(1,0) = 0; J5:J(0,1)=1



Several reasonable properties may be required for fuzzy (co)implications:

16: I(1,2) =z ; J6: J(0,z) =x;
I7: 1(x,I(y, 2)) = I(y, (2, 2)) ; I7: J(x, J(y,2)) = J(y, ] (z,2)) ;
18: I(z,y) =1 a <y J8: J(z,y) =02 >y;

I9: I(z,y) = I(N(y), N(x)), NisaSFN; J9: J(z,y) = J(N(y), N(z)), N is a SFN;
I10: I(z,y) =0< z=1andy = 0; J10: J(z,y) =1 x=0andy = 1.

If I(J) : U? — U is a fuzzy (co)implication satisfying I1 (J1), then the function
Ny : U — U defined by

Ny(z) = I(z,0) and Ny(x) = J(z,1) (2)

is a fuzzy negation [12, Lemma 2.1].
Let T'(S) be a t-(co)norm and N be a SFN. Based on [6,11,12], an (S, N)—implication
((T', N)—coimplication) is a fuzzy (co)implication I's v (Jr,n) : U? — U defined by

IS,N(J;)y) = S(N(I)a y)a JT,N(xv y) = T(N(]}),y) (3)

In this paper, such implications are called strong S-implications. In [13, Theorem
3.2] I : U? — U is a strong S-implication iff it satisfies I1 — I4, and I110. Analogously,
it can be stated by its /NV-dual construction, a strong T-coimplication.

2.2 Intuitionistic Fuzzy Connectives

Based on [14], an intuitionistic fuzzy set (IFS) A7 in a universe x # 0, is given as
A={(z,pa(x),va(z)): xEX} € Az, 4)

whenever 4 () + v4(z)) <1 and A; denotes the set of all Atanassov’s intuitionistic
fuzzy sets on U. So, an intuitionistic fuzzy truth value of an element x € Y is related to
an ordered pair (pa(x), va(x)). Moreover, an IFS A; generalizes a FS A given as

A={(z,pa(x)):z € x}.

When A denotes the set of all fuzzy sets on x, A C Aj since va(z) = 1 — pa(x),
meaning that the non-membership degree of an element z, is less than or equal to the
complement of its membership degree p4 ().

Let U = {(w1,22) € U?: 1y < 1 — x5} be the set of all intuitionistic fuzzy
values and g, 75 : U — U be the projection functions on U, which are given by
l5(Z) =l (w1, 22) = x1 and r5(T) = rg (21, x2) = 2, respectively.

By [14], the usual partial order < is given as T < ¢y < 71 < y; and x3 > ¥s,
for &, € U such that 0 = (0,1) <g Z and 1 = (1,0) > &.

In this paper, we also consider the partial order < which is given as

T=2p9e v <yrandxy < Yo, VT = (21,22),9 = (y1,Y2) € U. (5)

A function & : U — U is an intuitionistic automorphism on U if it is bijective
and T <p giff &(Z) <7 (). The actionof @ : U — U on fr : U" — U is a function
f¥:U — U, called conjugate function f7, defined as follows

fT(x) =27 (f1((31), D(2), . .., D(Fn))). (©)



According with [15, Theorem 17],let¢ : U — U lze an qutomorphism on U. Then,
for all z € U, a ¢-representable automorphism @ : U — U is defined by

2(z) = (olg (), 1 = o(1 = r5(2)))- @)

See, B (&) = (2%,1—(1—w2)?), whichisrelated to @,,(Z) = (¢ (x1),1— (1 —x2))
by taking n = 2 and ¢, (x) = z™.

An intuitionistic fuzzy negation (IFN) N; : U — U satisfies, for all &, € U, the
following properties:
N; 1: N;(0)=N;(0,1)=1and N;(1)=N;(1,0) = 0;
N;2: Ifz 20 7 then N[(‘%) Sg N[(g)

Additionally, Ny is a strong intuitionistic fuzzy negation (SIFN) verifying the condition
N;3: Ni(Ni(2)) = &, V& € U. Additionally, If N as IFN, the N;-dual intuitionistic
function fy, : U™ — U is given by:

fNI(i) = Nl(.f(NI(i'l), cee aNI(i'n))%VSC = (i'l, cee ;‘%n) € Un (®)
Moreover, by [16], takinga SEN N : U — U, aIFN Ny : U — U such that
Ni (%) = (N(Ns(22)), Ns(N(z1))), ©)

is a SIFN called N-representable IFN. Additionally, if N = Ng, Eq. (9) can be re-
duced to N;(Z) = (x2,21). Thus, we consider the complement of an IFS A given as

A" ={(z, N(Ns(va(x)), Ns(N(pa()))) : z€x} € Ar.

3 (Co)Generalized Atanassov’s Intuitionistic Fuzzy Index

In [2], the concept of generalized Atanassovs intuitionistic fuzzy index is character-
ized in terms of fuzzy implication operators and a construction method with automor-
phisms is also proposed in [1], together with some special properties of a GIFIx. In [3],
this concept studies its dual and conjugate constructions.

Definition 1. /2, Def. 1], A function II : U — U is called a generalized intuitionistic
Sfuzzy index associated with a SIFN N1 (A — GIFIx(Ny)) if it holds that:

II1: I1(x1,x2) = 1 if, and only if, x1 = x9 = 0;

I12: I1(x1,x2) = 0 if, and only if, 1 + 2 = 1;

I13: If (y1,y2) =i (x1,22) then IT(z1,x2) < II(y1,Yy2)
II4: I (21, x2) = H(Ni(z1,22)), for all x1,22,y1,y2 € U.

Proposition 1. [2, Theorem 3] [3, Prop. 1] Let N1 be an N-representable IFN ob-
tained by a SFN N. A function Il : U — U is a A — GIFIx(Ny) iff there exists a
function (J)I : U% — U verifying 11 (J2), I8 (J8), 19 (J9) and 110 (J10) such that

1(#)=N(I(Ns(@s),21)); IL;(F)=J (1, Ns(2)), Vi=(z1,22)€U.  (10)
Theorem 1. Based on conditions of Prop. 1, when I = Jy the following holds:
(%) = II5(&), V& = (x1,22) € U. an

Proof. Straightforward Proposition].



3.1 Atanassov’s Intuitionistic Fuzzy Index - Dual and Conjugate Operators
In this section we study the duality and conjugation properties related to A-GIFIx.

Theorem 2. Let N be a SFN and Ny be its corresponding N -representable SIFN. For
a A-GIFIx(N) II : U — U the following holds:

(IT)y (%) = N (I1(2)) V2 € U. (12)
Proof. By Eq.(9) and Property I14, (IT) () = N (II(N;(Z))) = N (I1(2)).

Proposition 2. /3, Prop. 2] Let N be a SFN and Nt be its corresponding N -representable
SIFN. For a A-GIFIx(N) I} : U — U the following holds:

()N () = I(Ng(x2), 21); (13)
(HJ)N(.%) = N(J(.’l?l,Ns(fL'g))),Vf = (wl,aig) S [7 (14)

Consequently, one can describe hesitance and accuracy in terms of A-GIFIx:

Corollary 1. /3, Corollary. 1] Let Ik : U — U be the Lukaziewicz fuzzy implication.
A function m : U—U, called an Atanassov’s intuitionistic fuzzy index (A-IFlx) of an
element x € x related to an IFS Ay, is an (A — GIFIxz(Ng;)) given as

11,4 (%) = m(Z) = Ns(pa(x) +va(x)) (15)

providing the hesitancy (indeterminance) degree of x € X in A. Dually, the accuracy
Junction h : U—U providing the accuracy degree of x € x related to Ay, is given as:

(HILK)NS (‘i‘) :h(j) :NA(X)—i_VA(X)' (16)

By Corollary 1, h(Z) + n(Z) = 1 meaning that the largest hesitance 7(Z), the
higher accuracy degree h(z) of x € x related to IFS A;. Moreover, by considering
i = (x,y) € U, z+y < 1, Table 1 not only illustrates Proposition 1, but also presents
additional examples of A — GIFIxz(Ng;) associated with the following fuzzy impli-
cations: Lukaziewicz (detailed in Corollary1l), I, Reichenbach and Gaines-Rescher.

Proposition 3. [3, Prop. 3] Let & € Aut(U ) be a ¢-representable automorphism,
N? : U — U be the ¢-conjugate of a SEN N. A function nz*:U—-U given by

I (21, 22) = (671 (I (1)), 1 = $(1 — x2)), (7
isa A— GIFIxz(Ny) whenever IIg :U — U isalsoa A — GIFIz(Ny).
Proposition 4. Based on conditions of Proposition 3, the following holds:

I

10 (%) = Ng o ¢o Ng(II;(Z)). (18)

P
N

Proof. Straightforward from Proposition 3.

See Table 2, A — GIFIx associated to ¢-conjugate implications in Table 1.



Table 1. Generalized intuitionistic fuzzy index associated with the standard negation.

lPairs of Ns-Dual Fuzzy (Co)Implications [NSI—Dual A-GIFIx

Ix(z y):{l’ ifz <y,
’ 1 — x + vy, otherwise; Hik(z,y)=1—x—vy
e e 4 (Maic)y, (9= +
y — x, otherwise;
To(z, y)= 1, ifx <y,
O Y  \max(1 — z,y), otherwise; Iy (z,y)=1 — max(z,y)
p fr>y, | (o), (z,y)=max(y)
" \min(1 — x,y), otherwise;
I 1, ifx <y,
rp(1,y)= 1 — x + xy, otherwise; IIrp(z,y) = 1-z—y+xy
T (@, )={% ife >y, | (Hr)yg, (@,y) =y—zy
1—xz—y+zy, otherwise;
I 1 ifz <y,
ar(@,y)= 0, otherwise; IIgr(z,y)=1
ifx >y, (IIgr) . (x,9)=0
Jan(@,y :{1 otherwgllse o

3.2 A-GIFIx (S, N)-implications and (7', IN)-coimplication
Now, S(T')-(co)implicationsare considered to express a new A-GIFIx.

Proposition 5. [3, Prop. 6] Let N be a SFN. The function IT : U — U is a A-GIFIx(N)
iff there exists an S-implication (T-coimplication) Is x (Jr n) : U? — U and it verifies:
g (21,22) = SN (Ns(x2), N(21)); (19)
Iy (@1, 22) = T(Ns(22), N(21)). (20)
Proof. («<=)Let N be aSFN and I n(Jr,n) be an S(T')-(co)implication, by Eqs.(10),(3).
s (21, 22)=N (Is,n(Ns(22), 21))=N (S(N(Ns(22)), 21))=5Sn (Ns(z2), N(21))
Iy (21, 22)=N (Jr,n(Ns(22), 71))=N (T(N(Ns(22)), 21))=Tn (Ns(z2), N(z1))

(=) A strong S-implication satisfies I1 — I2 and I10. Additionally, I3 and I4 imply I8
and I9. Then, by Proposition 1, Sy (Ng(x2), N(z1)) is an A-GIFIx(N).

Corollary 2. When N = Ng, Eqs.(19) and (20) can be expressed as
g v (71,22) = Ns(S(21,22)); 17y (21,22) = Ns(Tng (21, 22)). (21)

4 Generation of Atanassov’s Intuitionistic Fuzzy Entropy

This study of Atanassov’s intuitionistic fuzzy entropy follows results stated in [2].

Definition 2. [2, Def. 2] A real function E : Ay — U is called an Atanassov’s intu-
itionistic fuzzy entropy (A-IFE) if the following properties are verified:

E1l:. E(A)=0if Ac A E2:E(A)=1iffpa(z) =va(z), Vz €y,

E3: E(A) = E(An), E4: if A < Bthen E(A) > E(B),VA,B € A;.



Table 2. A — GIFIx(Ns;) associated with the automorphisms ¢(z) = 2* and ¢~ = /z.

[Fuzzy (Co)Implications |[A— GIFIx(Ns;)
I§(z,y) = {1, ijx(él Y 7 otherwise: | o (@.y) = 1— y/max(@®, 1 — (1~ 4)%)
Jg(x, y) = {O’ rirfiicl(%lyf7 x)?,y?), otherwise; ng) = \/1 T L )
T (e y) = {1\7/%, otherwise; H]fK(“7y) =1-y1+22—-(1-y)
Jix(@9) = {O\/’ 1if_$§2 Zi y2, otherwise; i )=V
Tin(@,y) = {1’/%, otherwise; H[j;H () =1—/1-(1-y)2(1-2?)
JEH(% y) = {0\/’ zijgsiijlz;Q,otherwise; ng) . y) B (1 B y)2(1 ) :CQ)
Ton(@y) = {é:gtfhiriigé; Iy (z,y)=0
P e o

Proposition 6. Let @ be a ¢-representable automorphism and E be an A-IFE. Then,
the &-conjungate function E® : A — U is an A-IFE.

Proof. (EIf E¥(A) =0, ¢7 (E(¢(A))) = 0= E(¢(A)) = 0¢(A) € AsAc A
(E2) I E* = 1, ¢ (E(6(A))) = Liff ¢(a(x,)) = 0and 1 — 6(1 — va(x,) = Liff
pa(x;) =0and 1 — ¢(va(x;)) = 1. Therefore, pa(x;) = va(x;) = 0.

(E3) E?(A') = ¢~ H(E(9(A)) = o~ H(E($(A"))) = ¢~ (E($(A))) = E?(A).
(E4) If A= B, &(A) <®(B) then E?(A)=¢ Y (E(¢(A4)) > ¢~ (E(¢(B))=E?(B).

Consider x = {z1,...,x,} to discuss properties of A-IFEs:

Proposition 7. [2, Prop. 4] Let Ag be an aggregation on U, N be a SFN, Ilg be an
A-GIFIx(N). Then, the mappings E, E® : A — U defines an Atanassov’s intuitionistic
fuzzy entropy (A-IFE) respectively expressed by
E(A) = Agi_ 116(A(xi)), (22)
E?(A) = Agizy(Me)? (A(x:))- (23)
Now, an A-IFE obtained is extended their dual and conjugate constructions.

Proposition 8. [3, Prop. 9] Consider ¢ € Aut(U). Let N : U — U be a SFN,

Ag : U™ — U be an aggregation function and I : U? — U be a N-dual operator of

an implication I : U? — U which satisfies properties 11, I8, 19 and 110, as discussed
in Prop. 1. Then, the mappings Er, Ers : A — U defined by

Er(A) = Agiey NI (1 = va(xi), pa(xi))), 24

Eps(A) = Agiu N2(I°(1 = va(xs), pa(x2))), (25)

providing new expressions of A-IFEs obtained from an A-GIFIx(Nj).



Proposition 9. Consider ¢ € Aut(U). Let N : U — U be a SFN, Ag : U™ — U be
an aggregation function and Jy : U? — U be a N-dual operator of a coimplication
J : U? = U satisfying properties J2, J8, J9 and J10, according with Eq. (8). Then,
the mappings Ej, E ;s : A — U defined by

Ej(A) = Agiey J (N(1 = va(xi)), N(pa(xi))) , (26)
Ejo(A) = Agiy J? (N?(1 = va(xi)), N?(pa(x:)) - 27

are also Atanassov’s intuitionistic fuzzy entropies.

Proposition 10. /3, Prop. 10] Let E;, E;, : A — U be A-IFEs according with
Propositions 8 and 9. Then, for all A € A, the following holds:

EJN (A) = EJ(A) and E]N (A) = E](A) (28)

5 Expressing fuzzy measures based on A-GIFIx

In this section, several IFEMs discussed by M.Liu and H.Ren [17] are reported:

[181 By (4) = - 3 B@m(xi) FITa(x0) - Togy 3 (2 () + Tax)) +

%(21/,4(&-) + IT4(x;)) - log, %(2%4(){1-) + HA(XZ')):| (29)

181 Ba(4) = 1 [ (Veos(uat) = v § ~1) <= @0
1 - 1 1-1 2pa (xi)+1T A (%
[19] E5(A) = mz [2 (2MA(XZ.) T a(x;)) - et 2 @rale)tTatea)

1 & X;) —vaA(x;) ™
201 B4(4) = 3o (WJ (32)
[21] E5(A) = %Zcot <Z + |M?1()i)17_,41z;());i)| Z) (33)

i=1

[17] Eg(A) = % 3 cot (2 + (Jpa (i) — val)] * (1 — HA(XZ-)))Z) (34)

=1

Moreover, E7 is obtained from Eq.(10)a by taking the arithmetic mean:

8] Br (A) = > Mg . (pa(xi), va(xi). (35)

i=1



For any positive real number n, consider x = {1, 2, ..., p } to express the A-IFS
A" = {(xi, (pa(xi)™, 1= (1=va(x:)") : x; € x}. Thus, when x = {6,7,8,9, 10}, let
A={(6,0.1,0.8),(7,0.3,0.5), (8,0.6,0.2), (9,0.9,0.0), (10, 1.0,0.0) } as the charac-
terization of linguistic variables treated as follows: A'/? is “rather large™; A is “large™; A>
is “quite large”; A3 is“very large”; A* is “extremely large”.

The above entropy measures are compared based on four expressions of an A-GIFIx
in Table 1. They are also preserved by the proposed methodology related to the ordered
set of fuzzy implications [22] {Igr, lo, IrB, LK } as presented from Eg in Tables from
1 to 4, in Figure 1, respectively. It may be also mentioned that from a logical considera-
tion, the related entropies of these IFSs also follow the pattern proposed in [17], taking
IT; i from E; from Eg in Table 1, respectively: If A2 < A < A%2 < A3 < A* then
E(AY?) > E(A) > E(A?) > E(A%) > E(A%).

Myg|Ey |Fo |E3 |Eg4 |Es |Fg |Ey TIgp|Ey [Fp |E3 |Fy4 |Es5 |Fg¢ |[Er

A2 [05499(05051(0,5105]0,8659 0.3645|0,3685[0,0923| [A 2 |05095]0,4669]0,84740,8701 |0,3847 [0,39820,1757
1
Al 0.5496]0.4939]0.5054 0.8685 |0.3564] 03632 [0.12 A 0.523110.5003)0,7844/0,87320,37491 0.3911 | 0.19

b 2
A2 04588 0,3952(0,4064|0,8436 |0,3338]0,3407| 0,132 A 0,4427(0,41230,5697 | 0,8466 | 0,3407 [ 0,3501|0,1733

- 3
A3 0,3895 [0,3330(0,3437/0,8262|0,2512{0,2643 | 0,1344 A 0,38210,35080,4458 | 0,82810,2577|0,2748 | 0,1604

4
Al 0,3466 [0,2937]0,3044|0,8146 | 0,2141{0,2313{0,1359 A 0,3430(0,30980,3697 | 0,8161]0,2193(0,2399|0,1528

E, |E; |E3 [Ea |Es |Es [BE7

1'1?1:{ Ey |[Fy |E3 [By |Es |[Feg|B7 H?

A2 00146 [0,0593|4,4133[09189]0,5322|0.8 |0.8 A2 (0469004329 1,119 |0,8716]0,3954| 0.4182{0,2352
AL 00474 |0,1403|4.2003|091840,5203] 0.8 |0.8 AL {0,49190,4854(1,0072(0,8747| 0,3842 [ 0,4088 0,24
A2 {0.02178[0.2047(4,0138 09109 |0,5045] 0.8 |0.8 A2 {0,40700,3942[0,8030(0,8472| 0,3425 0,352 {0,224
A3 00019 [0.3595(3.9410[0.9061|0.4511]0.8 |0.8 A3 {0,3687|0,3571[0,5444|0,8287/0,2616 [0,28290,1832
A% 00176 |04541(3.9004[09032]0.4271]0.8 |08 A% {0,3383(0,3179[0,4138(0,8167|0,2221 [0,2454| 0,1635

Fig. 1. Relationship among A-IFE related to I/ x, IIrB, IIgr and Ilo.

6 Conclusion

In this work, the concept of generalized Atanassov’s intuitionistic fuzzy index was
studied by dual and conjugate construction methods, in particular, by means of fuzzy
(S, N)- and (T, N)-operators. We also extend the study of Atanassov’s intuitionistic
fuzzy entropy based on such two methodologies. Further work considers the extension
of such study related to properties verified by the A-GIFIx(/Ny) and A-IFE following the
interval-valued intuitionistic fuzzy approach also including the study of correlation [23].
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Abstract. There are in the literature various approaches to uncertainty
and a vast debate about the advantages of one over another. In this work
we are interested only in two of them namely fuzzy and probability the-
ories because of the statement “anything that can be done with fuzzy
logic ... or any other alternative to probability can better be done with
probability” [1]. In this paper we argue that such an assertion is in-
comprehensible because each one of these theories arise from different
approaches in the treatment of uncertainties and, consequently, their
formal solutions for a given problem are not comparable.

Keywords: Probability measures, fuzzy sets, probability distribution,
membership function.

1 Introduction

There is in the literature a debate about the necessity or not of fuzzy set theory
in the mathematical treatment of uncertainty [1]. There are those who say that
“anything that can be done with fuzzy logic ... or any other alternative to prob-
ability can better be done with probability” - this corresponds to a statement
expressed by Lindley in [2] which was slightly adapted by Klir in his book (see
page 315 of [1]) - other similar claims can be found, for instance, in [2-5]. Our
goal is to provide some further insights that might add clarity to this debate.
The first theory designed to establish adequate mathematical tools to qual-
ify and quantify uncertainties, initially with a “frequencist viewpoint”, was the
probability. Probability theory is an axiomatic theory based on measure theory.
Fuzzy set theory is a much more recent theory. This theory was developed to
deal with sets (or classes) with uncertainties (imprecision, subjectivity) at their
borders. As the name itself suggests, it is a mathematical theory of sets designed
to investigate the membership of elements of a universe in “subsets” [6,7].
Fuzzy set theory is an extension of set theory and, therefore, it deals only with
membership relation. In this respect, the theory of fuzzy sets is totally different
from the axiomatic theory of probability which involves measure theory. Thus, a
comparison of probability and fuzzy set theory necessarily involves a comparison

* This work was partially support by CNPq under grantee n. 305862,/2013-8.
** This work was partially support by Fapesp under grantee n. 2016/26040-7.



of probabilities with crisp sets because they are particular cases of fuzzy sets.
Here, we will treat both set theory and probability theory in an axiomatic way.

We do not intend to address general uncertainty theory. Here, we will deal
with uncertainty given by means of fuzzy sets and random variables. In what
follows, we will briefly present each one of these theories.

2 Basic Concepts of Probability Theory

The basic concepts of probability are well-known. They are presented here for
the sake of clarity of our point of view.

Let {2 be a non-empty set and let A be a class of subsets of 2. We say that
A is a o-algebra in 2 if it satisfies the following properties:

Al: 2 € Aand A° € A whenever A € A, where A° := (2\ A);
A2: if A; € A i €N, then |, 4i € A

The pair (£2,.A) is called A-measurable space, or simply measurable space. In
particular, the o-algebra generated by all open subsets of R = (2 is called Borel
o-algebra and is denoted by the symbol B.

Definition 1 (Probability Measure). Let A be a o-algebra of a set 2. A
function P from A to RT := [0, +00) is said to be a probability measure if
P satisfies the following properties:

P1: P(A) <1 forall Ac A and P(2) =1;
P2: IfAl,.. .,An,. .. € .A, AznA] = @, ) 7&], then P( ,20:114") = EOO P(An)

n=1

The triple (§2, A, P) is called a probability space and A € A is called an event.

One can show that a probability space (§2, .4, P) also satisfies the following:

P4: P()=0and P(A) < P(B)if AC B, A,B € A,
P5: P(A) =1— P(A°) for all A € A.

Let (£2, A, P) be a probability space and let (F, &) be a measurable space
where £ C R. A function X : 2 — E is said to be a random variable if

X 'B)={weR|X(w)eByc A VBecE.

The composition of X with a continuous function g : £ — E, that is, go X : {2 —
E, produces another random variable that we denoted by the symbol g(X). Given
a random variable X, one can induce a probability measure P on the measurable
space (E, &) given by P(B) = P(X~1(B)) for all B € £. Thus, the range of the
random variable X can be associated with the probability space (E, £, P). At this
point, probability theory bifurcates in two cases: discrete and continuous. The
first occurs when the range of X is an enumerable set. The second case occurs
when the range of X is non-enumerable and there exists a function f : R — R¥,
called density of probability, such that P(B) = [, f(z)dz = P(X~*(B)) for all
B € &. Conversely, we can obtain a probability measure from a given probability
density function.



3 Fuzzy Set Theory

Fuzzy set theory only concerns itself with the membership relation within clas-
sical set theory [6], that is, its aim is to decide the membership degree of an
element into a given set. Nevertheless, here, we will not present the axioms of
classical set theory, which can be found in [6, 7].

Each subset A of (2 is uniquely associated with its indicator (or characteristic)
function x4 : 2 — {0,1} where xa(w) =1ifw € Aand xa(w) =0ifw ¢ A. The
notion of fuzzy subset is based on the extension of the characteristic function as
follows. A fuzzy (sub)set A of {2 is characterized by a unique function g4 : 2 —
[0, 1] called membership function where ¢ 4 (w) represents the membership degree
of win A. The class of fuzzy sets of {2 is denoted by F(£2) = {p: 2 — [0,1]}.

Initially, let us remember that each fuzzy set A with membership function
wa : 2 —[0,1] can be associated with the following family of subsets of 2

A ={w e 2|pa(w)>a} for 0 <a<1.

The sets [A]” C 2 are called a-levels (or a-cuts) of A.

The following theorem is of paramount importance in the study fuzzy set
theory and indicates a necessary and sufficient condition for a family of classical
subsets of {2 to be a-levels of a fuzzy subset of (2 [8].

Theorem 1 (The Representation Theorem of Negoita and Ralescu).
Let {Aa}acio,1) be a family of classical subsets of 2 satisfying

(i) Ao =12 and A, C Ag if B <« for a, € [0,1];
(ii) Ay = ﬂ Aq,, if ai converge to o with oy, < a.
k>0

Under these conditions there exists a unique fuzzy subset A of (2 such that
[A]* = A, for all « € ]0,1].

Given a family of subsets {Aa}acjo,1) satisfying (i)-(ii) of Theorem 1, the
membership function of the fuzzy set A such that A, = [A]%, for all a € [0,1],
is given by [8]:

va(w) =sup{a € (0,1]|w € An}, Vw € (2, (1)
where sup ) = 0. The next theorem is a consequence of (1) and Theorem 1.
Theorem 2. Let A, B € F(£2). If [A]* = [B]* for all « € (0,1), then A = B.

Proof. Let a, =1 — HL]G, for k > 0. From item (ii) of Theorem 1, we have that

[A]' = (1A = ()[B]** = [B]".

k>0 k>0

Equation (1) implies that A = B.
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Fig. 1. From left to right, the gray area correspond respectively to the ¥ (¢4) of a
membership function of A and a characteristic function of A.

Next, let us provide some arguments that reinforces the use of the name
“fuzzy set” for functions whose codomain is the unit interval [0, 1]. Let

G= { U (Aa x {a}) | {Ax}is a family satisfying (i)-(ii) of Theorem 1}.
a€e(0,1)

By Theorems 1 and 2, there is a bijection ¢ between F({2) and G. This already
allows us to identify each element A of F'({2) as a subset ¥(pa) of 2 x (0,1)
(see Figure 1).

On the other hand, ¢ is also a bijection between x(£2) = {x: 2 — {0,1}} C
F(£2) and the subset H C G given by

H:{ U (4o x {a})|Aa = AVa € (0,1),AC 9}

a€(0,1)

More precisely, for each A C 2 we have that ¥(xa) = A x (0,1). Thus, we can
interpret each element of H as a subset of {2 since there is a bijection between
x(£2) and P(f2). By extension, we can also call the elements of F'({2) as a “type
of subsets” of {2, more specifically, as fuzzy subsets of (2. In short, we can identify
F(£2) with (classical) subsets of {2 x (0,1) by means of the bijection v, that is,
P (F(82)) = G (see Figure 2).

One can verify that the set G is closed with respect to the operations of
intersection and union of sets, that is, if 4,8 € G then ANB,AUB € G.
More than that, for A, B € F({2) such that A = 9(p4) and B = (¢p), we
have that AN B = ¥ (panp) and AU B = ¥(paup), where AN B and AU B
correspond respectively to the usual intersection and union of fuzzy subsets, that
is, panp(w) = min{pa(w), ¢p(w)} and Yaup(w) = max{pa(w), pp(w)} for all
w € £2. Moreover, the class H is closed with respect to the complement since the
elements of H are of the form A x (0,1), A C £, and, thereby, (A x (0,1))° =
A¢x(0,1) € H. However, for any A € G\ H we have that A¢ = 2x(0,1)\.A does
not belong to G. Hence, G is not closed with respect to the complement. This
fact means that the law of excluded middle in the class G only holds if A € H,
that is, if the corresponding fuzzy set A is crisp and so supports our claim that
fuzzy set theory is an extension of classical set theory. This is a well-known fact
in fuzzy set theory [9] that can be clarified as follows. Let N : G — G be the



Fig. 2. One-to-one mapping between G and F({2) as well as between H and x/(£2).

function given by

NA = |J (A x{a}), VAEeG,

a€(0,1)

where A is the fuzzy set of {2 such that A = ¢ (), i.e., A = Uye(0,1) ([A]* x {a}).
The function N can be viewed as a generalization of the complement operator
defined on H to the class of G since N (A x (0,1)) = A°x (0,1) for every A C 2.
Note that the function N is related with the usual notion of complement of fuzzy
set. In particular, we have that A = ¥(p4) if, and only if, N(A) = ¥(pac), where
A€ denotes the complement of the fuzzy set A given by @ ac(w) =1 — ¢ a(w) for
all w e 2.

Recall that a fuzzy set A is contained in another fuzzy set B if ¢ 4(w) < pp(w)
for all w € 2 and this is denoted by the symbol A C B. Equivalently, we have that
A C B if, and only if, [A]* C [B]* for all & € [0, 1]. This last observation implies
that the inclusion relation on G also coincides to the notion of inclusion between
fuzzy sets. Specifically, we have that A C B if, and only if, ¥(p4) C ¥(vB).

The above comments establish a connection between fuzzy set theory and
the classical set theory on G C P(£2 % (0, 1)). This allows us to use typical terms
of set theory to F'({2) and to focus on the relation of interest from axiomatic
theory of sets: the relation of membership. In the fuzzy case, the membership
function ¢4 plays the role of this relation in the same way as the characteristic
function x4 plays it in the classic case.

4 Fuzzy Set versus Probability

We next present an elementary situation that helps to illustrate the similarities
and differences between the probability and fuzzy set theory. Both theories deal
with uncertainties about “subsets” of a non-empty universal set {2. Moreover, in
general, in both cases these uncertainties about a “subset” A can be represented
by (classical) sets of pairs (a, f(a)), where f(a) is a real number that objectively
represents the “evaluation” of the uncertainty associated with the element a. In
probability theory, {2 is called a sample space and for some cases it is nothing
more than a set (universe) equipped with a (probability density) function f and



a measure obtained from f, such as was discussed at the end of Section 2. The
subsets of 2 on which the uncertainties are evaluated are called events. In this
case, the measure, called probability measure, is a function of sets, that is, its
domain is the set of the events of 2. We point out that the “uncertainty” of all
events are evaluated by the same probability measure, which in turn is obtained
from a unique function f. In contrast, in fuzzy set theory, the function f, which
expresses the uncertainty (i.e. the membership degree of a to the fuzzy set A),
varies for each fuzzy set. Such a function is used to characterize/describe the
fuzzy set. We can say that these functions (called membership) are related to
fuzzy subsets in the same way that the characteristic functions are related to
the (classical) subsets of (2.

The preceding comments demonstrate that, although both probability and
fuzzy set theory can be formulated in terms of sets of pairs (a, f(a)), from a
modeling point of view, these two mathematical theories are completely differ-
ent and we do not see how to compare the quantitative results obtained by
applying their methods of inferences. The examples below help us to elucidate
the fundamentals of each theory and the impossibility of comparing the solutions
produced by each one.

Example 1 Are the “quantities” < 1,2,2,3 > and < 1,2,3 > equal?

From set theory, the answer is yes because {1,2,2,3} = {1,2,3}, that is,
they have the same elements (note that we are dealing with membership relation
here!). From the point of view of probability, if these quantities represent balls
with same size in two baskets, then the probability that someone randomly re-
moves the element “2” in the first basket is greater than the second basket. In
this context, if we regard these quantities as events of probability spaces, then they
are distinct because in the first event the element “2” has a “weight” greater than
the other numbers. In the second event, all elements have the same “weight”, that
is, it is assumed that they are uniformly distributed. In short, these quantities
are equal if we regard them as sets whereas they may be different if we regard
them as events of distinct probability spaces.

Example 2 Consider the problem: John is fifty-ish (A). How old is John?
Let x be the age of John. According to the theoretical frameworks of each
theory, the answers could be:

(a) Set theory: x € [40,60] = A;
(b) Probability theory: x € [40,60] = A with probability P([40,60]) = 0.95;
(c) Fuzzy set theory: x is A with the following membership function:

1— 2280 yr 40 < 2 < 60
= 10 — —
Pal@) { 0 c.c. ’

Note that (a) and (¢) can be compared since one can say that (c) is more
specific than (a) because pa(z) < xa(z), for all z € R. On the other hand, it
is impossible to compare the items (a) and (¢) with item (b), which presents
the probability of A. Differently from (a) and (c), item (b) represents the term



“fifty-ish” as an event and, based on some “extra” information, the probability
of this event (P([40,60])). This example is corroborated by Figure 19.1 of page
320 in [1] which indicates that there is some hierarchy between the theories in
which the set theory precedes the others.

The discussions of these two previous examples suggest that the notion of
events with uncertain boundaries should be studied, that is, fuzzy events. From
the modeling point of view, while fuzzy set theory can be used to describe the
boundary of an event, probability presents a “measure” of its occurrence. In the
second example above, it would be interesting if one could obtain the probability
of item (c¢) occurring. In our opinion, what is really meaningful and fruitful is
the combination of fuzzy and probability.

5 Fuzzy Event

The notion of fuzzy events, introduced by Zadeh [10], illustrates the potential of
the combination of these two theories: fuzzy, which deals with the identification
of the event, and probability which deals with the occurrence of events. From
both theoretical and practical point of view, Nguyen and Wu developed the
foundations of statistics to deal with fuzzy data [11]. Massad et al. [12] applied
the concept of fuzzy event to assess the risk of HIV contamination for sexually
active individuals.

Definition 2. Let (2, A, P) be a probability space. A fuzzy event on (2 is a
fuzzy subset of 2 such that each a-level belongs to o-algebra A.

The question that arises is how to calculate the probability of A7 Obviously,
a classic event A is in agreement to the definition above and A can thus be
considered a fuzzy event. Note that the indicator (or characteristic) function of
A is a discrete random variable since x4 : 2 — {0,1}. On the other hand, if A
is fuzzy, then its membership function ¢4 : 2 — [0,1] is a random variable that
may not be discrete.

Let A be a fuzzy event. Zadeh argues that the probability of A (P(A)) should
be a real number whereas Buckley [13], Ralescu [14], and others argue that P(A)
should be a fuzzy number, that is, P(4) € F(R). Here, we follow the Zadeh’s
idea, that is, we consider P(A) as a real number.

5.1 Probability of Fuzzy Events

Given a classical event A of an arbitrary probability space ({2, A, P). The charac-
teristic function x4 : 2 — {0,1} of A corresponds to a discrete random variable.
In this case, we have that P(A) = E(xa) = 1.P(xa =1) + 0.P(xa = 0), where
E(X) denotes the expected value of the random variable X . In view of the above
comments, one may suggest the following definition [9, 15].

Definition 3. Let A be a fuzzy event of a probability space (£2, A, P) with mem-
bership function p4 : 2 — [0, 1]. The probability of A is given by P(A) = E(pa4).



In order to explore the concepts presented so far, let us consider a probability
space for which the underlying o-algebra is contained in P(R) and the probability
measure P is induced by the probability distribution of a random variable X.
Here, we simply call this a fuzzy event of the probability space of a real event.
Let A be a real event with membership function ¢4 : R — [0, 1]. By Definition
3, the probability of A is given by

P(A) = E(pa) = E(pa(X)) = > palw:) P(X = a;) (2)
i=1

if X is discrete and by

P(A)=E(¢A)=E(¢A(X))Z/R@A(ﬂ«")f(ﬂf)dﬂ:/ pa(x)f(x)dz  (3)

uppA

if X is continuous, where f denotes the probability density function of X. Note
that, from above equations, it is not difficult to verify that P(A) satisfies the
axioms of probability.

5.2 Independence between fuzzy events

The concept of independence between fuzzy events is necessarily related to the
concept of conditional probability. In order to extend the classical notion of
conditional probability for the fuzzy case, we must revisit the mathematical
model of simultaneous occurrence of two events A and B. In the classical case,
the simultaneous occurrence is given by intersection AN B. However, in order to
extend to the fuzzy case, we must assess the function indicator x anpg. Any t-norm
models the conjunction “and”, in particular, the product or the minimum t-norm:
xans () = xa(x)xs(z) or xanp(x) = xa(x) Axp(x). Since in the classical case
usually adopts the product “.” t-norm and we are interested in its extension, we
opt to use the product t-norm to represent simultaneous occurrence. The notion
of conditional probability can be extended as follows.

Definition 4. Consider A and B, two fuzzy events of R, with P(B) > 0 (&
E(pp) > 0). The conditional probability of A given B is defined by

Similarly to the classic case, A is said to be independent of B if, and only if,

E(pa.0B)
E(¢B)

Note that the independence of A and B does not mean that the random variables
va and pp are uncorrelated, since Equation (5) does not involve a bivariate join
distribution.

= E(pa) & E(pa.p) = E(pa).E(pp). (5)



According to the formula (4) we do not always have P(B|B) = 1 if B is
not classical set (crisp set). This is the object of criticisms of some authors [16]
who prefer to adopt the t-norm of the minimum instead of the product in (4).
However, with the t-norm of the minimum, we lose the generalization - from the
classic case to the fuzzy case - of the probabilistic independence interpretation
via formula (5). Moreover, in our view, it is not clear why P(B|B) =11if B is a
non-crisp fuzzy event, since it is not clear which are its elements.

Let us emphasize another difference between sets and events. From the point
of view of (fuzzy) set theory, we have “(A|B) = (B|A)” since “(X|Y)” can be
interpreted as set formed by the points of Y which also belong to X. However,
P(A|B) # P(B|A) if P(A) # P(B).

This section developed the concept of events whose probability is a real num-
ber. However, there are at least two other ways to introduce the study of fuzzy
random variables from a random experiment. The first one is only linked to un-
certainty once the result of the experiment are revealed, i.e., the revelation of
the event. In this case, the probability of the fuzzy event is necessarily a real
number. In the second case, beyond the uncertainties at the boundaries of the
events, the mechanism of the experiment itself is also uncertain, for example, by
the procedure of the draw. In such a case the probability may be uncertain. In

the literature, the notion of fuzzy random variable deals with these both cases
[14].

6 Linguistic Random Variable

Given a probability space (2,4, P). Let X : 2 — R be a random variable
and let (Y, A, P) be the probability space induced by X, Y C R. Consider the
proposition P(X is A), where A represents a linguistic term (high, low, very high
...) given by a real fuzzy event A, that is, A € F(Y). Note that A is a fuzzy
event and, thus, we have that P(A) = E(pa).

On the other hand, if A is a classical (crisp) event, then, from the point
of view of classical theory, one can translate P(X is A) as P(X € A) and,
depending if X is a discrete or a continuous variable, we have that P(X € A) =
>ixa(@i)P(X =) or P(X € A) = [, xa(z)f(zx)d.

The previous subsections have shown that P(X € A) = E(xa) = P(A).
Now, for the case where A is a real fuzzy set that models a linguistic term such
as “low”, “medium”, “high”, etc. for the the variable X, it is natural, according
our previous discussion, to define P(X is A) = E(¢4) = P(A). This idea leads
us to the concept of a linguistic random variable, that is, a random variable that
can be associated with linguist terms given by fuzzy events.

Note that the notion of linguistic random variable can be used, for example,
to assess the probability “that a person has a low salary”. In this example, the
sample space {2 and the random variable X can be given respectively by the set
of all workers and a mapping that associates each worker with her/his salary.
Moreover, the linguistic term “low salary” can be given in terms of a fuzzy set.



The term fuzzy random variables is used to represent certain functions from
a probability space to the class of fuzzy sets. Thus, fuzzy random variables can
be viewed as an extension of the notion of random variables and there are at
least two approaches to this concept in the literature. It is worth noting that
the concept of linguistic random variable that has been presented here may not
coincide with these concepts of fuzzy random variable. The reader interested in
the concept of fuzzy random variables can consult [14].

7 Final Comments

This paper presents some ideas and reflections about the subject “Fuzzy versus
Probability”. In particular, we argue that such a discussion, from the mathemat-
ical point of view, does not make sense since each one deals with distinct and
incomparable mathematical frameworks. In order to support our conclusion, we
have shown that the solutions from each theory are formally incomparable. Prob-
ability theory requires the notion of measure in order to produce an answer to a
given problem. In (fuzzy) set theory such a requirement is not necessary. From a
theoretical point of view, given a universal set {2, probability theory requires a
function P called measure whose domain is a class (o-algebra) of subsets of 2.
On the other hand, in fuzzy set theory, a function ¢ called membership whose
domain is the universal set (2 is required. It is worth noting that, according to
the end of Section 3, fuzzy set theory is indeed an approach of set theory on the
universal set G C P(£2 x (0,1)).

From the modeling point of view, if the domain {2 is a sample space, then the
function ¢ is used to describe/characterize a fuzzy event whereas the function
P evaluates the probability of the (fuzzy) event defined by (. Note that in the
theory of probability, uncertainty or doubt about an event only exists before its
occurrence, for example, we can evaluate the probability of victory of whoever
bets in the lottery, however, after the draw, we will actually know who won. On
the other hand, even after the occurrence of a fuzzy event A, the uncertainty of
which elements of the sample space (2 belong to A persists. For example, suppose
we are interested in evaluating the probability of a young person winning the
lottery, where the term “young” is given by a fuzzy event. In this case, even after
knowing who won the lottery after the draw, the uncertainty or doubt about the
winner being young may prevail.

Finally, we would like to emphasize that the question of interest is the com-
bination of these two theories and not the competition between them. In this
context, we devoted Section 5 to a review an approach to combine fuzzy and
probability through the notion of fuzzy events.
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Abstract. Some functions commonly found in the literature have the
ability to aggregate a finite amount of information into a single data,
e.g. OWA functions, mixture functions, generalized mixture functions
and bounded generalized mixture functions. OWA functions can be char-
acterized as aggregation functions, while the others cannot because of
the lack of monotonicity. In this paper we will present a way of building
generalized mixture functions starting from bounded generalized mix-
ture functions, but we will not discuss about monotonicity, considering
that monotonicity is not an essential factor in applications as image pro-
cessing. Besides that, we show that this process preserves properties as
idempotency and homogeneity.

Keywords: Aggregation functions; OWA functions, Mixture functions,
Generalized Mixture functions, Bounded Generalized Mixture functions

1 Introduction

In several areas of applications, we need a mechanism that allows grouping finite
collections of information (inputs) into a single representative data. One of these
data grouping devices are called of aggregation functions, that can be used, for
example: To identify tumors [1-3], in techniques which support dental treatments
[4-6], in decision making [7-11], in image processing [12], to combine degrees of
membership of fuzzy sets [13], etc.

Aggregation functions must satisfy the monotonicity property, but it has al-
ready been proven that this condition is not necessary for some applications [14].
It was in this sense that Farias et al. [15] investigated a class of non monotonic
functions called Generalized Mixture Functions which generalize OWA func-
tions [16] and mixture functions [17] in order to provide an alternative. Still in
[15], Farias et al. introduced the Bounded Generalized Mixture Functions,



which generalize all the other functions mentioned. In addition, other properties

and applications of these functions have been considered in [18,19].
Generalized mizture functions and bounded generalized mixture functions,

like OWASs, are obtained from weights. In the case of OWAs a constant vector of

weights (i.e. aw = (wy, -+, wy) € [0,1]", with Y w; = 1), is chosen and a new

aggregation function OWA,, is obtained. But 1;1 ‘the case of mixture functions,
the vector of weights is variable, more precisely, the weights come from functions
with input x = (21, - -+, x,) which results in a more flexible solution.

In this paper we recall the notion of generalized mizture functions and a way
to construct them from a broader class of functions: The Bounded Generalized
Mixture functions. To achieve that, the text is structured as follows: Section 2
introduces some preliminary notions: Aggregation, OWAs and Mixture functions.
In section 3 we expose Generalized Mizture functions and Bounded Generalized
Mixture function; we also show how to build generalized mixture functions from
bounded generalized mixture functions as well as some important aspects of this
construction. Finally, section 4 states some final remarks.

2 Preliminaries

In this section we present some required concepts for this work.

2.1 Aggregation Functions

The class of Aggregation functions [20,21] is an important class of functions
used in several fields of knowledge, which ranges from Statistics to Computer
Science. The basic intuition is that they collect a finite amount of data and
produce a representative data of it.

Definition 1 A n-dimensional aggregation function is an isotonic function
A :]0,1]™ — [0,1] which satisfies the boundary condition: A(0,---,0) =0 and
A1, 1) =1.

Applications of aggregation functions can be found, for example, in fuzzy logic
[13,22-24], in decision making problems [7,9-11] and in image processing [1, 12,
25]. In addition, there are four types of aggregation functions: Conjunctive,
Disjunctive, Averaging and Mixed.

Definition 2 For any (z1,---,x,) € [0,1]", a function A :[0,1]" — [0,1] 4s:

1. Congunctive, if min(zy,---,2,) > A(z1, -+, 2n) ;
2. Disjunctive, if A(x1, -+, x,) > max(zy, -, Tpn);
3. Avemgmg, Zf min(xla T 737”) < A(:I:h T 75671) < max(xl, T ,l’n),'

4. Mized, if it is neither conjunctive nor disjunctive nor averaging.

Example 1 The Minimum and Mazimum functions, the Arithmetic Mean and
the Weighted Average Mean are examples of Averaging aggregation functions.



In this paper we investigate a subclass of averaging functions. We will not go

into details on conjunctive, disjunctive and mixed functions. For further infor-
mation we suggest the references: [20, 21].

Some aggregations satisfy important algebraic properties. Those properties

are: Idempotency (IP), Homogeneity of order k (HPy); has Neutral
Element (NP); has Annihilator element (AP); Symmetry (SP); Shift-
invariance (SHP); has Zero Divisor (ZP) and has One Divisor (OP).
These properties are detailed below and Table 1 shows some aggregations re-
lated with them.

Definition 3 A function A :[0,1]" — [0,1] satisfies:

(IP)
(HPy)

(NP)
(AP)
(SP)
(SHP)

(ZP)

(OP)

if, A(z,---,x) =z, for all z € [0,1];

if, AAw1, -, dan) = NP Ay, -+ 2), for any X € [0,1] and (z1,- -+, 7,) €
[07 1]71’
if there is an element e € [0,1] such that A(e,---,e,xz;,e,---,e) = x;, for all
x; €10,1] and any coordinate i € {1,---,n};
if there is an element a € [0,1] such that for alli € {1,---,n} and (z1,-- -, zi—1,
Ay Tit1, ,Tn) €[0,1]", we have A(xy, -+, Ti—1,0,Tip1,,Tp) = a5
if A(o(x)) = A(To1), s Tom)) = A1, -+, 2y), for any permutation o :
{1,---,n} = {1,---,n} and any x € [0,1]";
if for all X € [—1,1], chosen properly, we have A(xy + X, -, @, + A) =
A(xy, - ,xn) + X (or A(x+ ) = A(x) + \);
if there is a element a € (0,1) such that for any coordinate i and any
(X1, Tio1, 0, g1, Zn) € (0,1]™ we have A(z1,- -, Ti1,a,Tig1,- -,
ZTn) = 0;
if there is a element a € (0,1) such that for any coordinate i and any
(X1, Tim1, G, g1, Tp) € [0,1)™ we have A(x1, -+, Ti—1,0,Tit1, ", Tn)
=1.
Table 1. Aggregation functions and their properties

Function Properties

max (IP), (HP,), (NP), (AP), (SP) and (SHP)

min (IP), (HP;), (NP), (AP),(SP) and (SHP)

Arith (IP), (HP,), (SP) and (SHP)

SBound (IP), (HP1), (SP) and (SHP)

WAvg (IP), (HP:) and (SHP)

Prod (NP), (AP) and (SP)

GMean (AP) and (SP)

max(z +y — 1.5,0) (SP) and (ZP)

min(2.5 —z —y,1) (SP) and (OP)
for SBound(zy,--,2,) = min< 1,3 Jcn}, Prod(zy,---,x,) = [ «; and

i=1 i=1

GMean(zy, -+, &n) = \/T1T2 - Tp.



2.2 OWA Functions

The Ordered Weighted Averaging (OWA) Functions were introduced by
Yager [16] and provide an important subclass of averaging aggregation func-
tions. An OWA function is a parametric aggregation, it produces an aggregation,
OWA,,, according to a fixed vector of weights, w. Some of its applicability can
be found in: [10,12, 15, 22].

Definition 4 An Ordered Weighted Averaging - OWA Function is:

OWAW(m17 T axn) = Zwlx(l)7
1=1

n
where w = (wq,- -, wy,) € [0,1]™ is a vector of weights, i.e., > w; = 1, and
i=1
(1), s T(m)) = Sort(xy,---,xy) is the the input vector (xq,---,x,) decreas-
ingly ordered.

Example 2 The functions min, max, Arith e WAvg are example of OWAs, with
vector Of wezghts Wmin = (07 Tty 07 1)7 Wmax = (1707 e 70): WArith = (%7 Y %)

and Wy Avg = (w(l), e ,w(n)). More exzamples of OWA can be found in [15, 19].
Proposition 1 If w = (w1, ---,w,) € [0,1]™ is the vector of weights, then

1. OWA, is a continuous averaging aggregation function that satisfies (IP),
(HP), (SP) and (SHP);
2. OWA,, satisfy (NP) or (AP) if, and only if, OWA,, = max or OWA,, =

min.

OWA functions are obtained from fixed vector of weights. It means that
an application programmer must appropriately choose beforehand the vector of
weights. In other words, this choice must be done externally to the algorithms
and there is no place for algorithms to choose dynamically an appropriate vector
of weights. However, there are other functions in which the vector of weights is
not fixed, they are the mixture functions [17].

2.3 Mixture Functions and Generalized Mixture Functions

Beyond OWAs, there are other kinds of parametric functions which generalize
OWAs. They are called Mixture functions, coming from the Bajraktarevic
mean [17] and having the following form:

with w; : [0,1] — [0, +00).



Since each w; is a function, then the vectors of weights (w1 (1), ..., wn(zy))
are not fixed beforehand.

The Mixture Functions generalize OWAs, but are not always isotonic. They
were also generalized, first by Pereira and Pasi [26] and subsequently by Farias
et al [15,19,27,28] to what is called Generalized Mixture Functions.

Definition 5 ([15,19]) A Generalized Mixture function (or simply GM
function) is a function GMp : [0,1]™ — [0, 1] given by:

n

GMp(x) =Y fi(x)zs,
i=1
where I' = {f; : [0,1]™ = [0,1]] 1 <4 < n}, with Z fi(x) = 1. The class of all
Generalized Mizture functions is denoted by: GM
Example 3
— The functions: min, max, Arith, WAvg are examples of GM functions [15].
— Any OWA function is also a GM function, with fi(x) = wqe), where q :

{1,2,---,n} = {1,2,---,n} is the inverse permutation of p(i) = (i) obtained
in Sort(xy, -+, xn) = (Ty, - T(n))

The class of GM functions extends that of OWAs, in fact it is a proper
superclass, see the example below:

Example 4 Given the functions: f1, f2 : [0,1]2 — [0,1], s.t. fi(z,y) = sin(z)-y
and fo(x,y) = 1 —sin(z) - y, then the function h(x,y) = (sin(z) -y) - = + (1 —
sin(z) - y) -y is a GM function which is not isotonic.

2.4 Bounded Generalized Mixture Functions

Another generalized form of OWA was defined by Farias et. al. [15]. These new
functions were called Bounded Generalized Mixture Functions or BGM
functions.

Definition 6 A Bounded Generalized Mizture Function (BGM) is a func-

tion BGM : [0,1]" — [0,1] defined by BGMp(x) = > fi(x)x;, with I' = {f; :
i=1

[Ov l]n — [07 1” I<i< n};

(1) i fi(x) <1 for any x € [0,1]", and
i=1

! For example, for n = 3 and (:m,xz,mg) = (01 0.5,0.3), Sort(z1,z2,x3) =
(0.5,0.3,0.1) = (x2,z3,21) and so (1) = 2,(2) = 3,(3) = 1. The inverse permu-
tation of p(i) = (¢) is ¢(1) = 3,¢(2) = 1,¢4(3) = 2, and so GM(0.1,0.5,0.3) =

w3 -0.14+w;-05+w2-03=w;-0.5+ws-03+w3-0.1=0WAw (01 0.5, 03)



(11) Zn:fi(l,'“,l):1f0r alli € {1,2,---,n}
i=1

The class of all Bounded Generalized Mizture functions is denoted by: BGM
Remark 1 Any GM function is also a BGM function such that:

zn:fz(x) =1, for all x € [0,1]™.
i=1

Remark 2 There are BGM functions which are not GM functions, e.g. BGM(x) =
; €9

> %? — obtained from weights: f;(x) =

i=1

For further information and application see: [15, 18, 19].
It is possible to build a GM function from a BGM function:

Proposition 2 Given a BGM function, with weights I' = {f; : [0,1]" —
[0,1]] 1 <i < n}, the function below is a generalized mizture function:

fi(x)xs

3 EOE i 55 i) 0
GM(x)={ "~ =" =
pral otherwise.
i=1
In other words, there is a function m : BGM — GM such that:
W(BGMF) = GMFI,

where I = {f]} with f]:[0,1]™ — [0,1] given by:

/ > L i S fi(x) £ 0
fi(x) =< i=1 X fi(x) j=1 .

i=1
71u otherwise.
Proof. Just see that > f/(x) = 1.
i=1
n
Example 5 Given f;(x) = £ and BGM(x) = 3 i

n $2
T(BGM)(x) = "~ =
>

otherwise.
i=1

) Zf(x1a7$n)7é(0,

Proposition 3 7 is surjective and mom = m.



Proof. In order to verify that 7 is surjective, it is sufficient to note that if GMp €
GM, then 7(GMp) = GMp. In other words , just shows that 7|gy = Idgm, and
for this

n

S A =1 3 e =3
i=1 i=1 i=1 Z fj( x)

Now, to prove that m o m = , see that W(BGMF) € GM. Therefore, as w|gm =
Idgn, we have to

m(m(BGMp)) = m(BGMr), para todo BGMp € BGM.

In fields as image processing, some properties are necessary and can not be
discarded. This properties are idenpotency and homoneity. In the proposi-
tions 4 and 5 show that 7 conserve these important properties.

Proposition 4 For any BGMp € BGM, 7(BGMy) satisfies (IP).

Proof. Note that 7(BGM) satisfies (IP) if, and only if, >~ f/(z,---,2) =1 for
i=1

all z € [0,1], and also

zn:f’(x z) i=1 fjlf (z, ) a i=1

(e m) =8 =

i= >i=1, otherwise.
i=1

Proposition 5 If BGMr € BGM is such that f; € I' satisfies (HPy), with
k > 1, then m(BGMr) satisfies (HP1).

Proof. If Z fi(x1,---,x,) = 0, then Z JiAz1, -, Axy) = AP Z filz, -, 2n) =
i=1

i=1 i=1

0, like this f/(z1, -+, zn) = f/(Az1,- -+, Az,) = L. Meanwhile, if 3 fi(z1, -+, z,) #

=1
0 and A # 0, then
fi’()\mh...’)\xn)_ _ ()\.’171, a)‘xn) _ n)‘ fl(xla 7-’L'n>
5 h0m ) 5 ()
— nfi(xl,-.-,xn) :f/(xl,"',xn)

Z fj(xla T 7xn)
j=1

Therefore, 71(BGMp)(Az1,- -+, Azy) = Am(BGMp)(z1, -+, zy), if A # 0. In the
case that A = 0, we have

7(BOMp) (01, -, 02,) = 3 079” — 0= 0-7(BGMp) (1, - -, ).

=1

Thus, 7(BGM) satisfies (HP1).



Another interesting property is the Shift-invariance, which is observed in
functions as means, mode, minimun, marimum and median. In the next propo-
sition we show that shift-invariance also is preserved by .

Proposition 6 If BGMr € BGM is such that fi(x1+X, -+, zp+A) = fi(z1,- -, 2n)
forallie{l,---,n} and x1,---,z, € [0,1], then 7(BGMr) satisfies (SHP).
Proof. 1t is sufficient to prove that f/(z1 4+ \,--+,z, + A) = fl(z1, -+, z,) for
n
all i € {1,---,n} and xy,---, 2, € [0,1]. For this, note that: If 0 = > fi(z; +
i=1

1
n
Avyxn+)\) = Z fz(xzu7xn)7thenfll(mz+)\a7xn+>\) - % = fl(iriv"'axn)~
i=1
In the other case:
filei + A 2+ A)

fz/(x1+/\’7xn+)‘): n
Zlfj(xl+>\avxn+>\)
j=

_ fz(xlaaxn)
S fii )
Jj=1

3 Final Remarks

In this paper we investigate two classes of functions: The Generalized Mixture
functions and the Bounded Generalized Mixture Functions. We prove that there
is a relation between them. We also show that it is possible to obtain Gen-
eralized Mixture functions from Bounded Generalized Mixture functions and
guarantee important properties such as: idempotency and homogeneity, which
are important properties, for example, in image processing [12]. Applications of
Generalized Mixture functions can be found in [15, 18].

The current work will allow to establish a series of generalized mixture func-
tions whose applicability will be investigated in future contributions. Currently,
we are investigating the application on Decision Making problems (work in
progress).
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Abstract. Mathematical morphology (MM) is concerned with the anal-
ysis and processing of images and signals by means of algebra and ge-
ometry. The algebraic framework of MM is usually given by complete
lattices. In this paper, we employ the more recent theory of MM on
inf-semilattices (cisls) based on reference elements and we describe a
semi-lattice based auto-associative morphological memory (SL-AMM)
model in this framework. The choice of appropriate reference elements
or, more generally, reference functions in applications of SL-AMMSs is
an open research issue. Here, we employ different image filters as refer-
ence functions in cisl-based auto-associative memories and we perform
some experiments concerning the recall of gray-scale images that are
highly corrupted by salt and pepper or random-valued impulsive noise.
We compare the experimental results produced by our approach with
the ones achieved by the image filters as well as number of associative
memory models.

Keywords: Mathematical morphology, complete inf-semilattice, refer-
ence element, auto-associative memory, image filter, image restoration.

1 Introduction

Mathematical morphology was first initiated in 1960s by G. Matheron and J.
Serra as the part of binary image processing that is concerned with image filter-
ing and geometric analysis by means of structuring elements [16]. Afterwards,
MM was extended to gray-scale functions (images) using the umbra approach
[18]. More recent approaches to MM include fuzzy MM [3,17,2] and L-fuzzy
MM [19]. Note that, in all approaches towards MM, the class of images repre-
sents a partially ordered set and in most cases, including the ones mentioned
before, a complete lattice [1] on which morphological operators are defined [1, 6,
5,20]. In this framework, MM has many applications such as image restoration,
segmentation, edge detection, classification and analysis.

In the complete lattice setting, a morphological operator is determined by
the specific partial ordering on the underlying image space and the choice what
is foreground and what is background. This choice, which is never made explicit
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and for that reason usually goes unnoticed, causes morphological operators to
usually come in dual pairs such as dilation/erosion and opening/closing [6]. In
contrast, an operator 1) is called self-dual if ¢(f*) = (¢(f))* for any input image
f. Here, f* denotes the dual image of the image f. In many applications such
as image filtering or image denoising, self-duality is a desirable property.

Keshet and Heijmans employed complete inf-semilattices in order to develop
an algebraic approach towards self-dual mathematical morphology [7,9]. Specif-
ically, Keshet and Heijmans equipped the image space with a self-dual partial
ordering so as to generate a complete inf-semilattice on which self-dual erosion
operators can be defined. The resulting theory of MM on cisls is not only inter-
esting from the mathematical point of view but can also be applied to problems
in nonlinear image analysis such as fast motion detection, image restoration,
innovation extraction, compression of segmented sequences [9].

A complete inf-semilattice is a set in which every arbitrary subset has an
infimum (but not necessarily a supremum). A complete inf-semilattice can be
derived from a conditionally complete lattice-ordered group by using a so called
reference element 7. The resulting cisl has r as its least element. Given an ar-
bitrary element x of a complete lattice-ordered group, a reference element r is
given by the value p(z) of a so called reference function p.

Previously, Sussner and Medeiros introduced a cisl-based auto-associative
morphological memories [21] that we shall call semi-lattice associative memories
(SLAMs) in this paper. The definition of a SLAM model uses a reference func-
tion whose choice represents an open research problem. Since this paper includes
simulations regarding the restoration of images that are corrupted by high lev-
els of salt and pepper as well as random-valued impulsive noise (RVIN), some
competitive impulse noise filter, namely adaptive median filter (AMF) [8] and
adaptive fuzzy transform based image filter (AFT-IF) [15], were used as reference
functions. In our experiments, the SLAM model that employs the AFT-IF as a
reference function exhibited a better image restoration performance in terms of
three different measures (NMSE, PSNR, SSIM) than the respective filters alone.
In addition, the AFT-IF based SLAM also outperformed the some neural asso-
ciative memory models, namely the optimal linear associative memory and the
complex-valued Hopfield net [10, 22].

2 Some Mathematical Background

A non-empty set P on which a reflexive, antisymmetric and transitive binary
relation “ <7 is defined is called a partially ordered set (poset). Additionally, if
we have either z < y or y < z in a poset P, then P is said to be totally ordered
and is called a chain. An operator ¢ : P — P is said to be increasing or isotone
if x <y implies that ¢¥(z) < ¥(y).

A poset L is called a lattice if every non-empty finite subset of I has an
infimum and a supremum in L [1]. In particular, every totally ordered set or
chain such as R and Z is a lattice. For any X C L, we denote the infimum of

X using the symbol A X and the supremum of X using the symbol \/ X. If
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X ={z; €L : j € J} for some index set J, then we write /\;_; z; and \/, ; z;
instead of A X and \/ X, respectively. If X = {x,y} C L, then we write = Ay
and z V y instead of A X and \/ X, respectively.
A lattice L is complete if every subset of L has an infimum and a supremum
in L. A lattice LL is called conditionally complete if every bounded subset of IL
has an infimum and a supremum in L. In particular, the set of finite elements
of a complete lattice L, i.e., L\ {AL,\ L}, is conditionally complete. If every
non-empty finite subset of a poset I has an infimum in L, then L constitutes
an inf-semilattice. If every subset of L has an infimum in LL then L is called a
complete inf-semilattice or cisl. If L is a (complete) lattice or an inf-semilattice,
then the direct product L™ is also a (complete) lattice or an inf-semilattice with
partial order induced by L. Similarly L%, the class of functions from a set X # ()
to L, gives rise to a complete lattice when considering the following partial order
on LX:
f<ge @) <glz) VoeX. (1)

A function ¢ : . - M, where L. and M are cisls, is called a cisl homomorphism
or (algebraic) erosion if we have the following equation for all index sets J and
all ; € L

SN ) = N\ o). )
jEL JEL

A lattice that also forms a group in which every group translation  — a+z+b
is isotone, is called lattice-ordered group, for short l-group [1]. If G is a complete
lattice whose set of finite elements forms a group with isotone group translation
then we refer to G as a complete l-group extension [20]. Of course, a conditionally
complete lattice F can form a group at the same time and, in this case F is simply
called a conditionally complete I-group [1]. For example, the l-groups R and Z
are conditionally complete.

From now on, let F stand for an arbitrary conditionally complete I-group.
Note that F induces conditionally complete I-groups F”, F*" and FX. Given
a matrix A € F™*P and a matrix B € FP*"  the matrix C = AN B called the
max-product of A and B and the matrix D = AR B, called the min-product of
A and B are respectively defined by the following equations for all ¢ =1,...,m
and j=1,...,n:

k

k
cij =\ (aic +bej),  dij =\ (aic + be;)- (3)
e=1 £=1

If x € F C G, then its conjugate =* is simply given by —z and X* is given
by (X*);; = —x;; for all X € F"*™ C G"*™. Note that F = G \ {£oo}.

The cone F7 is defined as {z € F: 0 < x}, where 0 denotes the neutral ele-
ment with respect to the group operation of addition. Note that (F*, <) repre-
sents a cisl. The positive part 7 and the negative part 2~ of an element x of
IF are respectively given by ¥ = 2 vV 0 and 2~ = —x V 0, where 0 denotes the
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neutral element of the group F. Every = € F can be written as x = 7 —2~. The
element % and ™ of the cone F' are said to be disjoint because z+ Az~ = 0.
Defining the following partial order < on F turns F into a cisl [7].

Proposition 1. Consider the binary relation =g on F that is defined as follows:
=0yt <y andzT <y~ (4)

We have that (F,=o) is a cisl whose least element is 0. The infimum of an
arbitrary subset {z; : i € I} of F is given by

A T = /\(Jﬂz‘)Jr - /\(%)i (5)

i€l iel iel

In particular the infimum operation in the cisl (F, =q) satisfies

(A z)t = /\(Jii)+ Cmd(A z;)” = /\(l“i)* (6)

i€l iel iel iel

The cisl (F,=g) is also denoted using the symbol Fy. The neutral element of
addition 0 plays an important role in Fy whose construction is based on the
fact that O represents a reference element of the lattice (F, <). Recall that an
arbitrary element r of a lattice L is called a reference element if the following
statement is satisfied for all z,y € L:

TAr=yArandzVr=yVr<sr=uy. (7)

If F is conditionally complete I-group then every r € F is reference element of
the lattice (I, <) and a cisl arises via the following definition of “=<,” which
constitutes a partial order on F. The resulting cisl (IF, <,.) can be denoted using
the symbol F,..

r=,yezVr<yVrandyAr<zAr (8)

For an arbitrary X C F, the infimum of X in the cisl F,. is denoted using the
symbol A, X. In the special case where X = {z; € L. : j € J} for some index
set J, A, X is also denoted

A . (9)

jeJ

Moreover, (z,) denotes z — r for all z,r € F. Note that = <, y is equivalent to
having both (z,)" < (y.)™ and (z,.)” < (y,.)” . This observation leads to the
following expression:

Arzi= N@)F = N\@): +r (10)

= JjEJ jeJ
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3 Semilattice Associative Memories

Associative memories (AMs) are designed to store a finite set of pattern asso-
ciations (x%,y%), where ¢ = 1,.... k, called set of fundamental memories [4].
Moreover, an AM should permit the retrieval of a desired output upon presen-
tation of a possibly noisy or incomplete version of a input pattern.

In this paper, the focus is on auto-associative memories, i.e., the case where
y¢ = x¢ for all £ = 1,..., k. Furthermore, the patterns x¢ are assumed to be
in F™, where F is a conditionally complete [-group. Hence, the auto-associative
memory described in this paper corresponds to a mapping M : F™* — F”. Ideally,
M exhibits perfect recall of the original pattern, that is, M(x¢) = x¢ for all
¢ € K and some tolerance with respect to noise, that is, M (525) = x¢ for noisy
or incomplete versions X¢ of x¢.

The classical auto-associative morphological memories (AMMs) [13], [14],
also referred to as lattice auto-associative memories, are defined in terms of
the min- and max-products. Originally, defined as mappings F* — F", where
F =R or F = 2Z, AMMs can also be viewed as mappings G" — G", where
G =RU{—00,+0} or G = Z U {—00,+00} [20]. As observed in [21], AMMs
can also be defined as follows for an arbitrary complete lattice-ordered group F.

Let X € F**F be the matrix whose &-th column is x¢ for € = 1,..., k. The
AMM M xx is the mapping F™" — F" determined by the equation

MXX(X):MXXxVXGFn, (11)

where the synaptic weight matrix Mxx is given by Mxx = X M X*. The dual
AMM model Wxx : F™ — F” is determined by the equation

Wxx(x)=WxxMx Vx €F", (12)

where the synaptic weight matrix Wxx is given by Wxx = XA X*. If G
denotes the completion of F, then G represents a complete I-group extension
and Equations (11) and (12) can also be applied to x € G". As shown in [20],
the respective extended mappings G™ — G™ represent elementary operations
of MM in complete lattices - in this case from the complete lattice G™ to the
complete lattice G™ - and this is the reason why the AMs Mxx and Wxx are
called “morphological”.

Let us briefly review the SLAM model of Sussner and Medeiros [21] As before,
we consider patterns x!,...,x* € F". Let p : F* — F” be an arbitrary function.
Given an arbitrary element x of ", p(x) will play the role of a reference element
and therefore we may refer to p as a “reference function”. Let X;E € Fn*2F be
the matrix whose £th column is (x¢ — p(x¢))* and (€ + k)th column is given
by (x% — p(x%))” for all £ = 1,...,k. In addition, let M¥% , denotes the matrix
M xEx: € F=" The following equation yields an auto-associative memory

M, F* = F» [21]:

My(x) = M B (x — p(x)) " — My B (x — p(x))” + plx) ¥x € F". (13)
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Theorem 1. Let M, : F* — F" be defined as in Equation 13. The function
M, represents an associative memory model, that is guaranteed to yield perfect
recall for an arbitrary set of patterns {xl, . ,Xk} C F™ for an arbitrary number
of patterns k € N. Formally we have:

My(x) =xVE=1,...,k, (14)
For an arbitrary input pattern x € F", the output pattern M,(x) € F" satisfies
(%) = pix) Mp(x) Zp() X (15)

If p(x) =r € F” for all x € F", then M, represents an erosion from the cisl Fy
to the cisl ).

4 Simulations in Gray-Scale Image Reconstruction

In this section we perform some experiments using the ten images (i.e., Lena,
Airplane, Watch, Cameraman, House, Vehicle, Tree, Papav, Boat, Church and
Clock) that are available at the internet site of the Mathematical Imaging and
Computational Intelligence Laboratory, University of Campinas [11]. These im-
ages have size 128 x 128 and 256 gray levels. For each of these images, we
generated a vector x¢ of length n = 16384.

Recall that SLAM depends on the choice of reference vectors which can be
accomplished by means of a reference function. In this papers, we chosen the
image filters i.e., adaptive median filter (AMF) with maximum window size
[8] and adaptive fuzzy transform based image filter (AFT-IF) [15] as reference
functions. Since the AFT-IF is based on the fuzzy transform [12], we converted
the images into ten fuzzy images by normalizing the respective pixel values
within the range [0, 1]. In order to verify the tolerance of SLAM models using
aforementioned image filters, we corrupted the original images by introducing
the following types of noise:

1. Salt and pepper (S & P) noise with different density levels;
2. Random-valued impulse noise (RVIN) with various probability;

We conducted this experiment 100 times for each type of noise and each original
pattern x¢, where £ = 1,...,10 and we used several measures to evaluate the
performance of the SLAM model.

Let x be the original image and let y be another image such as the image
that was restored from a corrupted version of x. Recall that the normalized mean
squared error (NMSE) is given by

2
Ix—yls S0 (zi —yi)?
- n
EiE Y i (i)

where .||, denotes the usual Euclidean norm. The peak signal to noise ratio
(PSNR) (a bigger PSNR value represents a better visual quality of the restored

NMSE(x,y) = (16)
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image) and the mean structural similarity index (SSIM) (a number from 0 to 1,
where 1 corresponds to two identical images [23]) are given as follows:

n
PSNR(x,y) = 101log _——— and 17
Gr,y) = 10%og (zj_l@cj - w) ()
(2nxny + c1)(20x0y + c2)

SSIM(x,y) =
(oY) = a2 T )02 + 02 + ca)

(18)

where 7, and o are respectively the mean and the variance of the image x, and
c1 and ¢y are two small constants added to provide stability. In this paper, we
used ¢; = (k1 - L)? and ¢z = (ko - L)? as parameters, where L is the dynamic
range of the pixel-values (typically this is 2% Pits perpixel 1o ' [, = 255) and
k1 =0.01 and ko = 0.03 by default.

Table 1 lists the NMSE, the PSNR, and the SSIM values produced by AMF
and AFT-IF (shortly AFTIF), as reference filters as well as the SLAM models
Mayr and M gprrp for salt and pepper noise with density levels d = 0.4, 0.5,
0.6 and random-valued impulse noise with probability p = 0.4, 0.5 and 0.6. Note
that, for aforementioned noise, the SLAM models yield slightly lower NMSEs
than the image filters alone. In these experiments, we employed the same fixed
AFT-IF parameters for both salt and pepper noise and RVIN.

Furthermore, we also performed some experiments using the optimal linear
associative memory (OLAM) proposed by Kohonen and Ruohonen [10] as well
as the complex-valued Hopfield net of Tanaka et al. [22]. The synaptic weight
matrix Mo of the OLAM model is given by Mo = X X, where XT denotes the
pseudo-inverse of the matrix X = [x!...x*] € F"**. Table 1 reveals that the
SLAM model M 4 g7 that employs the AFTIF as a reference function exhibits
the highest tolerance with respect to salt and pepper noise and RVIN for noise
levels of 0.4, 0.5, and 0.6.

Fig. 1 depicts detailed views of the outputs of the aforementioned image filters
and the corresponding SLAM models as well as the complex-valued Hopfield net
and the OLAM upon presentation of a corrupted Lena image. Note that the
output scene produced by Maprrpr is the most similar to the corresponding
scene of the original image.

In Fig. 2 we used a wide range of impulse noise with probability from 0.30 to
0.75 with step size 0.05 and measured the quality of the reconstructions produced
by the AMF, the AFTIF and several associative memories in terms of the PSNR
and the SSIM. Fig. 2 shows that the M 4 prrp exhibited the best error correction
capability in this experiment.

5 Concluding Remarks

This paper discusses a semilattice-based autoassociative memory. We conducted
some experiments concerning the restoration of gray-scale images that were cor-
rupted by salt and pepper and random-valued impulse noise. In these exper-
iments, the SLAM model M 4p7;r outperformed not only the AMF and the
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Table 1. NMSEs, PSNRs, and SSIMs produced by the AMF, AFTIF and the corre-
sponding SLAMs as well by the ccmplex Hopfield net and OLAM.

H NMSE H

Type of noise || AMF |AFTIF|Muanrp|Marrir|C. Hopfield OLAM
S & P: d = 0.4{/0.0991| 0.0840 | 0.0937 | 0.0801 0.1086 |0.1821
d = 0.5((0.1146/ 0.1060 | 0.1136 | 0.1035 0.3252 |0.2253
d = 0.6((0.1301|0.1163 | 0.1298 | 0.1102 0.7903 |0.2736

RVIN: p = 0.4|{0.1901| 0.0843 | 0.1866 | 0.0805 0.0896 |0.0987
p = 0.5](0.2198| 0.1088 | 0.2177 | 0.1046 0.2445 |0.1112
p =0.6(/0.2711{0.1179| 0.2710 | 0.1176 0.2760 |0.1379

H PSNR H

S & P:d=04]2598| 29.11 | 26.13 | 30.12 29.61 28.41
=0.5]24.13 | 27.80 | 25.27 | 29.55 25.31 26.06
d=0.6/]22.89| 26.98 | 23.85 | 28.23 23.32 25.34

RVIN: p = 0.4|| 24.10 | 28.21 | 25.34 | 29.35 28.18 27.78
p=20.5]|2274| 27.11 | 23.36 | 28.93 24.12 26.67
p=20.6|21.11| 26.12 | 21.89 | 27.91 2212 25.79

H SSIM H

S & P: d = 0.4[|0.5010| 0.7844 | 0.5545 | 0.8314 0.8211 |0.8011
d = 0.5([0.4813|0.7455 | 0.5234 | 0.8244 0.7098 |0.7825
d = 0.6/0.4698| 0.7295 | 0.4811 | 0.8011 0.5712 |0.7633
RVIN: p = 0.4|]0.4909| 0.7835 | 0.5495 | 0.8299 0.8133 |0.7913

p = 0.5(|0.4712{0.7423 | 0.4912 | 0.8111 0.6812 |0.7712
p = 0.6(|0.4614|0.7234 | 0.4612 | 0.7913 0.5812 |0.7591

AFT-IF image filters but also other associative memory models. In future re-
search, we intend to make further steps towards solving the problem of choosing
a reference function for a SLAM model.
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Abstract. A fuzzy associative memory (FAM) is an input-output sys-
tem that allows for the storage and recall of fuzzy sets. In this pa-
per, we present and discuss a new class of autoassociative FAM mod-
els, called max-C' projection autoassociative fuzzy memories (max-C
PAFMs), which have been derived from autoassociative fuzzy morpholog-
ical memories (AFMMSs). In few words, a max-C' PAFM projects the in-
put fuzzy set into the set of the max-C' combinations of the stored items.
We illustrate and compare the performance of some max-C PAFM mod-
els with other AFMMs for the storage and recall of corrupted scale-gray
images.

Keywords: associative memory, mathematical morphology, adjunction,
fuzzy relational inequalities, image reconstruction.

1 Introduction

Associative memories (AMs) are mathematical models inspired by the human
brain ability to store and retrieve a determined information by association [1].
An AM is categorized as either heteroassociative or autoassociative. An autoas-
sociative memory is designed for the storage of a finite set A = {al,..., a*}. The
famous Hopfield neural network is an example of an autoassociative memory [2].

We speak of a fuzzy associative memory (FAM) if the AM is designed for the
storage and recall of fuzzy sets, that is, A C [0, 1]™ [3, 4]. Applications of fuzzy
associative memories include control [3], classification [5], time series prediction
[6, 7, 8], and restoration of corrupted images [7, 9]. The reader interested on
a comprehensive review on fuzzy associative memories is invited to consult [4].
In this paper, we only address autoassociative fuzzy memories. Precisely, we
focus on the class of autoassociative fuzzy morphological memories (AFMMs)
proposed by Valle and Sussner [7, 10].

The AFMMs can be seen as fuzzy versions of the autoassociative morpho-
logical memories (AMMS) introduced by Ritter and Sussner [11]. Like the AMM
models, AFMMSs exhibit unlimited absolute storage capacity and an excellent
tolerance to either erosive or dilative noise. Despite the successful applications



of morphological and fuzzy morphological autoassociative memories [6, 7, 8, 12],
these memories suffer from a large number of spurious memories.

Recently, Valle introduced the max-plus projection autoassociative morpho-
logical memory (max-plus PAMM), which have less spurious memories than the
original AMM [13]. Inspired by the max-plus PAMM, we proposed the new class
of max-C' projection autoassociative fuzzy memories (max-C PAFMs) [14]. In
general terms, a max-C' PAFM projects the input fuzzy set into the set whose
elements are all max-C' combinations of the stored items. Such as the max-plus
PAMMs, the max-C' PAFMs exhibit unlimited absolute storage capacity and an
excellent tolerance to dilative noise. On the downside, they are very sensitive to
either erosive or mixed noise.

The paper is organized as follows. The next section briefly reviews the min-
D AFMMs. The max-C PAFMs are introduced in Section 3. Computational
experiments comparing the performance of the new models and min-D AFMMs
for the storage and recall of scale-gray images are given in Section 4. The paper
finishes with the concluding remarks in Section 5. We would like to point out
that this paper corresponds to an improved version of the conference paper [14].
Namely, in this paper we provide some new theoretical results and we provide
further computational experiments.

2 Autoassociative Fuzzy Morphological Memories

In this section, we briefly review the autoassociative fuzzy morphological mem-
ories (AFMM). The reader interested on a detailed account on this subject is
invited to consult [7, 10]. Let us begin by recalling some basic concepts from
fuzzy set theory and fuzzy logic.

Throughout the paper, we only consider fuzzy sets on a finite universe of
discourse. A fuzzy set x on a finite universe U = {uy, us, ..., u, } corresponds to
a vector X = [z1,2,...,7,]T € [0,1]", where the component x; = x(u;) denotes
the degree of membership of u; on the fuzzy set x.

A fuzzy disjunction D is an increasing mapping D : [0, 1] x [0, 1] — [0, 1] such
that D(0,0) = 0 and D(1,0) = D(0,1) = 1. An hybrid monotonous (decreasing
in the first argument and increasing in the second argument) operator J : [0, 1] x
[0,1] — [0,1] is a fuzzy co-implication if it satisfies J(0,0) = J(1,1) = 0 and
J(0,1) = 1 [15]. We say that a commutative fuzzy disjunction D and a fuzzy
co-implication J form an adjunction if and only if the following equivalence holds
for z,y,z € [0,1]:

D(z,y) >z <= x2>J(y,2). (1)

From now on, we assume that a fuzzy disjunction D is commutative and forms
an adjunction with a certain fuzzy co-implication J.

An autoassociative fuzzy memory is designed for the storage of a family
of fuzzy sets A = {a',...,a*} C [0,1]", called fundamental memories set. In
mathematical terms, an autoassociative fuzzy memory is an application M :
[0,1]" — [0,1]™ such that the identity M (a%) = a® holds as far as possible for



all £ e K ={1,2,...,k}. Moreover, M should exhibit some noise tolerance, i.e.,
M(af) = af is expected to hold true for noisy or incomplete versions a¢ of af.

Motivated by concepts from mathematical morphology, Valle and Sussner
introduced the autoassociative fuzzy morphological memories (AFMMs) [4, 10].
Due to page limit, in this paper we focus only on the min-D AFMM.

Let D be a commutative fuzzy disjunction and J a fuzzy co-implication
such that D and J forms an adjunction. Given a fundamental memory set A =
{a',...,a*} C[0,1]", a min-D AFMM M : [0,1]™ — [0, 1]" is defined by

M(x) = M e x, (2)

where the symbol “e” denotes a min-D product based on the fuzzy disjunction D.
The matrix M € [0, 1]™*"™ is called the synaptic weight matrix of the AFMM. We
would like to point out that M given by (2) corresponds to an erosion of fuzzy
mathematical morphology [16, 17]. Hence the name fuzzy morphological memory.
A new theoretical justification for a subclass of AFMMSs has been proposed
recently by Perfilieva et al. using fuzzy preorder [18].

The synaptic weight matrix M can be determined using the fuzzy learning by
adjunction [10]. Let A = [al,...,a"] be the matrix whose columns correspond
to the fundamental memories. The fuzzy learning by adjunction establishes that
the matrix M is the best approximation from above of the matrix A in terms of
the min-D product. Formally, the fuzzy learning by adjunction defines

M=A\{Ve1™":Ved>A}. (3)
Alternatively, the solution of (3) can be expressed using the equation
M=Awp AT, (4)

where the symbol “»” denotes the max-J product based on the fuzzy co-implication
J which forms an adjunction with the fuzzy disjunction D [10].

The following proposition reveals that a min-D AFMM M projects the input
x into the set of all fixed points of the memory [7]. Alternatively, the output
M(x) is the largest fixed point less than or equal to the input x.

Proposition 1 If D is a commutative and associative fuzzy disjunction with
an identity then, for any input x € [0,1]", the output of a min-D AFMM M
satisfies

M(x)=\/{z e I(A):z<x}, (5)
where Z(A) = {z € [0,1]™ : M(z) = z} denotes the set of all fized points of M,
which depends on the fundamental memory set A= {a',..., a*}.

In the light of Proposition 1, from now on we assume that the fuzzy disjunc-
tion D is commutative, associative, and has an identity. In this case, it is not
hard to show that A C Z(A), i.e., all fundamental memories are fixed points of
the min-D AFMM. In other words, the identity M (a%) = a® holds true for any



&e{l,...,k}. Also, we can show that several transformations of the fundamen-
tal memories as well as any minimax combinations of these transformations are
fixed points of M [7]. Now, since an element on the set difference Z(A) \ A is a
spurious memory of M, we deduce that a min-D AFMM has a large number of
spurious memories. Moreover, we conclude from (5) that the identity M (x) = a$
is satisfied only if x > af. In other words, a min-D AFMM exhibits tolerance
with respect to dilative noise, but it is extremely sensitive to either erosive or
mixed (= dilative 4 erosive) noise. We would like to recall that x corresponds to
a dilated version of a fundamental memory a¢ if x > af. Dually, x is an eroded
version of the fundamental memory a¢ if x < a$ [11].

Example 1 Consider the fundamental memory set
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and the fuzzy disjunction Dy(z,y) = x V y. Note that Dy is commutative,
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fuzzy co-implication that forms an adjunction with Dys. From (4), we obtain the
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where ‘w7 is the maz-J product based on the fuzzy co-implication Jyr. Now,
given the input vector

x=1[07 06 0.1 09]", ®)
the min-Dy; AFMM yields

M (x) = Moy x=[0.7 05 0.1 0.8]" #a, (9)

where “ep;r” is the min-D product based on the fuzzy disjunction Dys. Note that
the input x corresponds to a dilated version of the fundamental memory a'. In
fact, we have x = a' + [0.1 0.1 0 0.1}T > al. In this ezample, however, the
min-Dyy AFMM failed to produce the desired output at. Also, since M(x) does
not belong to the fundamental memory set A, the fuzzy set [0.7,0.5,0.1,0.8]7 is
a spurious memory.

3 Max-C Projection Autoassociative Fuzzy Memories

First of all, an increasing mapping C : [0,1] x [0, 1] — [0,1] is a fuzzy conjunction
if C(1,0) = C(0,1) = 0 and C(1,1) = 1. Given a fuzzy conjunction C, the set



of all max-C combinations of vectors from A = {al,... a*} C[0,1]" is
k
CA) =¢\/ COex) €01 . (10)
e=1

Note that z € C(A) if and only if z; = \/f_; C(\¢,af) forall i = 1,....n.

A fuzzy implication I : [0,1]x[0,1] — [0, 1] is defined as an hybrid monotonous
mapping such that 1(0,0) = I(1,1) = 1 and I(1,0) = 0 [15]. A fuzzy implication
I and a fuzzy conjunction C form an adjunction if and only if

Clr,y) <z = x<I(y,2), Va,y,z€][0,1]. (11)

Similarly, in this paper we assume that C' is a fuzzy conjunction that form an
adjunction with a certain fuzzy implication I.

A max-C projection autoassociative fuzzy memory (max-C' PAFM), intro-
duced recently by us in [14], is obtained by replacing Z(.A) by the set of all max-C
combinations of the fundamental memories in (5). Formally, given a fundamental
memory set A, a max-C PAFM V : [0,1]" — [0, 1] is defined by

V(x)=\/{zeCA):z<x}, vxel0,1]" (12)

In words, a max-C' PAFM projects the input x into the set of all max-C' combi-
nation of the fundamental memories. Therefore, like a min-D AFMM, a max-C'
PAFM exhibits a certain tolerance to dilative noise but it is extremely sensitive
to either erosive or mixed noise. Furthermore, the following theorem provides an
effective formula for the implementation of a max-C PAFM [14]:

Theorem 1 Let C be a fuzzy conjunction that forms an adjunction with a fuzzy
implication I. Given a fundamental memory set A = {al, .. .,a’“}, a max-C
PAFM satisfies the following for any input x = [z1,...,z,])T € [0,1]":

n

k
V(x)=\/ C(A¢.at), where \e = \ I(a5,z;), Y€ € {1,... k}. (13)
=1

j=1
Moreover, V(x) < x and V(V(x)) = V(x) holds for all x € [0,1]™.

Remark 1 The parameter ¢ in (13) measures, in the sense of Bandler-Kohout,
the degree of inclusion of the fundamental memory a& in the input x [17].

The following theorem says that, like the min-D AFMM, a max-C PAFM
exhibit optimal absolute storage capacity if the fuzzy conjunction C has a left
identity.

Theorem 2 If C' is a fuzzy conjunction with an identity, the maz-C PAFMs
satisfies V(a®) = a& for any fundamental memory set A = {al,..., a*}.



Example 2 Consider the fundamental memory set A given by (6). Let Cyy
and Iy be the minimum fuzzy conjunction and Gédel fuzzy implication defined
1, z<y,
Yy, T>y.
fuzzy conjunction with 1 as identity. Moreover, Cy; and Ip; form an adjunction.
We synthesized the maz-Cny PAFM designed for the storage of A using the
adjunction pair (Ing,Chr). We first confirmed that the equation Vy(as) = ab
holds for € = 1,2,3. Then, we presented the vector x defined by (8) as input to
the maz-Cpy PAFM. We obtained from (13) the following coefficients:

)\1 = 10, AQ = 01, and )\3 =0.1. (14)
Hence, the output of the max-Cy; PAFM is

VM(X) = C]y[(/\l,al) \Y O]w()\g,az) V CM()\g,aB)
0.6] [01] [o1 0.6
o] foa| o fox|  fos|
=loal Vloal Yol = loa| =2
08| lo1| o1 0.8

Different from the min-Dyy AFMM, the max-Cyy PAFM retrieved the funda-
mental memory a'. Moreover, this example shows that maz-Cpr PAFMs can be
more robust to dilative noise than its corresponding min-Dy; AFMM.

respectively by Cp(x,y) = x Ay and Iy (z,y) = Note that Cyy is a

Let us conclude the section by emphasizing that we cannot ensure optimal
absolute storage capacity if C' does not have an identity.

Example 3 Consider the “compensatory and” fuzzy conjunction defined by

Cz(z,y) = v (2y)(z +y — zy). (15)

Note that C, does not have a left identity. Moreover, the fuzzy implication that
forms an adjunction with C is

1, z =0,
—2? + /22 + 4x(1 — 2)y?
Iz(z,y) = 1A Qm(lxg W cn<n, (16)
y2’ r =1

Now, let Vz : [0,1]* — [0,1]* be the maz-Cz PAFM designed for the storage of
the fundamental memory set A given by (6). Upon presentation of the funda-
mental memory al as input we have from (13) the following coefficients:

A1 =028, X =0.04, and X3=0.03. 17
Thus, the output of the max-Cy PAFM Vy is
0.35
1 1 2 3 0.30 1
Vz(a') = Cz(M\,a") vV Oz (Ae,a%) vV Cz(As,a°) = 0.10 +a. (18)
0.43



Fig. 1. Gray-scale images that correspond to the fundamental memories a', ... a'2,

In a similar fashion, we obtain from the fundamental memories a2, and a3, the
fuzzy sets

0.57 0.20
0.26 0.37

Vz(a?) = 0.37 #a? and Vz(a®) = 0.42 # a’. (19)
0.2 0.52

Note that, in accordance with Theorem 1, the inequality Vz(a%) < a® holds for
& =1,2,3. On the downside, the max-Cz PAFM failed to yield the desired re-

sponses a', aZ, and a3.

4 Computational Experiments

Let us compare the performance of max-C PAFMs and min-D AFMMs for the
storage and recall of scale-gray images. Precisely, consider the twelve gray-scale
images of size 64 x 64 shown in Fig. 1. These images have been identified with
fuzzy sets a® € [0,1]*0% for all £ = 1,2,...,12. The fundamental memory set
A = {al,...;a'?} C [0,1]*9% was stored in the min-D AFMMs My;, Mp,
and M, which are obtained using respectively the maximum, the probabilistic
sum, and the Lukasiewicz fuzzy disjunction [7]. We also used the fundamental
memory set A to synthesize the max-C' PAFMs V, Vp, and Vp, obtained using
respectively the minimum, the product, and the Lukasiewicz fuzzy conjunction®.
For comparison purposes, we also stored the same fundamental memory set
into the optimal linear associative memory (OLAM) [19], the kernel associative
memory (KAM) [20], and the recurrent exponential fuzzy associative memory
(RE-FAM) [9].

We first confirmed that the nine AMs exhibit optimal absolute storage ca-
pacity. Then, we fed them with dilated versions of the fundamental memories.
Precisely, in the first scenario, the original images have been corrupted by adding

3 The experiments were conducted on MATLAB in a computer with processor Intel Core
i7-5500U, 2.50GHZ, and 8GB RAM.
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Fig. 2. Average PSNR by the variance o of the dilative Gaussian noise.
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Fig. 3. Average PSNR by the probability p of (dilative) salt noise.

the absolute value of a Gaussian noise with zero mean and variance o2 between
0.02 and 0.9. In the second scenario, we introduced salt noise with probability
p ranging from 0.02 to 0.9. The average peak signal-to-noise ratio (PSNR) ob-
tained from 360 trials, i.e., each original image was corrupted 30 times for a
certain noise intensity, is shown in Figures 2 and 3. We would like to point out
that, in order to avoid infinities, we bounded the PSNR rates by 100.

Note that the new memories V), Vp and V;, outperformed the models My,
Mp, Mjpr, OLAM, and KAM. For large intensities of noise, the new models
yielded PSNR rates larger than the RE-FAM. Furthermore, the min-D); AFMM
My is the worst min-D AFMM. In contrast, the max-Cy; PAFM V), yielded
excellent PSNR rates in both scenarios.

Finally, Fig. 4 provides a visual interpretation of the error correction capa-
bility of the min-Dy AFMM and the max-Cjy; PAFM — the best min-D AFMM
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Fig. 4. Error correction capability of the autoassociative memories.

and the best max-C' PAFM. This figure also shows the error correction capability
of the RE-FAM, KAM, and OLAM models. Specifically, the first row exhibits
dilated versions of the fundamental memories obtained by: a) introducing salt
noise with probability p = 0.4. b) adding the absolute value of a Gaussian noise
with mean and variance o2 = 0.3. ¢), d), and e) deleting significant parts of a
fundamental memory. The following rows present the corresponding images re-
trieved by the AMs models. Furthermore, we included below each image in Fig.
4 the corresponding PSNR rate.



5 Concluding Remarks

In this paper, we introduced the class of max-C' projection autoassociative fuzzy
memories (PAFMs) for the storage and retrieval of fuzzy sets or vectors on the
hypercube [0, 1]™. Precisely, a max-C PAFM V is designed for the storage of a
fundamental memory set A = {a',...,a*}. Afterward, given an input vector
x € [0,1]", which can be a dilated version of fundamental memory a$, the max-
C PAFM produces as output V(x) the projection of x into the set of all max-C
combinations of a', ..., a*. Besides the formal definition, Theorem 1 provides an
effective formula for computing the coeflicients of the max-C' combination and,
thus, for the implementation of a max-C' PAFM. Furthermore, we showed that a
max-C' PAFM exhibits optimal absolute storage capacity if the fuzzy conjunction
C has a left identity.

In this paper, we also presented some computational experiments concerning
the reconstruction of corrupted gray-scale images. The max-C PAFMs always
outperformed the min-D AFMMs, KAM, and OLAM for the reconstruction of
gray-scale images corrupted by dilative noise. For large intensities of noise, the
new memories produced the largest PSNR rates. In particular, the max-C),
PAFM V), which is based on the minimum fuzzy conjunction, is very robust in
the presence of dilative noise.

In the future, we plan to investigate further the properties of the max-C
PAFMs and perform more computational experiments. Furthermore, we intent
to establish relations between the new models and others associative memories
models from the literature.
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Abstract. The field of type-2 fuzzy systems and in particular interval
type-2 fuzzy systems have been under active development in the last
decades. Heartened by this progress, we present in this paper some theo-
retical foundations and applications of three different models of interval-
valued fuzzy morphological associative memories (IV-FMAMs) as a rule-
based system, two in conjunction with interval-valued fuzzy clustering
techniques and one that handles the crisp data directly. We perform
simulations regarding the application of IV-FMAMs to the prediction
of the monthly rate of participation of certain age groups in the work
force of the metropolitan area of Sdo Paulo. The proposed IV-FMAM
approaches outperformed a conventional Mamdani-Assilian type-2 fuzzy
inference system in terms of mean absolute error.

1 Introduction

Type-2 fuzzy sets, and in particular interval-valued fuzzy sets have found a
wide variety of applications in engineering, control, computing with words, and
approximate reasoning [9]. Like general type-2 fuzzy sets, interval-valued fuzzy
sets can be employed to model the inherent uncertainties regarding fuzzy set
membership functions. An approach for dealing with interval-valued fuzzy data
is given by IV-FMAMs [15], a recent extension of fuzzy morphological associative
memories (FMAMs). Both FMAMs and IV-FMAMs represent lattice computing
(LC) approaches toward computational intelligence. LC is a recent and increas-
ingly popular paradigm for processing lattice-order data such as numbers, graphs
and fuzzy sets. Examples of LC based fuzzy systems include lattice extensions
of fuzzy inference systems [7] and the interactive fuzzy lattice reasoning [8].

Previously, IV-FMAMs were employed to implement interval-valued fuzzy
systems in time series prediction problems [15]. In these applications, the crisp in-
put was fuzzified as interval-valued Gaussian fuzzy sets by means of the interval-
valued fuzzy subtractive clustering (IV-SC) method [11]. Note that some previous
knowledge about the problem is required in order to define the parameters of the
IV-SC. In this paper we propose an alternate cluster-free [IV-FMAM methodol-
ogy for the cases where such knowledge is not available or not easily obtained.



We also propose to use IV-FMAMSs in conjunction with the interval-valued fuzzy
c-means (IV-FCM) [6] to fuzzify the crisp data. A performance comparison be-
tween the three designs will be made by applying the proposed IV-FMAM models
to the problem of predicting the monthly percentages of participation of certain
age groups in the work force of the metropolitan area of Sdo Paulo [1].

The paper is organized as follows. Section 2 provides a brief review of perti-
nent notions on lattice theory, LL-fuzzy logical operators and L-fuzzy mathemat-
ical morphology. In Section 3, we present the IV-FMAMs. Section 4 describes
three experimental setups of the IV-FMAMSs as rule-based systems and an appli-
cation to a socioeconomic index time series prediction. The results are compared
with the ones obtained using a Mamdani-Assilian type-2 fuzzy system [9], fol-
lowed by some concluding remarks.

2 Theoretical background

2.1 Some Relevant Concepts of Lattice Theory and Mathematical
Morphology

A complete lattice L is a partially ordered set such that every subset X € L
has an infimum A X and a supremum \/ X in L. Recall that a partial order
is a reflexive, antisymmetric, and transitive binary relation “<” [4]. The unit
interval [0,1] with the usual (total) ordering yields an example of a complete
lattice. Another example is given by I = {u = [u, @] C [0, 1]} if we consider the
partial order u < v < u < v and @ < . Note the conceptual difference between
[0,1] in which every pair of elements x,y is comparable, i.e., x < y or y < =z,
and I in which there are elements u, v that are incomparable. A component-wise
partial order can also be defined on L™ by setting

(al,...,an)§(bl,...,bn)(:>ai§bi, 1=1,...,n. (1)

If L is a (complete) lattice, then L™ is also a (complete) lattice. Similarly, we
have that if L is a (complete) lattice then the class of functions X — L, LX, is
also a (complete) lattice. Here, the partial order on L is given as follows for all
f,g e LX:

f<ge f(z) <glx)Vre X. (2)

Let L be a complete lattice and X # (). The partial order on LX of Equation
(2) induces a partial order on F,(X), the class of L-fuzzy sets over the universe
X. Recall that an L-fuzzy set A consists of a universe X together with a mem-
bership function g4 : X — L [3]. For L-fuzzy sets A and B, we have A < B if
and only if s < pp. The class of fuzzy sets over the universe X, denoted F(X),
and the class of interval-valued fuzzy sets over the universe X, denoted Fy(X),
represent particular classes of L-fuzzy sets for particular choices of L.

It is well established that complete lattices form an appropriate framework
for mathematical morphology (MM) [5]. In this framework, the basic operators of
MM are the algebraic erosion, € : . — M and the algebraic dilation, § : L. — M,
that satisfies, respectively, e(A M) = Ae(M) and §(\/ M) = V6(M), for all
M C L. Moreover, the concept of an adjunction plays a prominent role in MM.



Definition 1. A pair (¢,0) consisting of mappings e : M — L and 6 : L — M is
called an adjunction between M and L if and only if for all x € L and all y € M:

é(z) <yez < e(y). (3)

If the pair (g, d) is an adjunction then ¢ is an erosion and § a dilation [5].

2.2 [L-Fuzzy Operators

The purpose of this section is to recall the definitions of some morphological
operators and matrix products on the complete lattice Fi,(X) [15]. Let us begin
by the definition of L-fuzzy conjunctions and implications [2]:

Definition 2. Let L be a complete lattice.

— A conjunction on L or L-fuzzy conjunction is defined as an increasing map-
ping C : L x L — L that satisfies C(0r,0r) = C(Op, 11,) = C(11,,0) = 0L, and
C(I]L, 1]L) =1L.

— An operator T : L x . — L that is decreasing in the first argument and
that is increasing in the second argument is called an implication on L or
L-fuzzy implication if the equations Z(0r,0r) = Z(0p, 1) = Z(1, 1) = 1L
and Z(1y,,01,) = O, are satisfied.

— IfL equals the complete chain [0, 1], then one obtains the usual fuzzy logical
operators. In the special case where L. =1, we speak of interval-valued fuzzy
(IV fuzzy) operators, in particular of IV fuzzy conjunctions and implications.

Consider the following matrix product derived from LL-fuzzy operators [15]:

Definition 3. Given an L-fuzzy conjunction C and an L-fuzzy implication T,

the sup-C product of A € L™ * and B € LF*", denoted by E = A o¢ B,
and the inf-Z product, denoted by G = A ® B are defined, respectively, for all

i=1,... mandj=1, ..., n, as follows:
k k
eij = \/ Claie, bej), and gij = |\ T(bej, aie) - (4)
=1 £=1

The following proposition holds for every complete lattice L:

Proposition 1 The operator oy : L™ — L™ that are given by
dw(x) =Wox, Vx e L" (5)

represents a dilation for every W € LL"™*™ from the complete lattice L™ to the
complete lattice L™ if and only if C(w,-) : L — L represents a dilation for every
w € L.

As we shall point out in the next section for the interval-valued case, the
output of an interval-valued fuzzy associative memory can be modeled by means
of Equation (5). Furthermore, the model given by Equation (5) will be called
morphological. The next section focuses on IV-FMAMs.



3 Interval-Valued FMAMs

In this section we will present an associative memory model for interval-
valued fuzzy sets. Consider initially X and Y arbitrary universes and a set of
pairs or associations {(p57 qg) € e IC} C Fi(X) x Fi(Y), called the fundamental
memory set [13]. An IV fuzzy associative memory (IV-FAM) is an input-output
system given by a mapping W : Fi(X) — Fi(Y) that should ideally satisfy
W(p?) = q¢ for all £ € K and W(P®) = ¢ if p¢ is approximately equal to p¢, in
symbols p¢ ~ p¢. The meaning of the symbol ~ depends on the application and
on the practitioner’s requirements. Since our objective is to employ IV-FAMs in
order to implement rule-based systems, it would be more adequate to consider
the condition p¢ ~ p¢ = W(p®) ~ q¢ instead.

For simplicity, we concentrate on the case where X, Y, and K are finite.
Let | X| = n, |Y| = m, and |[K| = k. Thus, we view an IV-FAM as a mapping
W I" — I"™. We say that W represents a sup-C IV-FAM if W(x) = dw(x) =
W oc x, Vx € 1", for some W € I"™*™, In this paper we focus on the con-
struction of IV-FMAMs based on representable IV fuzzy conjunctions and their
adjoint implications [2,14]. We will now present a recipe for constructing IV
fuzzy conjunctions and their adjoint implications, beginning with the definition
of a representable IV fuzzy conjunction [2]:

Proposition 2 If C is a fuzzy conjunction, then the operator Cf,, that is defined
as follows for all u = [u,u],v = [v,7] € 1, yields an IV fuzzy conjunction.

CE’ (u’ U) = [C(ﬂ7 Q)’ C(ﬂ’ @)] (6)

Definition 4. The IV fuzzy conjunction Cl, of Equation (6) is referred to as
the representable conjunction with representative C'.

Let C{. be a representable interval-valued fuzzy conjunction with representa-
tive C' and I the adjoint fuzzy implication of C'. The adjoint IV fuzzy implication
of C{, can be obtained by means of Equation (7), as follows [14]:

I;L(Uﬂ U) = [I(g, Q) A I(Ha 6)3 I(ﬂv @)} (7)

An example of dilative fuzzy conjunction is the cross-ratio uninorm [17], de-
noted using the symbol C'r. The formulas for Cr and its adjoint implication Ip
can be found below:

Cr(z,y) = {1’

if (z,y) = (0,1) or (1,0) 1, if (z,y) = (0,0) or (1,1)
Ty herwi ) IF("I"ﬁy) =
[(EmI e otherwise.

(1—a)y L
m, otherwise.

Observe that the representable IV fuzzy conjunction Cg, and its adjoint
implication Z7' , given by means of Equation (7), represents a pair consisting of
an erosion and a dilation. Hence, an IV-FAM based on Cg,,,, that will be denoted
here by W, will be morphological. In this research paper, we will employ sup-C{,
matrix products in the recall phases of IV-FAMs, in particular sup-C{ matrix
products that give rise to dilations and, therefore, IV-FMAMs.



Let P = [pl,...,p*] € I"**, Q = [q',...,q*] € I™** be matrices which
columns are formed by the pairs (p’,q’) of fundamental memories and let CZ,
be an IV fuzzy conjunction. Consider the problem of determining the weight
matrix W of a sup-Cf. IV-FMAM given by the dilation dw . As an extension of
the fuzzy learning by adjunction [13] for sup-C FMAMSs to IV fuzzy learning by
adjunction (IV-FLA) for sup-C;; FMAMSs, we propose to construct its weight
matrix W € I"** as follows:

W=Q®, P! (8)

where the IV fuzzy implication used in the Inf-Z product is the adjoint pair of
Cé. Finally, upon presentation of an input pattern x € I", the output pattern
y € I'" of the corresponding IV-FMAM can be calculated by the sup-C¢~ product
of W and x. In the following section, we present three experimental setups of
the IV-FMAM W4 in order to implement a IV fuzzy inference system for a time
series prediction problem.

4 Some Experimental Setups of IV-FMAMs Towards
Time Series Prediction

In this section, we present three versions of the experimental setup regarding
the use of sup-Cf, IV-FMAMSs for building interval-valued fuzzy rule-based sys-
tems. The first two approaches rely on IV-fuzzy clustering techniques, namely,
the IV fuzzy c-means clustering technique [6] and the IV fuzzy subtractive clus-
tering technique [11], both extensions of the widely known fuzzy c-means and the
fuzzy subtractive clustering [12], respectively. These approaches are appropriate
when expert knowledge is available, since clustering methods require parameters
such as the number of clusters of data and cluster radius. Our third approach
introduced in Section (4.2) is preferable when there is little knowledge about
the problem, since it employs only the IV-FMAM and crisp data. In the Section
(4.3), we present an application of the IV-FMAMs in a time series forecasting.

4.1 Cluster-based IV-FMAM Approach

The problem of time series forecasting consists of predicting b future values
using the past a values. In order to tackle this problem, we employ a sup-Cj
IV-FMAM to model a rule-based system consisting of k rules, each one having a
IV fuzzy antecedents and b IV fuzzy consequents, each rule being build by means
of a fuzzy clustering. Specifically, we employed the IV-FCM and the IV-SC on
the crisp training data, that are contained along with the testing data in a finite
universe U x V C R® x R,

In the case of the IV-FCM, given a number k of clusters and a “fuzzifier”
parameter m = [mq,ms], it produces the cluster centers cg € R® and cg e R
with respective component-wise standard deviations op, € R® and o4 € R? of
IV fuzzy Gaussian membership functions p¢ and qf for ¢ = 1,..., k. Similarly,



given the cluster radius r € R® and the “fuzzifier” parameter m, the IV-SC
produces k cluster centers c§, € R* and ¢§ € R” with respective component-wise
standard deviations o, € R* and o4 € R? of p¢ and qf.

The antecedents p¢ and the consequents q° produced by either IV-FCM or
IV-SC are respectively contained in Fy(if) and Fi(V), where Y = {u',...,u™}
and V = {v! ..., v"}. Their components can be calculated as follows:

(), = (),

(op),

2
w) —(ck g1
( )1 ( P)I‘ ’7%2?:1
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In principle, the pairs (p¢, q°) corresponding to the training data can be used
to compute the weight matrix W € I™*™ by means of Equation (8). Briefly,
training is performed as follows:

b

1. Apply the IV-FCM clustering technique with &k centers or the IV-SC with
radius center r, and fuzzifier parameter m to the training data in & x V C
R® x R? in order to obtain k centers cp € R* and cg € R? with respective
component-wise standard deviations op € R* and o4 € RY:

2. Create the discrete intervalar gaussian antecedents p¢ in Fj(U) and conse-
quents q¢ in F;(V) using Equations (9) and (10);

3. Compute the weight matrix W € I™*" by means of W = (q¢)! ® p¢.

Given the weight matrix W, for each p in the test data set, testing is performed
as follows:

1. Compute q = W o p to obtain an interval-valued fuzzy vector;

2. Average q component-wise to type-reduce it;

3. Defuzzify the type-reduced vector using the centroid defuzzification method
to obtain a real valued output (Nie-Tan pointwise average type-reduction
and defuzzification method [10]).

However, an explicit construction of W is not required since the represen-
tation as an IV fuzzy set of the antecedent part of a crisp test datum u? in U
yields an input pattern p € Fy(U) of the form p = [0,...,0per,0y,...,00%.

er, lfj:d

More precisely, we have p; = . Here, the symbol e denotes the

Or, otherwise.
identity element [0.5,0.5] of the IV fuzzy conjunction C}. For p € Fr(U) ~I™

of this form, q = W o, p p has the following components for i =1,...,m:
n k
g =Worrpi =\ Ch(wij,p;) =wia = J\ Ti(p5. qf) - (11)
j=1 £=1

We obtain a final, crisp prediction value from q after an application of type-
reduction and defuzzification using the Nie-Tan method that requires a very low
computational effort [16].



4.2 Cluster-free IV-FMAM Approach

Given crisp training data (x¢,y¢) € R* x R®, where £ = 1,...,t, we propose
to build a rule-based system based on the sup-Cy IV-FMAM such that each
training point (x¢,y?®) yields a rule with a IV-fuzzy antecedents and b IV-fuzzy
consequents. To this end, we considered a discrete universe of the form U x V C
R* x R®, where 4/ = {u',...,u™} and V = {v!,...,v"} and we computed
antecedents p¢ and consequents qf, that are respectively contained in I ~
Fr(U) and I™ ~ F1(V), as described below.

Let ox € R* and oy, € R® denote respectively the standard deviations of x¢

and y¢. Given m = [my, ms], the components p§ = [pj, ;Tg] and ¢; = [i, E] of

p¢ and q¢ can be calculated as follows:

R 2
(), —af [ ™21 (w),—af | ™7

R S s e e i
()t [ (v |57
v') —yr | ™2 Vi), |

qf = exp |:_% 27:1 (Gygl/kl ’ _% Z?:l (Uyﬁl/kl :| ’ (13)

The pairs (p¢, q¢) corresponding to the training data can be used to compute
the weight matrix W € I"™*" by means of Equation (8). Training is performed
as follows:

1. Create the discrete IV-fuzzy Gaussian antecedents p® in I™ ~ Fj(U) and
consequents q¢ in Fj(V) using Equations (12) and (13);
2. Compute the weight matrix W € I™*" using W = q¢ ®,_r (p®)".

Testing is performed exactly as the aforementioned cluster-based methodology.

4.3 Prediction of a Brazilian Socioeconomic Index

The Economically Active Population Index (PEA) refers to the percentage of
economically active persons, i.e., people who are currently employed or actively
looking for a job, within certain age groups. The data for the computation of
the PEA index are collected on a monthly basis by DIEESE, the “Inter-Union
Department of Statistics and Socioeconomic Studies” [1], and provides valuable
information concerning the current state of the workforce.

Here, we employed the proposed IV-FMAM methodologies in order to fore-
cast the PEA index of the metropolitan area of Sdo Paulo from January 1985 to
December 2012. The population under consideration is divided into the following
age brackets: 10-15, 16-24, 25-39, 40-49, 50-59 and 60+. In view of the seasonal
differences in the PEA values and the differences in the time series generated
by the age groups, we chose to employ one predictor model for each month and
age group. Let s, € R be standardized samples of the time series. The goal is to
estimate the s, from a subset of the past values {s1, s2, ..., q—1}. In particular,
we simply used the last three monthly PEA indices {sy_3, sy—2,5y—1} to predict



the next index s.. We considered finite universes of discourse & = {ul,...,u™

and V = {v!, ..., v"} comprising m = 50% and n = 50 equally spaced points
in [-5,5]® and [—5, 5], respectively. The centers cf), cg and standard deviations
0p,0q Produced by the clustering methods can be used to compute the entries

p§ = [pﬁ,g] and qf = [ﬁ, E] of the finite Gaussian IV fuzzy sets p¢ € Fy(U) ~ 1"
and q¢ € F1(V) ~ I"™ via Equations (9) to (10). In the case of the cluster-free
approach, the antecedents and consequents of the rules are derived directly from
the training data via Equations (12) and (13).

The performance of the IV-FMAM approaches suggested in this paper de-
pends on the choices of the number of clusters k of the IV-FCM, a cluster radius
r of the IV-SC, and a fuzzifier parameter m = [mj, mg]. In our experiments,
we employed k£ = 10, r = 0.1, and m = [1.9,2.1] since they displayed the best
training results for all proposed models. Here, the performance was measured in
terms of the mean absolute error (MAE).

We compared the prediction results produced by the sup-Cy IV-FMAM mod-
els with the ones produced by an interval type-2 fuzzy inference system (IT2-FIS)
with the same fuzzifier parameter using the test data from January 2003 to De-
cember 2012. Table (1) displays the testing errors produced by the Wy models
and the interval type-2 fuzzy inference system. Figures (1) and (2) illustrate the
prediction results obtained by all W}, models and a conventional interval type-2
fuzzy system, respectively, in comparison with the real data.

Fig. 1. Predictions obtained by the three versions of Wp: with IV-FCM, IV-SC, and
the cluster-free approach (C-Free), for the age groups: 10-15, 16-24 , 25-39, 40-49, 50-59
and 60+ from left to right, top to bottom.



Fig. 2. Predictions obtained by the IT2-FIS for the age groups: 10-15, 16-24 , 25-39,
40-49, 50-59 and 60+ from left to right, top to bottom.

Table 1. MAEs produced by the three versions of W IV-FMAM models and the
IT2-FIS on the test data for the each age group of the PEA index.

Method / Age Bracket|10-15 16-24 25-39 40-49 50-59 60+
Wr 0.60 0.49 0.35 0.46 0.72 0.71

Wr (IV-FCM) 0.88 0.62 0.51 0.62 0.95 0.87
Wr (IV-SC) 0.60 0.50 0.35 0.46 0.71 0.66
IT2-FIS 1.15 0.78 0.60 0.82 1.40 0.97

5 Concluding Remarks

Following the recent advances in type-2 fuzzy systems and, in particular, in-
terval type-2 fuzzy systems, we presented in this paper three versions of our alter-
native approach towards an I'V fuzzy system based on the sup-Cj; IV-FMAM, two
in conjunction with clustering techniques and one employing raw data directly.
We applied the proposed systems to the problem of forecasting the monthly
rates of participation of given age groups in the work force of the metropoli-
tan area os Sao Paulo. The performance in terms of mean absolute error were
compared with the ones of a Mamdani-Assilian IT2-FIS. In our simulations all
the sup-Cf~ IV-FMAM approaches exhibited significantly better results than the
conventional IT2-FIS.

Note that the IV-FMAM approach presented in this paper depends on the
complete lattice structure of I and in particular on the fact that elements of I were
partially ordered in terms of Equation (1). In the future, we intend to investigate
the suitability of other partial orders in conjunction with IV-FAMs. Furthermore,
we plan to develop full type-2 fuzzy morphological associative memories (T2-
FMAMs) and employ them in type-2 fuzzy inference systems.
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CONFERENCE REPORT

Revisiting the SFLA2017 and EVIA2017

summer schools

The 374 EUSFLAT Summer School on Fuzzy Logic and Ap-
plications (SFLA201 and the 3"¢ Spanish Summer School
on Artificial Intelligence (EVIAZOl?E[) were held as collo-
cated events, 17-21 July 2017, in Santiago de Compostela,
Spain.

SFLA is the summer school promoted by EUSFLAT. SFLA
was collocated with EVIA which is the summer school pro-
moted by the Spanish Association for Artificial Intelligence
(AEPIAEI). Both summer schools were organized by the In-
telligent Systems Research Group of the Research Center in
Information Technologies (“Centro Singular de Investigacién
en Tecnoloxias da Informacién”, CiTIUﬂ) of the University
of Santiago de Compostela (USC).

Eyke Hiillermeier giving a joint SFLA-EVIA plenary talk. Title:
“Fuzzy Logic in Machine Learning”. Venue: CiTIUS Assembly
Hall.

SFLA took place in the facilities of CiTIUS-USC while
EVIA took place in the nearby USC School of Engineering.
In addition, it is worthy to note that four plenary talks (Eyke
Hiillermeier, Oscar Cordén, Francisco Herrera and Edy Port-
mann) were common to both schools; thus, yielding about
70 attendants to each talk. Also, other social activities, such
as coffee breaks, lunches, tourist visit, and Schools dinner
were also jointly organized.

SFLA 2017
The EUSFLAT summer school included 17 lecturers given

by world-leading experts in the field; thus, providing atten-
dants with a broad view of fuzzy theory and applications.

77http://citius.usc.es/SFLA2017/
7http://citius.usc.es/EVIA2017/
7’http://www.aepia.org/
80http://citius.usc.es/
8Thttps://situm.es/en
82http://www.narrativa.com/
83https://www.savanamed.com/

Lectures were scheduled in five days (from Monday 17th to
Friday 21st, July 2017). From Monday to Thursday, each
lecture took 1h30 except for two lectures which took 2h30
because they included practical session in the lab. Notice
this was the first time SFLA included practical sessions as a
complementary activity to the usual master classes.

In addition, Friday program was very different from what
was offered the rest of the week as well as previous editions
of SFLA. The last day of the school was devoted to think
about alternatives to students after finishing their PhDs. It
included two lectures and two round tables, 1h each. The
first round table focused on spin-offs and how to go from re-
search to market. It was moderated by Senén Barro and we
counted with three invited speakers: Victor Alvarez (Situm
TechnologiesEL USC spin-off), David Llorente (NarrativaEI)
and Luis Espinosa (Savanﬂ.

Practical session in the CiTIUS robotics lab.

The second round table was entitled “The Role of Artifi-
cial Intelligence for Big Companies”. It was moderated by Os-
car Cordon and we had four speakers: Pedro Rey (Accenture-
Spain), Nuria Oliver (Vodafone), Gabriella Pasi (Universitd di
Milano-Bicocca) and Alberto Bugarin (CiTIUS-USC). We had
two speakers (Gabriella and Alberto) who explained their ex-
perience on technology transfer from public universities and
R&D centers to the industry. Also, two speakers (Pedro and
Nuria) talking about their own experience in the industry
side.
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Round table on “The Role of Artificial Intelligence for Big

Companies”. From left to right in the table: Gabriella Pasi,

Oscar Cordén, Pedro Rey and Alberto Bugarin. On the TV
screen, Nuria Oliver who was connected remotely.

In addition, for the first time, SFLA2017 included the
“Your Thesis in a Dram (YTD)” contest. YTD participants
were 8 of the EUSFLAT grant holders who presented their
ongoing research work in three sessions, 1h each (from Tues-
day to Thursday). They were asked to briefly describe the
key points of their work in a short time (3 minutes) and use
a language style not only oriented to specialists in their re-
spective topics, but for non-specialized attendants. Notice
that the evaluation and improvement of their communica-
tive and dissemination skills were one of the main objectives
in the YTD contest. All presentations were judged by three
members of the SFLA Scientific Program Committee (Profes-
sors Gabriella Pasi, Didier Dubois and Enric Trillas). The jury
had 12 minutes to make comments, questions and/or sugges-
tions after each presentation.

w
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Taniya Seth receives the YID award.

Together with the closing session we celebrated an
awards ceremony. All SFLA attendants received their atten-
dance certificates. Moreover, two students were recognized
with two ex-aequo YTD awards: Taniya Seth, from the South

Asian University, India and Sarah Uttendorf, from the Uni-
versity of Hanover - Institut fiir Integrierte Produktion Han-
nover, Germany.
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Sarah Uttendorf receives the YTD award.

To conclude, let us highlight that SFLA2017 scientific pro-
gram included 15 lectures, 2 sessions in the lab, 2 round ta-
bles, and 3 YTD sessions. The social program included a wel-
come reception, a guided visit to the USC patrimony, and a
school dinner. The family picture includes the 23 attendants
(being 9 EUSFLAT grant holders), some of the 17 lecturers,
and part of the local organization committee. It is worthy to
note that attendants were not coming only from Europe but
all around the world (including India, Africa, and Asia). As
a result, the EUSFLAT summer school become more a global
international event than just an European school.

The family picture after the closing session.

EVIA 2017

The 2017 AEPIA summer school included 11 lectures and
2 practical sessions (held in parallel to the SFLA practical ses-
sions). All in all, 14 speakers and 28 students. This was the
third edition of EVIA, following the two previous ones held
in A Corufla (2014) and Seville (2016).

For the first time the school was a collocated event with
SFLA, with all lectures given in 3 days (from Tuesday 18th
July to Thursday 20th July). As usual, lecturers were among
the leading researchers in Spain in different areas of Al, such
as Semantic Web and Open Data, Natural Language Process-
ing, Time-series Prediction, Planning or Recommendation
Systems. Topics related to Fuzzy Logic, Soft Computing, and
applications (Big Data, Data Mining, Social Networks, and
Cognitive Cities), were held in common with SFLA. Globally,
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a broad review of many research general topics in Al were
presented to the students. Following a recent tradition, due
to the close cooperation between the Spanish and the Por-
tuguese Al Associations, one of the lecturers, dealing with
Decision Support Systems, was delivered by Dr. Goreti Mar-
reiros, from the Polytechnic Institute of Porto.

Lecture by Goreti Marreiros, from the Portuguese Al Society.
Venue: USC School of Engineering.

Furthermore, the program included two labs, which were
organized by two Spanish Research Networks: “Big Data
and Scalable Data Analysis” (BigDADEﬂ) and “Fuzzy Logic
and Soft Computing” (LODISCde). Students had a hands-
on practical interactive exposure to “Big Data Analysis” and
“Digital Image Processing” in these labs.

Finally, the opening and closing sessions of EVIA included
the addresses by, respectively, AEPIA President, Prof. Am-
paro Alonso-Betanzos, and the President of the Spanish Com-
puter Science Scientific Society (SCIE) -and former AEPIA
president- Prof. Antonio Bahamonde. During the closing ses-
sion the attendance certificates to all participants were deliv-
ered.
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bers of the local organization committees. Moreover, all stu-
dent volunteers are gratefully acknowledged because of their
outstanding work.

Dr. Jose M. Alonso (SFLA2017 General Chair)
Dr. Alberto Bugarin Diz (EVIA2017 General Chair)

= - ‘ 3 -
EVIA closing session with (from left to right) Prof. Alberto
Bugarin, Prof. Antonio Bahamonde (SCIE President) and Dr.

Juan Carlos Vidal Aguiar (EVIA co-chair) delivering the
attendance certificates to all participants.



http://bahia.ugr.es/bigdade/
http://lodisco.net/
https://www.vodafone.es/
https://www.accenture.com/
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FuzzyMAD 2017

FuzzyMAD 2017 was held at Complutense University of
Madrid, December 19, 2017. Being the 10th edition of this
series of conferences, we prepared a number of surprises to
our 70 attendants. The structure of the conference was in
principle similar to past editions:

o The first part of the conference was devoted to three
conferences on hot topics (this time we addressed sev-
eral aspects related to intelligent information process-
ing in the framework of big data, particularly focused
on data analytics in telecommunication and energy
companies).

e The second part of the conferences was devoted to al-
low Ph.D. student to present their recent advances.

o And the third part was devoted to discuss around the
posters each research group prepared to show their re-
search, so new joint projects can be explored while
having a buffet, this time ending with a FuzzyMAD
cake.

Since Madrid is a busy city, FuzzyMAD is designed to offer
an intense time to share research and help students in the

region of Madrid. This time we had a wonderful concert
of celtic music (a group were one of the main organizers
of FuzzyMAD plays, J. Tinguaro Rodriguez). We also gave
some FuzzyMAD pin awards to those that have attended to
most editions of FuzzyMAD, to acknowledge our gratitude
for supporting FuzzyMAD these years (during these 10 years
more than 170 people have attended at least once Fuzzy-
MAD). And a special gift was given to those who have been
working harder in the organization of past FuzzyMAD edi-
tions. We had a wonderful time!

FuzzyMAD 2017 was again organized by the FORaid
group at Complutense University, in collaboration with the
CASI-CAM-CM network, participated by another three Uni-
versities of Madrid: Autonomous University of Madrid, Car-
los III University of Madrid and Technical University of
Madrid.

FuzzyMAD 2017 was possible thanks to the support of the
Government of Spain (grant TIN2015-66471-P), the Com-
munity of Madrid (grant S2013/ICCE-2845), the Institute
for Interdisciplinary Mathematics (IMI) and the Faculty of
Mathematics at Complutense University, and thanks to the
dedication of some of my colleagues: Daniel Gémez, Begoia
Vitoriano, Javier Yafez, Fabian A. Castiblanco, Inmaculada.
Flores, Pablo A. Flores-Vidal, Carely Guada, Federico Liber-
atore, Pablo Olaso, J. Tinguaro Rodriguez, Adan Rodriguez,
Karina Rojas and Guillermo Villarino, all of them under the
coordination of Javier Martin.

Javier Montero, Complutense University of Madrid,
Spain
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CALLS

ISCAMI 2018. 19th International Student
Conference on Applied Mathematics and

Informatics

Malenovice (Czech Republic), 10 - 13 May 2018

It is already the 19th International Student Conference
on Applied Mathematics and Informatics (ISCAMI) orga-
nized jointly by the Centre of Excellence IT4Innovations -
Division of the University of Ostrava - Institute for Research
and Applications of Fuzzy Modeling (IRAFM), by the Depart-
ment of Mathematics of Faculty of Civil Engineering, Slovak
University of Technology in Bratislava and by the Czech Tech-
nical University in Prague.

Based on the successful experience from the previous six
years, ISCAMI 2018 will be organized jointly with the 7th
Summer School on Applied Mathematics and Informatics.
This means that the programme will alter between sections
with student contributions and blocks of tutorials given by

invited leading researchers.

The conference will be organized again in Malenovice,
a beautiful village situated on the root of the highest peak
in Beskydy mountains near Ostrava on May 10 - 13, 2018,
http://www.malenovice.com/

We are happy and proud that the conference, as the only
student conference, is marked as EUSFLAT endorsed event,
for which we are grateful to EUSFLAT.

The main purpose of ISCAMI is to bring together young
researchers and students and to give them an opportunity to
present their achievements and ideas in the area of applied
mathematics, informatics and various applications. Authors
are invited to prepare short abstracts that will be published
in Book of Abstracts equipped with ISBN.

The conference is considered to be a low cost conference
with the registration fee 150 EUR. The registration fee in-
cludes:

e accommodation,
e full board,

e coffee breaks,

e social programme.

For further details, please visit: http://irafm.osu.
cz/iscami/| or contact the Organizing Committee: is-
cami@osu.cz .



http://irafm.osu.cz/iscami/
http://irafm.osu.cz/iscami/
http://www.malenovice.com/

The 11th Conference of the
European Society for Fuzzy Logic and Technology

EUSFLATZ079

The aim of the conference is to bring together theoreticians
and practiioners working on fuzzy logic, fuzzy systems. soft computing
and related areas. It will provide a platform for the exchange of ideas
among scientists. engineers and students
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